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Jeans Theorem

If we go back the the Collisionless Boltzmann Equation and look for

a steady state solution (so 2 = 0)
of _
ov

where f(x, v, t) is the stellar distribution function in phase space (x,v).

v-Vf—Vo- 0

Recall that each star follows a path in phase space given by
(x(t), v(t)) where

dx

— =V
Zfl (6.1)
— =-Vo

dt
Define an integral of the motion as a function of the phase space
coordinates /(x,v) which is constant along the path.
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Integrals of Motion

Constants of Motion: any function of the phase-space coordinates
and time C(x,v, t) that is constant along every orbit where x(t) and
v(t) are a solution to the equations of motion

C[X(t1), V(tl); tl] = C[X(i’z),v(tz); tz] (62)

for any t; and t»

Any orbit in any force field has six independent constants of motion.
For example, the initial phase-space coordinates (xo, vo) = [x(0), v(0)]
can always be obtained from the equations of motion and can be
regarded as six constants of motion.

The above procedure reminds us that physics is invariant to time
translations i.e., the time at which we pick our initial conditions does
not hold any information regarding the dynamical system.



Galaxies Part Il

Integrals of Motion

Integrals of Motion

Integrals of Motion: any function /(x,v) of the phase-space
coordinates alone that is constant along any orbit

I1x(t1), v(t2)] = 1[x(t2), v(t2)] (6.3)
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Integrals of Motion

Integrals of Motion: any function /(x,v) of the phase-space
coordinates alone that is constant along any orbit

I1x(t1), v(t2)] = 1[x(t2), v(t2)] (6.3)

Every integral is a constant of motion, but every constant of motion is
not an integral.

For example, on a circular orbit in a spherical potential, the azimuthal
speed (2 satisfies:
b = Qt + o

Hence, C(¢,t) =t — ¢/ will be constant of motion, but is not an
integral of motion because it depends on time.
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Integrals of Motion

Integrals of motion come in two flavors:

e Isolating Integrals of Motion reduce the dimensionality of the
orbit by one, i.e. with energy E or angular momentum L in hand,
the motion is restricted to 5D manifold in 6D dimensional
phase-space. These are of great practical and theoretical
importance in Dynamics.

e Non-Isolating Integrals of Motion do not affect the phase-space
distribution of an orbit, i.e. do not reduce the dimensionality of
the motion. These carry no practical value.
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Integrals of Motion

Integrals of Motion

Integrals of motion come in two flavors:

e Isolating Integrals of Motion reduce the dimensionality of the
orbit by one, i.e. with energy E or angular momentum L in hand,
the motion is restricted to 5D manifold in 6D dimensional
phase-space. These are of great practical and theoretical
importance in Dynamics.

e Non-Isolating Integrals of Motion do not affect the phase-space
distribution of an orbit, i.e. do not reduce the dimensionality of
the motion. These carry no practical value.

And, finally,

LEnergy is always an isolating integral of motion]

6
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theorem

Integrals of Motion
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Integrals of Motion
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Jeans Theorem

Integrals of Motion

£=fE=v

For example, in a static potential ®(x), the energy

1,
E= 5V + d(x) (6.4)

is an integral of the motion because

dE dv dx
% - Va TV a

= v:(=V®)+Vob-v
= 0
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Integrals of Motion

Thus, for an integral of the motion /, we require

d
S (), v(0)]} =0 (6.5)
= dl d ol d
X v
- Vw T a 0
i.e. y
v-VI—Vb-Z— =0 (6.6)

ov
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Jeans Theorem

Integrals of Motion

Thus, for an integral of the motion /, we require

d
o UDx(®),v()]} =0 (6.5)
- dl d ol d
x v
el /- gr Ay
dt =V dt (’)v dt =0
i.e. y
VI -V — .
v:-VI-V v =0 (6.6)
Recall the steady state collisionless Boltzmann equation
v:-Vf—-Vo- or _ =0
ov

i.e. f and | obey the same equation.
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| \

Jeans Theorem

Theorem (Jeans Theorem)

i) Any steady state solution of the Collisionless Boltzmann Equation
depends on the phase-space coordinates (x,v) only through integrals of
the motion in a static potential, and ii) any function of the integrals
yields a steady state solution of the collisionless Boltzmann equation.

