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1. When photons interact with fully ionised hydrogen, they tranfer momen-
tum to electrons, whose cross-section for interaction with radiation is
known as the Thomson cross-section σT = 6.7×10−29 m2. Explain why a
uni-directional photon beam with flux F causes an acceleration of ionised
gas of magnitude FσT /mpc and define mp.

A point mass of luminosity L, mass M is surrounded by a cloud of ionised
gas. Determine, at radius r from the point mass, the ratio of the outward
acceleration due to radiation pressure and the inward acceleration due to
gravity. Hence show that inflow of gas onto the point mass is impossible
if the luminosity exceeds a value (the ‘Eddington limit’) that you should
calculate.

If the luminosity derives from accretion on to a supermassive black hole
such that L = εṀc2 where ε is a dimensionless efficiency factor and Ṁ
is the accretion rate, show that there is a minimum timescale on which
the black hole can grow (the ‘Salpeter time’ ) and determine its value if
ε = 0.1.

2. A dust grain of density 5000 kg m−3 has a size ablowout such that the
outward force of radiation that it experiences from a source with luminos-
ity L and mass M is exactly balanced by the inward fore of gravitational
attraction. Estimate ablowout for L = L�, M = M�.

A dust grain with radius 2×ablowout orbits such a star on a circular orbit.
Sketch the rotation curve of such a grain and explain how it relates to the
Keplerian rotation curve.

The distribution of rocky bodies orbiting stars follows the MRN distri-
bution derived in lectures in which the number of objects per linear size
range (a) scales as a−3.5. Two stars (of mass 1M� and 2M�) have equal
numbers of objects at the top end of their size distribution (i.e. in objects
of size 1 km) but their collisional cascades are terminated at the lower
end at different values of ablowout. Assuming the stellar mass-luminosity
relation L ∝ M3 explain whether you expect that the two stars will be
orbited by significantly different masses of rocky material.

3. Explain the mechanism by which neutral hydrogen emits at a wavelength
of 21 cm.

The probability of radiative de-excitation of a neutral hydrogen nucleus
is 3 × 10−15 s−1. Given that the average density and temperature of the
Galactic halo are 1 cm−3 and 500K and that the collision cross-section of
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the hydrogen atom is 10−20 m2 explain whether you expect the level pop-
ulations of hydrogen nuclei in the Galactic halo to be set by collisions (i.e.
to be in a state of Local Thermodynamic Equilibrium with the surrounding
medium. ) What fraction of nuclei are in the upper level at any instant?
Estimate the energy emitted at 21 cm per unit volume for neutral gas in
the Galactic halo.

The finite lifetime of quantum mechanical systems in the excited state (∆t)
equates to a corresponding uncertainty in the energy of the transition given
by Heisenberg’s uncertainty principle. Estimate a) the ‘natural’ width of
the 21 cm line (i.e. that associated with the state’s intrinsic lifetime) b)
the ‘collisional’ width (taking into account the role of collisions in limiting
the lifetime in the upper state) and c) the thermal width of the line. By
translating these into corresponding velocity uncertainties comment on the
use of 21 cm radiation to trace the kinematics of gas on Galactic scales.

[You may assume that the degeneracies of the upper and lower states are
respectively 3 and 1].

4. The photospheric temperature of an optically thick accretion disc varies
with radius as T ∝ R−3/4. Explain why you expect the spectrum of the
radiation produced by each annulus to be of black body form.

Write down an integral expression for the flux of radiation per unit fre-
quency interval, Fν , that is produced by the entire disc from radius Rin
to Rout. Sketch the resulting spectrum and use the integral expression to
explore the limiting behaviour at low, intermediate and high frequencies,
explaining what physical regime is producing each part of the spectrum.
In particular show that Fν ∝ ν1/3 at intermediate frequencies.

Miscellaneous questions

5. A virialised cluster of radius r consists of N stars of mass m. Write down
an expression for the typical orbital angular momentum of a star in the
cluster.

The cluster now accretes a cloud of non-rotating gas so that each star ends
up with mass M and the cluster radius changes in response to a radius R.

Using conservation of angular momentum or otherwise, show that

R

r
=

(
M

m

)−3

and hence deduce how the mean cluster density depends on the mass
accreted.

