
																																																				TIDES	
	
Consider	B	describing	a	circular	orbit	around		C	(of	mass	M).	B	is	the	centre	of	a	non-rotating	
body	mass	𝑀"	,	radius	𝑅".	.	D	has	a	fixed	displacement	(x,y)	with	respect	to	B	(see	slides).	
																																																																																										Binomial….	
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These	are	the	tidal		accelerations	at	D	–	i.e.	they	represent	the	differential	accelerations	
experienced	because,	for	non-zero	x	and	y,	are	not	at	centre	of	orbiting	body	which	is	in	
perfect	centrifugal	balance.	The	form	of	the	tide	is	that	of	a	repulsive	harmonic	potential	in	
x		and	an	attractive	harmonic	potential	in	y	so	can	write	alternatively:	
	
Φ<=>/? 	=	

+,-
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A	fluid	surface	(e.g.	the	sea)	conforms	to	the	equipotential	of	the	tide	plus	the	gravity	from	
𝑀6.	Considering	two	points	at	x,y=	0,1	(P)	and	1,0	(P’)	we	see	that	the	difference	in	
tidal	potential	between	these	points	must	be	the	difference	in	the	gpe	created	by	mass	B	
at	these	two	points.	So	if	the	equipotential	surface	differs	in	height	by	∆	at	these	two	points	
we	can	write:	
	
Φ<=>/?|B 	−		Φ<=>/?	|BD		

= "g"Δ		(2)		
	
where	“g”	is	the	gravitational	acceleration	due	to	mass	B.		Substituting	(1)	into	(2)	:	
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				(		𝑅" 𝑎		)K					Substituting	values	for	Earth-Moon	system	=>	Δ = 0.6	m	

(mid-	ocean	tide).	Can	therefore	deduce	that	ratio	of	tidal	effects	due	to	Moon	and	Sun	are	

given	by:		JNOOP
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																																					mean	density												~	1	because	Sun	
																																				of	Sun	is	a	factor								and	Moon	have	
																																				few	less	than	rock					same	angular	diameter	



	
Hence	tidal	height	due	to	Moon	exceeds	that	due	to	Sun	by	a	factor	of	a	few.	Hence	the	
neap/spring	tide	cycle	is	perceptible	[spring:	sun	and	moon	tides	aligned;	neap:	sun	and	
moon	tides	orthogonal	so	resultant	is	lower:	see	slides]	
	
	The	evolution	of	coupled	rotating	systems	
	
Consider	angular	momentum	exchange	between		

i) 2	rigid		bodies	with	constant	I	
ii) 2	orbiting	bodies	of	constant	mass	in	circular	orbit	

	
Preliminary	calculation:	𝜕𝐸 𝜕𝐽	in	both	cases	
	

i) E	=	1 2	I	Ω
6	;	J	=	I	Ω => 𝐸 =	 ^

1

6_
			Hence	𝜕𝐸 𝜕𝐽	|_	=	

𝐽
𝐼	=	Ω	

	
						ii)		E	=	+,-a

6/
	;		J	=	𝜇 𝐺𝑀𝑎				[𝜇		=reduced	mass;	M	=	total	mass;	a	=	orbital	radius]	

	
eliminate	a	to	write	E(J)	i.e.	
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		so					𝜕𝐸 𝜕𝐽	|-,a		=	
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Now	consider	a	transfer	of	angular	momentum	Δ𝐽		from	a	system	[1]	to	
another	system	[2].	The	consequent	change	of	energy	is	
	
∆E	=					[	𝜕𝐸 𝜕𝐽		 |6		-	

𝜕𝐸
𝜕𝐽	|f				]		∆𝐽	=(𝛺6 −	Ωf	)	∆𝐽	

	
Thus	the	`arrow	of	time’	(which	tends	to	reduce	the	energy	of	the	combined	system	since	
the	dissipation	of	energy	as	heat	increases	the	over-all	entropy)	favours	angular	momentum	
transfer	from	high	to	low	Ω.			
	