Proof.
Suppose f is a steady state solution of the collisionless Boltzmann
equation. Then we have just shown 2 E =0, and so f is an integral of

the motion i.e. f can depend only on integrals of the motion.
Conversely if there are n integrals of the motion I,b,...,I,, and if f is
any function of these then

d Bf dl,
2 1 (RO6), b v), o dn(x,v))] = Cap =0

and so f satisfies the collisionless Boltzmann equation.
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Integrals of Motion

Jeans Theorem

The value of Jeans theorem is that it gives us a way of closing the
loop for solving the Collisionless Boltzmann Equation.

e Taking moments gave us insight about the properties of the
solutions but not the actual solutions.

e The Jeans equation approach gave us more models, but no
guarantee that they were physical.

50
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Application of Jeans theorem

Obtaining self-consistent models

Given ®(x) we know that any function

f(E)y="f (%\F + ¢(x)) (6.7)

is a solution of the collisionless Boltzmann equation. Now assume that
all stars have the same mass m, then

p(x) = m/// fd*v = mu(x)

or, without loss of generality, redfine f as the mass distribution
function (rather than the number). Then

Vo :47er:47TG/// fd*v (6.8)

If we can find a function f(E) which satisfies both (6.7) and (6.8) then
we have a self-consistent solution in which the stars all obey Newton's
laws in the potential ®(x), and the potential ®(x) is due to the stars.
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Application of Jeans theorem

Obtaining self-consistent models

Notation: To make things easier we redefine the potential and the

energy by adjusting the arbitrary constant and changing the sign.

Let ¥ = —® + ®. This is relative potential.
and E = —E+4+dy =V — %v2. This is relative energy

Then we choose $g such that
f>0 for£>0

f=0 for£<0

Then, the relative potential satisfies the Poisson’s equation
VW = —47Gp

and ¥ — &g as x| — oco.
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Application of Jeans theorem

If we have spherical symmetry, so ® depends only on r, then

14 (adv
r? dr dr
= —4nGp = 74WG/// fd*v

Vv
—47rG/ F(E) 4mvidv, since { depends on v and not on v
0

1
the upper limit comes from f # 0 only if £ =WV — Evz >0
V2 1
= 71673(;/ f(v— 5\/2) vidv
0

Now d&€ = —vdv, with limits v=00or £ =WV and v = V2V or £ = 0,
so
1d (Qd\ll

e W) = —167r2G/0 F(E)V2(W(r) =€) dE
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Application of Jeans theorem
Eddington Formula

(So, how to get from p to f?)
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Application of Jeans theorem
Eddington Formula

We start by going the other way round:

Obtaining self-consistent
models

Eddington Formula 1 v

Harmonic oscillator 3 2

potentiol v(V(r) Evf =dr [ AW F(W—2v?) =4n [ dEF(E)V/2(V - €)
Spherically symmetric 2 0

solutions of the

collisionless Boltzmann (69)
S ——) Noting that potential W is a monotonic function of r in any spherical

Isothermal sphere

system. Differentiating both sides with respect to W

1
6.10
e [T HEL (610)
This is an Abel integral equation with solution:
1 d [ dv dv
f(€) = — —_— 6.11
(€) e dE ), Jeovav (6.11)

F(E) = 1 [5 dv  d» 1 <du

+ Eddington’sformula
Ve Ly VE—wawr T g d\V> } 8

(6.12)
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Sir Arthur Stanley Eddington
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Eddington Formula

Obtaining self-consistent
models

Eddington Formula

Harmonic oscillator

i To summarize: Given a spherically symmetric density distribution,
pherically symmetric

poltion=lofthe .. which can be written as p = p(W¥) (may not always be possible),

S — Eddington’s formula yields the corresponding distribution function
Isothermal sphere f = f(g)

Because we require f(€) > 0 everywhere, Eddington’s formula

[f(g) = 8,r2 da&g fo \/ﬁg\ﬂ

demands that the function fo ﬂ% is an increasing function of £.
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Application of Jeans theorem

Harmonic oscillator potential

The problem (for the spherical case) is to find a pair of functions f, W
which satisfy this equation.

What does this problem amout to? Instead of looking at the 6-D case,
let us illustrate the main ideas by taking a simple example - a 1-D
harmonic oscillator potential.

[Part of the motivation for this is that inside a p =constant sphere

2
4>=§7er0( —35) = wo(x +y*+2°)+C (6.13)

where wp and C are constants and this is a 3 D harmonic oscillator.]
So we take E = 1mv? + w0x2 (from ® = 1wix?), and then from
Poissons equatlon

1 d°d W

PX) = G ae = anG

(6.14)
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Application of Jeans theorem

Harmonic oscillator potential

Phase space (x, v) orbit is an ellipse determined entirely by E, so all
orbits with the same E lie on top of each other.