A globular cluster contains 105 stars (mass 1M�) within a radius r = 2
pc. Assuming that stars obey the mass radius relation R = (M/M�)R�
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determine how a) the mean density of a star and b) the mean density of
the cluster changes as mass is accreted. What is the mass of each star at
the point that these densities are equal?

6. A proto-Jupiter (mass Mp = 10−3M�) is forming within a protoplanetary
disc at a distance of 100 AU from a solar mass star. Estimate the Roche
radius of the planet, RR. Assuming that the planet started to collapse
from a patch of the disc of size RR and mass Mp, what is the local tem-
perature Td of the disc if the planet’s gravity just exceeds the support
provided by pressure gradients on this scale?

The Rosseland mean opacity due to dust is κ = 2 × 10−5(T/K)2 m2 kg
−1. Estimate the optical depth within the protoplanet assuming that it
fills its Roche lobe and that its temperature is ∼ Td, as calculated above.
Hence explain why the protoplanet is expected to cool by radiative diffu-
sion. Estimate the protoplanet’s cooling time assuming that its internal
temperature varies by around a factor two over a distance RR. Compare
this timescale with the with the free-fall time of the protoplanet and hence
comment on whether you expect the protoplanet to be able to collapse on
its free-fall time.

[You may assume that the flux of energy by radiative diffusion is given by
F = 16σT 3/(3κρ)dT/dR where σ is the Stefan Boltzmann constant.]

7. A model for the periodic extinctions evident in the Earth’s fossil record
(with a period of 2.6× 107 years) involves a distant binary companion of
the Sun (‘Nemesis’) which periodically stirs up the Oort cloud of comets
and produces a cometary shower in the inner Solar system. Given that
the Oort cloud is at a distance of ∼ 104 AU from the Sun, estimate the
eccentricity and semi-major axis of the orbit of Nemesis.

It has been speculated that Nemesis is cool brown dwarf (‘T dwarf’).
Given that the absolute magnitude of a T dwarf is 16.6 magnitudes in J
band, to what limiting magnitude should a J band search be conducted
in order to be sure of detecting Nemesis?

Given that the density of stars in the Solar neighbourhood is 0.1 pc−3

and the velocity dispersion is ∼ 20 km s−1, how often would you expect
Nemesis to encounter other stars within a factor two of its orbital radius?

[You may assume that the absolute magnitude of a star is its apparent
magnitude at 10 pc.]

8. A debris disc composed of rocky material (density 3000 kg m−3) orbits a
white dwarf of mass 0.5M�. Assuming that the rock is held together by
tensile strength (for which the value for rock is 100 MPa), calculate the
maximum size of rocks (Rmax) that can survive at a distance of 0.2R�
from the white dwarf without becoming tidally shredded. Find the ratio of
the force due to the rock’s self-gravity to that derived from tensile strength
for a rock of size Rmax and hence justify your assumption.
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Calculate the equilibrium temperature of a rock orbiting at 0.2R� from a
white dwarf of luminosity 30L� and show that a rock that remained at this
radius would sublime. Write down an expression for the sublimation time
of the rock (tsub) as a function of its size if its latent heat of vaporisation
is L (in J kg −1). [You may neglect any additional time required for the
rock to reach its equilibrium temperature and can assume a sublimation
temperature of 2000 K.]

A rock of radius R > Rmax is scattered from a circular orbit at radius 1
A.U. into a plunging orbit that takes it to a pericentre distance of 0.2R�
from the white dwarf. Explain why, if tsub(Rmax) is greater than the local
circular orbital timescale at pericentre, some rocky fragments will be flung
out to radii > 1 A.U.. Explain what will happen in the opposite limit.

What is the expected fate of the rock if L = 3× 106 J kg−1?

[The tensile strength of a solid is the maximum tensile force per square m
that it can withstand without breaking.]

9. A spherical inflow of gas onto a point mass M0 undergoes a sonic transition
at a radius RB = GM/2c2s, where cs is the sound speed of an isothermal
medium of density ρ. Write down an expression for the accretion rate onto
the object and hence derive an expression for M(t), the mass of the object
at time t, if it grows by accretion from an initial mass of M(0) = M0.

A population of stars grows in this way from a range of initial M0 val-
ues. Derive an an expression for dM/dM0 at given time and express your
answer in terms of M0 and M . If the distribution of masses is initially
flat over a small range of M0, derive an expression for the form of the
IMF that is expected following accretional growth and comment on your
answer.
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