The	ultimate	end-state	is	such	that	Ω6 = 𝛺f  (synchronised rotation). In the Earth-Moon 
system, J is transferred from the rapidly spinning Earth to the slowly orbiting Moon. 
In consequence, day length increases and so does the length of the month as the 
Moon spirals out due to the angular momentum  transferred to its orbit from the spin 
of the Earth. Ultimately, the day and the month will become equal to each other. See 
the slides for illustration of how J is transferred in a tidally distorted body. This final 
synchronous state is described as being `tidally locked’; this state has already been 
achieved by the Moon whose axial rotation is already equal to its orbital period 
around the Earth (hence we always see the same side of the Moon.)  
 
An estimation problem 
At	what	longitudes	could	life	be	sustained	in	the	case	of	a	tidally	locked	planet,	orbital	
radius	0.1	A.U.,	host	star	radius	𝑅∗	=	6	x	10j	m,	temperature	𝑇∗	=	6000	K?	
	



If	starlight	is	incident	at	angle	Θ		to	zenith,	incident	flux	=	𝐿∗ cosΘ 4𝜋𝑎6		=	
𝜎𝑇∗t𝑅∗6 cosΘ

𝑎6	
If	planet	radiates	as	a	black	body,	can	equate	this	with	𝜎𝑇t.	
	

Thus		T	=	𝑇∗			(
H∗1	 uvwx

/1
	)f t	.	If	life	requires	T	~	300	K	=>	cos	Θ = 4	×	10+K		so	cool	enough	if	

Θ > 89.7⋄	
	
Tides	in	a	corotating	frame	
	
Consider	a	pair	of	orbiting	point	masses,	𝑀f	and	𝑀6	with	position	vectors	𝑟f	and	𝑟6	in	a	
frame	co-rotating	with	the	binary,	i.e.	with	angular	frequency	Ω = (, -�0-1	

/4
	)f 6.		A	test	

particle	experiences	an	acceleration	equivalent	to	the	gradient	of	an	effective	potential,	i.e.		
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				gravitational	terms				centrifugal	terms			
Equilibrium	locations	correspond	to	extremes	of	this	potential.	An	important	(unstable)	
equilibrium	point	is	the	Lagrange	point	(𝐿f)	located	between	𝑀f	and			𝑀6	and	which	
separates	two	regions	of	influence	(aka	Roche	lobes)	around	each	star.		
	
We	can	calculate	location	of	𝐿f	in	the	limit	𝑀6 ≪ 𝑀f	by	first	of	all	calculating	the	gradient	of	
the	first	and	last	terms	of	ΦH���� 			at	a	distance	x	<<	a	from	𝑀6	along	the	line	separating	the	
two	stars.	We	can	simply	use	the	expression	from	earlier	for	𝑎'|� 	(which	just	takes	account	
of	the	difference	in	gravitational	acceleration	from	𝑀f	as	move	away	from	centre	of	𝑀6)	
and	add	to	it	the	gradient	of	the	centririfugal	term	in	ΦH����	,	yielding	a	total	3𝑥Ω6.	AT	𝐿f	
this	will	be	balanced	by	the	gravitational	attraction	from	𝑀6,	i.e.	

𝐺𝑀6
𝑥6		.	Putting	this	

together,		we	obtain		
	
	
	
.																																																		𝚫𝒙|𝑳𝟏 					=		(

𝑴𝟐
𝟑𝑴𝟏

)𝟏 𝟑		a	 <=	radius	of	secondary’s	Roche		

																																																																																																													lobe	in	limit	𝑀6 ≪ 𝑀f	
		
	(Note	would	have	got	same	answer	to	within	order	unity	if	had	just	found	the	point	where	
the	gravitational	accelerations	balance	but	the	reason	for	the	numerical	coefficient	is	
because	of	the	inclusion	of	the	centrifugal	terms).	
	
	An	easy	way	to	remember	this	formula	is	to	consider	the	mean	density	of	the	secondary	if	
its	mass	were	smeared	out	over	the	Roche	lobe	and	compare	it	with	the	mean	density	if	the	
mass	of	the	primary	were	smeared	out	over	the	orbital	separation	a.	These	two	densities		
are	comparable	(within	a	factor	3)	at	the	Roche	radius	–	gives	a	quick	way	to	estimate	
the	Roche	radius.		
	



A	consequence	of	this	is	that	any	object	that	has	a	mean	density	that	is	less	than	3	x	the	
mean	density	of	the	system	in	which	it	is	orbiting	will	overflow	its	Roche	lobe,	i.e.	will	be	
tidally	disrupted.		
	