Then f(E) just determines how many orbits there are of a given
amplitude.

Note though that the contribution to the density at x = 0 is different
for each E, since v there increases with E, so ones with higher E
spend less time there.

The question is now: can we find f(E) which gives p = po =constant
out to some xo?
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Application of Jeans theorem

Harmonic oscillator potential

Obtaining self-consistent Let
models 1 2 2
Eddington Formula — — _ =
Harmonic oscillator \U ¢ + (bo C 2wOX
potential
Spherically symmetric 1 1
luti f th _ _ 2.2 2
zims&"\fefs B‘:\(zmarm E=—-E + ¢0 =C-— EUJOX — EV
equation
Plummer potential 1 29
Isothermal sphere At x = xo need v = 0, so choose C = 5wyxg
1 2.2 1 2.2 1 2 1 2
E=Zwixg — zwox" — v =V — —v (6.15)
2 2 2 2

Then
f>0 for£>0

f=0 for <0

oo 1/ 2W(x)
p(x) :/ fdv :/ fdv
0 0
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Application of Jeans theorem

Harmonic oscillator potential

In terms of £ we use —vdv = d&, with limits v =0+ & = WV and
v =+v2V¥ + £ =0 to obtain

o [ e
o V2(V(x)-¢€)
where

V(x) = %wé(xg —x%).

[Note that 1-D differs from 3-D for this]
In fact it is easier to use the v equation, i.e.

W(z)(ng’@) 1 2, 2 ) 1 )
p(x) :/ f <5wo(><o —x) = 5v > dv (6.16)
0

Now need to find a function f which gives us constant p. We can do
this by trial and error, or inspired guesswork...
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Application of Jeans theorem

Harmonic oscillator potential

Try f = constant = fy. Then

p() = ]y 007 = /B (@ — x2)

which is not constant, so we have chosen the wrong f.

— _k_ i
Sotry f = NGL where k is a constant.

p(x)

0

/\/wg(ngxz)

V2 k dv

wa(x@ — x?) — v2

V2 ksin~! S S

SIF

30E )

= constant as required

0

wg(xg—xz)
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Application of Jeans theorem
Jeans Theorem Surface brightness profiles of elliptical galaxies

tion of Jeans

: Ellipticals either have “cores” or “extra light”

Obtaining self-consistent

models - ——rr —
Eddington Formula 4
Harmonic oscillator 8 [ _
potential — F E
Spherically symmetric E E
solutions of the 1
collisionless Boltzmann i
equation
Plummer potential S = E
Isothermal sphere F 1
[ —= ]
N L i
— - E
—
ot E
ot
o Lol " Lol " Lo
e 0.1 1 10

r/ry
Lauer et al 2007, HST data
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Application of Jeans theorem
Surface brightness profiles of elliptical galaxies

SDSS image manipulation
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Application of Jeans theorem
Dark Matter only N-body simulations

Jeans Theorem
Application of Jeans
theorem

Obtaining self-consistent
models

Eddington Formula . . . . .

Harmonic oscillator Universal DM radial density profile discovered
potential = - .

Spherically symmetric .

solutions of the
collisionless Boltzmann
equation

-

Plummer potential i
Isothermal sphere | =

Moore et al, 1999
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Application of Jeans theorem
Baryonic physics affects Dark Matter

T

Cusps are turned into cores with supernova feedback
T T T

108

p/ M kpe™®

107

|| oo Simulation (HT)

— Model

Adiabatic
-~ Simulation (LT)

AN

il 1
10! 10° 10!
r/kpe

Pontzen & Governato, 2011
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Application of Jeans theorem
Two-Power Law Density Models

The two-power law models motivated by the measurements of the
light profile of elliptical galaxies and by the results of dark matter
N-body simulations.

Po

= 6.17

For several a and (3 there are models with particularly simple analytic
properties. For example

e 3 =4 Dehnen (Dehnen 1993)

e o =1, =4 Hernquist (Hernquist 1990)

e a =2 =4 Jaffe (Jaffe 1983)

e o =1,8=3 NFW (Navarro, Frenk & White 1993)
e 1 < a<1.5,8~3 for dark haloes

29 /50
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Vc/\/(4rerga2)

Application of Jeans theorem
Two-Power Law Density Models

Circular speed versus radius

0.01 0.1 1 10 100
r/a
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Obtaining self-consistent
dels

Eddington Formula

Harmonic oscillator

potential

Spherically symmetric

solutions of the

collisionless Boltzmann

equation

Plummer potential

Isothermal sphere

log[ (GMa)¥?f]

Distribution functions for simple two-power law models

Application of Jeans theorem
Two-Power Law Density Models

8/(GM/a)
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Jeans Theorem Spherically symmetric solutions of the collisionless

Y ) Boltzmann equation

Application of Jeans . . . .

theorem These still have one spatial coordinate, but note that the orbits are
Slo)aae\‘n:ng self-consistent not jUSt radial.

Eddington Formula A simple form of the distribution function is

Harmonic oscillator

potential

Sphericall tri 3

B FE"™ 2 £>0

collisionless Boltzmann f = (618)
equation 0 E<0

Plummer potential -

Esiferiie pfiere where F is a constant.

4

0.0 0.2 0.4 0.6 0.8 1.0
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Jeans Theorem Spherically symmetric solutions of the collisionless
Boltzmann equation

Application of Jeans
theorem

Obtaining self-consistent
models

Eddington Formula
Harmonic oscillator

potential

Spherically symmetric 3

solutions of the n—3

collisionless Boltzmann P FE"™2 £€>0
equation —

Plummer potential 0 <0

Isothermal sphere

Then - 1
p(r) = 47r/ f(v— Evz)v2 dv
0

with W = W¥(r). So

vau 1 ,
p(r) = 47rF/ (V- 5\/2 2% dv (6.19)
0
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Application of Jeans theorem

Spherically symmetric solutions of the collisionless
Boltzmann equation

(p(r) = 4nF fom(\ll — %vz)"—%v2 dv}

Let
v = 2Wcos? 0

SO
v dv = —2W cosfsinf db

v dv = —(2\11)% cos’ Osinf db
Limitsare v=0+0= 75 and v=+v2V - 0 =0
=

p(r) = 47TF/2 W3 5in2" 2 9(2W) 2 cos® Osin 0 dO
0

(6.20)
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Application of Jeans theorem

Spherically symmetric solutions of the collisionless
Boltzmann equation

Obtaining self-consistent
models

Eddington Formula
Harmonic oscillator

potential .
Spherically symmetric 2
Chen p(r) = 4nF / W3 sin® " 0(2W)? cos” Osin 0 d
Prammer potential 0 . .
Isothermal sphere 2 2
e = 2igFVY" / sin®" 26 do f/ sin®" 0 do
0 0
= G, V" where W >0 (otherwise 0) (6.21)
where s
2m)2 (n—= 3)IF
C, = M (6.22)
n!

Note that for C, to be finite we need n — % >—-1=n> % since
(n—=3)=r(n—1), and I'(x) is finite for x > 0.
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Application of Jeans theorem

Spherically symmetric solutions of the collisionless
Boltzmann equation

Gamma function:

|‘(z+1):/ tfe 'dt,
0

Integration by parts gives ['(z + 1) = z['(z) = '(z 4+ 1) = z! for

integer z.
Also have (Euler’s reflection formula)

r)=re)=1

dt

T =] tzfl
rar -2 = sin(rz) - /0 1+1¢

=T(5)=Vr

I'(z) has simple poles at z =0,
-1, -2 ...
= C, finite requires n > % for

(2r)? (n—3)IF

C, =
n!

v
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Application of Jeans theorem

Spherically symmetric solutions of the collisionless
Boltzmann equation

[p(r) = C,¥" where ¥ > 0 (otherwise 0)]

1d(2ﬂ

-2 — _4rGC V"
r2 dr dr ) GG

We can rescale this, so s = r/b, where
b= (4rGV]'C,) 2
1 = W /Wo with Wy = W(0) and then
1d (2db) [~ 0>0
s2ds ds /) | 0 P <0
(VW<0=£<0=>f=0=p=0)

Now we can substitute the expression for p into Poisson’s equation, so

(6.23)

(6.24)

(6.25)
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Application of Jeans theorem

Spherically symmetric solutions of the collisionless
Boltzmann equation

" Y >0
s%%(SQ%):{O ¥ <0

This is the Lane-Emden equation, which you are familiar with from
the fluids course.

The boundary conditions are: at s = 0 1) = 1 by definition, and

% = 0 because there is no gravitational force at s = 0.