Note:	if	𝑀6	wasn’t	<<	𝑀f	then	couldn’t	do	this	linear	expansion	to	estimate	the	Roche	radius	
so	the	formula	would	no	longer	be	valid.	Obviously	for	equal	mass	stars	the	Roche	radius	is	
just	0.5	a.		
	
Note	also	that	if	𝑀6 ≪ 𝑀,	there	is	a	turning	point	at	𝑥 = 	±Δ𝑥|�f	,	i.e.	mass	can	be	lost	
equally	from	two	points	symmetrically	arranged	around	𝑥 = 0	(see	slide	of	tidally	
overflowing	star	cluster).	As	the	ratio	of	𝑀6	to	M	increases,	higher	order	terms	break	the	
symmetry	and	the	turning	point	between	the	two	stars	(L1)	is	closer	to	the	centre	of	the	
secondary	(see	Roche	potential	plot	on	slides).	Consequently	mass	loss	from	the	secondary	
in	binary	stars	is	mainly	via	L1,	i.e.	involves	donation	of	material	to	the	primary	(see	slide	of	
X-ray	bnary).		
	
	Tidal	capture	
	
Consider	the	case	that	𝑀6	is	now	on	an	eccentric	(or	parabolic	or	hyperbolic)	orbit	around	
𝑀f	with	closest	approach	𝑎���= 		.𝑀6	is	tidally	distorted	at	closest	approach.	We	can	estimate	
its	tidal	distortion	by	just	using	the	previous	expression	for	the	height	of	tides	on	Earth	
though	this	won’t	be	correct	in	detail	because	the	orbit	is	not	circular.	Thus:	
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The	gravitational	p.e.	associated	with	this	tide	(setting	factors	of	order	unity	equal	to	1)	is:	
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substituting	for	Δ,=>	
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This	is	a	more	memorable	form	because	it	demonstrates	that	the	g.p.e.	in	the	tide	is	of	
order	the	gravitational	binding	energy	of	the	object	if	it	fills	its	Roche	lobe,	as	would	expect.	



	
𝐸<=>/?	is	the	extra	g.p.e.	contained	in	the	tidal	distortion:	as	the	two	objects	separate,	the	
tide	collapses	and	the	extra	energy	is	radiated	away.	The	ultimate	source	of	that	energy	is	
the	energy	of	the	two-body	orbit	and	so	this	is	reduced	as	a	result	of	the	encounter	–	this	
may	make	an	unbound	orbit	bound	(tidal	capture)	or	may	shrink	the	semi-major	axis	of	an		
initially	bound	orbit.		
	
Tidal	capture	occurs	(given	relative	velocity	at	infinity	of	𝑣�)		if			𝐸<=>/? > 	1 2 𝑣�

6 				which	
requires	(setting	factors	of	order	unity	=	1)	:	
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Summary	
	
∎			objects	physically	collide	if	𝑅f + 𝑅6	 > 	𝑎���= 	
	

∎𝑀6	is	tidally	destroyed	at	pericentre	(i.e.	overflows	its	Roche	lobe)	if	𝐸<=>/? > 	
,-11

H1
	

	
∎𝑀6	is	tidally	captured	(without	being	destroyed)	if		
	
	
,-11

H1
																		>																								𝐸<=>/? 														> 														 1 2𝑀6	𝑣�6 	

	
	
⇑ ___________________________________________________________ ⇑		
	 |	
				This	shows	that	–	irrespective	of	the	magnitude	of	the	tide	raised	and	the	value	of	𝑎���= 		-	
it’s	impossible	to	tidally	capture	an	object		and	leave	it	intact	if		
	

𝐺𝑀6

𝑅6
< 	1 2	𝑣�

6 	

i.e.	if	the	relative	velocity	between	the	objects	pre-encounter	exceeds	the	escape	velocity	
from	the	object’s	surface	
	
Examples	of	tidal	disruption	and	tidal	capture	
	
∎	Two	extended	objects	e.g	2	stars	or	a	star	+	a	planet.	From	previously:	
	
𝐸<=>/?1			 		 ∝ 			𝑀f

6𝑅6�		
	
𝐸<=>/?� 			∝ 				𝑀6

6	𝑅f�					so	
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So	mass-radius	relationship	determines	where	the	dominant	tidal	dissipation	occurs	in	the	
system	(see	handout).	
If	both	stars,						𝑀 ∝ 𝑅		so									

¤¥�¦§¨1
¤¥�¦§¨�

	= (-1
-�
)K			so	tidal	dissipation	is	mainly	on	primary	

	
If	𝑀6		is	a	planet,	𝑅6	is	~	independent	of	mass	so	for	fixed	𝑀f, 𝑅f			
	

𝐸<=>/?1
𝐸<=>/?�

			∝ 		𝑀6
+6	

Hence	for	low	enough	planet	mass,	the	dissipation	is	mainly	within	the	planet.	
	
Can	two	stars	capture	each	other	through	tides?	
Consider	case	𝑀f	~	𝑀6	~	𝑀,												𝑅f		~	𝑅6		~	𝑅	
	
Tidal	capture	require𝑠								 /����

H
		≤ ( ,-

H��1
	)f �											

	
For	a	globular	cluster	𝑣�		~	10	km/s	while		 𝐺𝑀/𝑅	is	~	100s	of	km/s	for	a	star.	Therefore	
tidal	capture	would	require	two	stars	coming	within	a	few	stellar	radii	of	each	other.	Hence	
binaries	created	by	tidal	capture	in	star	clusters	are	very	close.		
	
Can	stars	capture	free	floating	planets	via	tides?	
Now		require	𝑎���=	of	order	a	few	times	the	secondary’s	radius	–	but	this	is	<<	the	primary’s	
radius	so	can’t	get	close	enough	to	tidally	capture	without	physically	colliding.	Note	
however	that	for	a	planet	that	was	already	bound	and	penetrated	close	to	the	star	on		an	
eccentric	orbit,	then	could	still	dissipate	energy	at	pericentre	and	hence	end	up	becoming	
more	tightly	bound	over	time.	This	is	an	important	mechanism	for	making	`hot	Jupiters’	
(planets	on	tight,	circular	orbits)	whose	orbit	is		misaligned	with	the	spin	of	the	star.	Such	
systems	are	detected	via	the	Rossiter	McLaughlin	effect	(see	slides).	The	mechanism	for	
creating	misaligned	hot	Jupiters	involves	a	combination	of	tidal	dissipation	plus	interaction	
with	a	distant	third	body	via	the	Kozai	Lidov	mechanism	(see	slides).	
	
∎	Star	and	compact	object	(e.g	neutron	star	or	black	hole:	assume	here	that	compact	object	
is	the	primary,	mass	𝑀f.	)	Again,	tidal	capture	requires	𝑎���= 		is	less	than	a	few	times	
secondary’s	radius.	This	doesn’t	imply	a	physical	collision	because	primary	is	very	compact.	
Can	tidally	capture	secondary	(without	tidally	destroying	it)	if	𝑣�6 < 2𝐺𝑀6	/𝑅6.		Neutron	
stars	can	tidally	capture	normal	stars	into	close	orbits	(a	few	stellar	radii)	in	clusters	because	
typical	velocities	in	clusters	are	a	few	to	~10	km/s	which	is	<<	escape	velocity	from	stars	
(100s	of	km/s).			
	
	These	tidal	capture	binaries	eventually	evolve	into	X-ray	binaries:	when	the	secondary	
swells	up	as	a	red	giant,	it	overflows	its	Roche	lobe	and	donates	gas	into	the	Roche	lobe	of	
the	compact	primary.	This	material	settles	into	a	rotating	disc	and	eventually	accretes	on	to	
the	primary,	releasing	substantial	luminosity	in	the	process	because	of	the	deep	potential	
well	of	the	compact	object.		