The equation for 1(r) is the same as the equation for p(r) for a star
with an equation of state p = KpH%. And we know there are analytic
solutions for n = 0, 1,5, and that the one with n =5 has infinite
radius. Here we need n > %

What we have done here is chosen f(£), and then obtained the
differential equation to solve for W and hence p.
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Application of Jeans theorem

Plummer potential

Obtaining self-consistent
models

Eddington Formula This is the model with n =5
Harmonic oscillator '

potential Solution is
Spherically symmetric 1
solutions of the ,ll} —

collisionless Boltzmann - 1
equation 1 752
Plummer potential + 3

Isothermal sphere

(6.26)
It satisfies the boundary conditions, and you can check it satisfies
1d dip

C5\|/g

p= C5\|15 - -
(1+ 1s2)3

(6.28)

so the density extends to co.
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But the mass

Application of Jeans theorem

Plummer potential

/47rpr2dr
0

1 d [ ,dv
-) Gar < I) dr

1[pdv)’
G dr

(oo}
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Application of Jeans theorem

Plummer potential

e This is quite a good model of most globular clusters,
e and (for the light profiles) of dwarf spheroidal galaxies.

e But not so good for EQ galaxies because p ~ r™° at large radii.

41
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Application of Jeans
theorem

Obtaining self-consistent
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Eddington Formula
Harmonic oscillator
potential

Spherically symmetric
solutions of the
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Plummer potential
Isothermal sphere

log,,(2/5,)

Application of Jeans theorem
Stellar density in dwarf spheroidals

el Sgr

SEAREE RN R RN R R

For Leol ]

[ IR

T I B

-

T T T T T

L= = B B e

PN I = T IR

TR TIN BRI

|

LI = e B B

Bl by o |y

Ft———tt

i
;

¥

Eel v by Lty

)

-1 0 1 -1 0 1
log,o(R/R,)

Pefiarrubia et al
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Application of Jeans theorem
Constant velocity dispersion in dwarfs
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Application of Jeans theorem

Isothermal sphere

i.e. o®(r) =constant.

This is the limit n — oo (as in fluids, where p = ka% with n = oo
= p = Kp), but it is easier to start again.

Assume that the distribution function is Maxwellian with constant
velocity dispersion, so guess

p1 &
o (2#02)% &P (‘72)
P1 v(r) — %Vz

= ex
(271'0’2)% P o?

where p; is a constant.
=

o) = /Ooo 4V F(v)dv = p1 exp <;> (6.29)
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[p(r) = [, AmVif(v)dv = prexp (%)}

which means
W =0(Inp—1Inp)

Poisson’s equation
1d [ ,d¥ v
il —_4 —
r2 dr (r dr ) mGpLexp <0'2>

1d/(,d AnG
—— 7| = — .
r2 dr (r dr np> o2 (6.30)

One solution to this equation is

is then

2
g

pN=5"c2 (6.31)

(which you can easily check).
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This is called the Singular Isothermal Sphere.

e p— oo as r— 0 (singular)

20°%r

e M(r) = =%~ — oo as r — oo (awkward)
2

* X (R) = 5%

e &(r) = 20%In(r) 4 constant
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We'd prefer a solution which is well behaved at the origin, so
WV —constant and % — 0 there. It is convenient to rescale the
variables first, so

p=p/po
and
F=r/r
where
902
o 47 Gpo

Then in terms of the new variables the Poisson's equation (6.30)
becomes

1d/(,d, .\ _ ..
ERE <r P |np> =-9p (6.32)

. .. ~ ds
with boundary conditions 5(0) =1 and Z|._; =0.
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(32 (Pgmp) = —9)

This is a numerical problem (see Fig 4-7 from Binney & Tremaine).

At large radii r >> ro have p oc r™2 and M(r) ~ 222 50 M — 0o and
Vescape =— OQ.
It is of interest to calculate the mean square speed of the stars:

— [ F(E)vPamv? dv

v2 0

I f(E)amv2 dv
1,2
I exp (wai%) VZ4rv? dv
0o w-1,2
Jo exp (Tg) 47v2 dv
Let x* = v2/2a2, and noting that exp W terms cancel

2f0 < 5% dx
fooo e~ x2 dx
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[These are fairly standard:

% —/0 x2e dx = —Tﬂa_%
d o 4 —ax? \/7?3 -3
—_ dx = +—— 2
da /0 xe =
]
Hence 3
V2 =202 x > = 302

So o is the one-dimensional velocity dispersion.
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Figure 4.6 Volume (p/po) and projected (L /porg) mass densities of the isothermal sphere.
The dotted lines show the volume- and surface-density profiles of the singular isothermal
sphere. The dashed curve shows the surface density of the modified Hubble model (4.109a).

50 /50



	Jeans Theorem
	Integrals of Motion

	Application of Jeans theorem
	Obtaining self-consistent models
	Eddington Formula
	Harmonic oscillator potential
	Spherically symmetric solutions of the collisionless Boltzmann equation
	Plummer potential
	Isothermal sphere