	
∎	Tidal	disruption	of	stars	by	a	black	hole		
Stars	are	tidally	destroyed	if	they	overflow	their	Roche	lobe.	Implies	they	come	within	a	
radius		𝑟¬ 		of	the	black	hole	such	that	𝑅6 = ( -1

K-�
)f K	𝑟<				i.e.	𝑟< 	= (K-�

-1
)f K	𝑅6.	Note	that	if	𝑟<		

is	less	than	the	Schwarzschild	radius	of	the	hole	then	stars	are	swallowed	whole	(occurs	for	
most	massive	black	holes:		for	typical	stellar	masses	and	radii,	above	~	10		𝑀⨀	
	
What	is	the	rate	at	which	stars	are	tidally	disrupted	if	a	black	hole	(mass	𝑀®�	)	is	situated	in	
the	centre	of	a	cluster?			(see	q.	sheet	2)	
	Given	that	stars	are	tidally	disrupted	if	they	come	within	a	radius	𝑟<	of	the	black	hole,	then	
at	every	radius,	r,		there	exists		for	stars	traveling	at	speed	v,	an	angle	,	𝜃?� 	,	such	that	stars	
whose	velocity	vectors	lie	within	a	cone	of	half	opening	angle	θ?� 	of	the	radius	vector	will	be	
tidally	disrupted	by	the	black	hole	on	the	next	close	passage.	By	angular	momentum	
conservation	can	write:					𝑟	𝑣 sin 𝜃?� 	= 	 2𝐺𝑀®�𝑟<			However	as	move	outwards	through	
the	cluster	(and	𝜃?� 	becomes	larger)	there	comes	a	point	(the	critical	radius)	where	the	
timescale	for	stars	to	be	perturbed	out	of	this	`loss	cone’	by	scattering	with	other	stars		
becomes	shorter	than	the	time	to	fall	in	to	𝑟<.		Within	the	critical	radius,	loss	cones	are	
empty	(i.e.	if	a	star	is	in	the	loss	cone	it	will	be	swallowed	within	a	crossing	time).	Outside	
the	critical	radius,	loss	cones	are	full	but	a	star	that	is	in	the	loss	cone	at	r	will	probably	be	
perturbed	out	of	the	loss	cone	before	it	reaches	𝑟<.	The	location	in	the	cluster	from	which	
should	calculate	the	rate	of	fueling	is	the	critical	radius	because	there	can	set	up	a	steady	
state	where	stars	are	perturbed	into	the	loss	cone	at	a	rate	that	matches	the	rate	at	which	
stars	are	swallowed	by	the	black	hole.		
	
Tidal	disruption	in	detail	
See	the	slides	for	a	demonstration	that	as	a	star	passes	to	within	𝑟<	of	a	black	hole,	the	side	
nearer	the	hole	is	torqued	down	(loses	energy)	and	the	other	side	is	torqued	up	(gains	
energy).	If	the	orbit	was	parabolic	this	means	that	half	the	mass	ends	up	being	unbound	and	
the	other	half	is	bound	to	the	hole.		
Question:	given	that	the	tidal	interaction	causes	the	mass	fraction	of	the	star	that		loses	
energy	in	the	range	Δ𝐸		to	Δ𝐸 + 𝑑Δ𝐸	to	be	proportional	to	dΔ𝐸	what	is	the	time-
dependence	of	the	rate	at	which	mass	falls	back	on	to	the	black	hole.		
	
Solution:	For	energy	loss	Δ𝐸,	the	semi-major	axis	of	the	bound	orbit	is	given	by	𝑎 =
	−𝐺𝑀®�

(−2	ΔE)		so	the	time	to	fall	back	scales	as	t∝ (ΔE+f.�).	Thus	dt	∝ Δ𝐸+6.�	𝑑Δ𝐸.	
	
Given	the	above	assumption	about	the	constancy	of	the	mass	per	linear	interval	of	Δ𝐸,	this	
implies	that	the	mass	falling	back	per	unit	time	scales	as	Δ𝐸6.�	 	∝ 𝑡+� K.	It	is	therefore	a	
prediction	that	the	luminosity	of	the	accretion	burst	on	to	the	black	hole	following	the	tidal	
disruption	event	should	fall	of	as	𝑡+� K,	a	prediction	that	has	been	observationally	verified.		
	
Star-disc	encounters	
Given	the	previous	arguments	about	the	arrow	of	time	in	problems	involving	angular	
momentum	transfer,	we	generally	expect	that	if	an	object	has	a	close	encounter	with	an	
orbiting	disc	around	a	point	mass,m,	the	object	will	gain	angular	momentum	from	rapidly	



rotating	material	at	small	radii	and	lose	it	to	slowly	rotating	gas	exterior	to	its	orbit.	Detailed	
calculations	show	that	in	practice	an	object	loses	an	amount	of	energy	~	𝐺𝑚Δm/𝑟�	where	
Δ𝑚	is	the	mass	of	disc	material	external	to	𝑟�.		This	is	equivalent	to	the	assumption	that	the	
disc	mass	exterior	to	pericentre	all	becomes	unbound	in	the	interaction	which	is	
approximately	true.		
	
	Given	that	stars	are	born	surrounded	by	protoplanetary	discs	and	given	they	may	be	born	
in	high	density	clusters,	is	this	a	mechanism	for	creating	bound	pairs	(binary	star	systems)	
from	stars	that	are	initially	unbound?	
	
We	need	to	calculate	the	rate	of	encounters,	per	star,	of	other	stars	that	pass	within	a	
distance	𝑟>=¸� 	of	the	target	star.	A	first	step	is	always	to	consider	the	ratio	Gm/𝑟>=¸�𝑣6	where	
v	is	the	relative	velocity	of	the	two	stars	at	infinity.	Now	we	know	that	in	order	to	be	a	
binding	encounter	we	require	,¹J¹

�¦�Qº
> 	1 2	𝑣

6	and	also	that	(for	reasons	of	gravitational	

stability)	the	disc	mass	should	not	exceed	the	mass	of	the	star	that	it	orbits.		Putting	these	
facts	together	we	expect	Gm/𝑟>=¸�𝑣6	to	be	>>	1	for	encounters	that	end	up	in	capture,	so	
such	encounters	are	strongly	gravitationally	focused.	Thus	the	rate	of	capturing	encounters	
per	star	can	be	written	(for	stellar	density	𝑛∗)	as	Γ	~𝑛∗	𝑣	𝐺𝑚𝑟>=¸�/𝑣6			(see	gravitational	
focusing	calculation	from	earlier).	Substituting	some	typical	values	(e.g.	in	Orion	nebula	
cluster	stellar	density	is	~	10t𝑝𝑐+K	, 𝑣	~	1 𝑘𝑚 𝑠	‘	𝑟>=¸�	~	100	𝐴. 𝑈. )		we	obtain	Γ	~	0.02	per	
Myr.	Given	there	are	around	500	stars	at	this	density	or	above	and	given	that	the	age	of	the	
cluster	is	a	few	Myr	expect	the	number	of	binaries	formed	in	this	cluster	by	star/disc	
capture	to	be	small	(of	order	10).		
	
	The	Taurus	star	forming	region	contains	~	100	stars	with	density	100	𝑝𝑐+K	,	i.e.	a	density	
that	is	~	100	times		less		than	that	of	Orion.	The	number	of	stars	having	a	close	encounter	
involving	interaction	with	a	protoplanetary	disc	within	the	~	Myr	lifetime	of	the	disc	is	
therefore	~	0.1.	Is	it	likely	that	the	tidal	tails	seen	in	RW	Auriga	(see	slides	)	are	generated	by	
a	chance	encounter	in	the	region?	
The	two	stars	are	a	few	hundred	AU	apart	so	closest	approach	occurred	in	last	few	hundred	
years.	The	probability	of	observing	the	pair	at	this	close	separation	is	therefore	a	few	
hundred	years/a	few	Myr	(the	latter	being	the	age	of	the	region).	Therefore	the	probability	
that	the	two	stars	have	had	a	random	encounter	and	are	observed	at	this	separation	is	
~	10+�		A	much	more	likely	scenario	is	that	the	two	stars	were	already	in	a	binary	pair	
and	that	they	undergo	repeated	close	interactions,	making	the	probability	of	observing	the	
system	in	this	state	much	higher.		
Evolutionary	effects	in	clusters		
The	long	term	evolution	of	star	clusters	is	driven	by	the	fact	that	self-gravitating	systems	
have	negative	heat	capacities.	This	can	be	seen	by	considering	the	virial	theorem	(see	AFD):	
	
	2	𝑇Â=Ã	+	W	=0	
					⇓										⇓		
	
		k.e.								g.p.e	
From	which	total	energy	E	=	-𝑇Â=Ã	
𝑇Â=Ã	relates	to	the	mean	square	speed	of	the	particles	and	hence	to	the	`temperature’	



	of	the	system.	Since	 Ä¤
Ä¬Å�P

	=	-1	the	heat	capacity	is	negative.	i.e.	energy	loss	leads	to	the	

system	heating	up.	
	
	This	has	profound	consequences	for	long	timescale	evolution	of	self-gravitating	systems.	In	
conventional	systems	with	positive	heat	capacity,	locally	hot	regions	transfer	energy	to	
locally	cold	regions	and	in	the	process	cool	down,	thus	leading	to	a	situation	of	thermal	
equilibrium.	In	the	case	of	gravitating	systems,	energy	still	flows	from	hot	to	cold	but	the	
result	is	that	the	hot	regions	get	even	hotter,	i.e.	the	system	is	driven	away	from	thermal	
equilibrium.	The	way	that	this	happens	in	a	star	cluster	is	that	a	sub-system	that	has	lost	
energy	tends	to	collapse	and	in	the	process	ends	up	acquiring	more	kinetic	energy.	(Note	
analogy	with	classic	problem	of	why	a	satellite	speeds	up	as	a	result	of	friction).	In	
consequence	it	has	been	predicted	that	star	clusters	undergo	a	gravothermal	catastrophe	in	
which	the	central	regions	become	hotter	and	hotter	and	denser	and	denser.	
	
	The	mechanism	for	energy	transfer	within	a	cluster	is	two-body	relaxation	as	previously	
discussed.	From	worked	example		and	elaboration	on	1st	example	sheet,	the	timescale	for	
two-body	relaxation	is	of	order	N	crossing	times	(actually	with	a	pre-factor	of	~	0.1).	It	
makes	sense	that	the	timescale	is	shorter	for	low	N	systems	where	the	potential	is	more	
grainy;	the	most	populous	clusters	(globular	clusters)	have	two-body	relaxation	times	that	
are	of	order	a	Hubble	time	(which	is	similar	to	their	age)	so	we	do	expect	that	these	systems	
will	have	had	time	to	transfer	energy	between	orbits.	We	therefore	would	expect	that	some	
globular	clusters	should	have	had	time	to	evolve	to	gravothermal	catastrophe.	Their	density	
profiles	suggest	that	this	has	not	occurred	–	why	not?	
	
The	reason	is	probably	because	of	the	presence	of	binaries	in	the	core	of	the	cluster.	
Considering	a	cluster	core	containing	100	stars	within	0.1	pc,	can	show	that	the	magnitude	
of	the	gravitational	potential	energy	of	this	cluster	is	less	than	that	of	a	single	binary	with	
separation	of	~	1	AU.	The	binary	acts	as	a	heat	source	for	the	cluster	core:	energy	is	
transferred	from	the	binary’s	orbit	into	surrounding	stars	and	this	causes	the	binary	to	
shrink	in	the	process.	The	energy	released	is	however	sufficient	to	stop	the	cluster	core	from	
collapsing.		
	
	N-body	simulations	of	star	clusters	suggest	that	they	indeed	avoid	gravothermal	
catastrophe	(collapse	to	a	singularity)	because	of	the	role	of	binaries	even	if	no	binaries	are	
put	into	the	simulation	initially.	This	is	because	binaries	can	form	purely	dynamically	by	so-
called	three	body	capture	(when	three	stars	that	are	instantaneously	within		radius	of	
Gm/𝑣6	undergo	a	gravitationally	focused	exchange	of	energy	and	end	up	as	a	bound	pair	
plus	an	ejected	single).		See	slides	for	demonstration	of	how	clusters	start	to	undergo	core	
collapse	but	how	this	is	reversed	and	the	cluster	is	re-inflated	by	energy	trsnsferred	into	the	
cluster	from	binary	stars,	once	formed.		
	
It	is	possible	to	estimate	the	rate	at	which	star	clusters	re-expand	when	consider	the	fact	
that	the	timescale	for	this	expansion	is	the	two-body	relaxation	timescale	which	(for	fixed	N)	
is	just	proportional	to	𝑅K 6.	Equating	this	with	 H¦Æ

¦¥

	we	then	obtain	𝑅 ∝ 𝑡6 K	which	is	

consistent	with	behaviour	shown	in	slides.	


