
PtII Astrophysics Lent, 2019
Physics of Astrophysics

Example sheet 3

1. Show that when a monochromatic radiation source of flux F (W m−2)
interacts with a medium for which the opacity at that frequency is κν ,
the medium experiences an acceleration of magnitude Fκν/c. Show that
if the radiation source is instead a black body of temperature T then the
effective, frequency averaged, value of the opacity is given by the Planck
mean opacity defined by:

κP =
∫
κνBν(T )dν∫
Bν(T )dν

where B is the Planck function.

In the case of diffusion of photons within optically thick media (e.g. a
stellar interior) the appropriate frequency averaged value of the opacity is
instead the Rosseland mean opacity given by

κ−1
R =

∫
κ−1
ν B′ν(T )dν

(
∫
Bν(T )dν)′

where ′ denotes differentiation with respect to temperature.

If the frequency dependence of κν is given by κν ∝ να, determine how κR
and κP scale with temperature.

Discuss, in the case of an opacity source which alternates regions of high
and low opacity as a function of frequency, what feature of κν is dominant
in setting the values of each of the mean opacities defined above. Provide
a physical explanation of why this is the case.

2. The flux from a star at wavelength λ located at distance r from an observer
is given by

Fλ = Fλ0

(r0
r

)2

exp
(
−kλr

)
where Fλ0 and r0 are constants and kλ is a constant that depends on λ,
the density of the ISM and the optical properties of the dust grains.

Show that the apparent magnitude of the star (mλext) relates to its ap-
parent magnitude without interstellar extinction via an expression of the
form:

mλext = mλno ext +Aλ
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How does Aλ depend on a) the luminosity and b) the distance to the star?

Derive a similar expression for the observed colour of the star at wave-
lengths λ1 and λ2 (mλ1ext −mλ2ext) and its colour without extinction.

The ratio of Aλ in the J, H and K wavebands for stars at a fixed distance
is given by AJ : AH : AK = 6 : 4 : 3. Sketch a ‘two colour’ diagram
with J − H, H − K on the x and y axes (where J = mj etc.), showing
‘reddening vectors’ (i.e. the lines along which sources are displaced due to
interstellar extinction). What is the gradient of the reddening vector?

A star’s apparent magnitudes are mH = 10,mK = 9.2 and mJ = 11.7.
The intrinsic colours of main sequence stars lie along the locus

J −H = 0.6 + 0.5× (H −K)

What is the star’s intrinsic colour?

The relationships between stellar mass, H band luminosity and H-K colour
for low mass main sequence stars are given by:

L|H = L�|H

(
M

M�

)3.5

and

H −K = 0.33

(
M

0.2M�

)−0.5

Use this information to find the star’s mass, luminosity and distance.

[Assume that the absolute magnitude of the Sun in H band is 3.32 and that
a star’s absolute magnitude equals its apparent magnitude at a distance
of 10 pc.]

3. i) Describe the mechanism for the photodissociation of hydrogen by FUV
radiation. Hydrogen molecules are exposed to a Far Ultra Violet (FUV)
radiation field with energy flux 1.6× 10−6 W m−2 which is dominated by
photons with energy ∼ 12eV. Use the data below to estimate the time
required for a unscreened hydrogen molecule to be photodissociated by
this field. What fraction of the incident energy is not used for photodis-
sociation? Where does this energy go?

[The ground electronic state of molecular hydrogen and the first excited
state are separated by 12 eV. For the electronic ground state, the rovi-
brational continuum is 2 eV above the rovibrational ground state. The
probability of photodissociation following radiative de-excitation from the
first excited electronic level is 10 %. The cross section for the electronic
excitation of molecular hydrogen is 5× 10−23 m2.]
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Molecular hydrogen can be shielded from the effects of FUV radiation
by a sufficient column density of dust. Assuming a crude model for the
ISM where all grains have size 0.1µm and using standard assumptions
about the dust to gas ratio and the density of dust grains, what is the
column density of gas (m−2) that is required to screen molecules from a
photodissociating FUV field.

ii) ∗1 The rate per unit volume at which molecular hydrogen forms on
grains is given by γnnI where nI is the number density of atomic hydro-
gen, n is the total number density of gas and γ is a constant (10−24m3s−1).
Explain what assumptions under-pin this equation. The rate of photodis-
sociation of an unscreened hydrogen molecule in the presence of an ul-
traviolet field of strength G0 (where G0 is the ratio of the FUV flux to
its value in the solar neighbourhood) is given by 4 × 10−11G0. Explain
why, when a gas cloud is irradiated by an ultraviolet source, the number
density of molecular gas at any location , nH2 , satisfies:

γnnI = 4× 10−11G0fshield(NH2)e−τdnH2

where τd is the optical depth associated with dust absorption and fshield(NH2)
is the factor by which the ultraviolet flux is attenuated by absorption by a
column density NH2 of molecular hydrogen (with both τd and NH2 being
evaluated by integration from the ultraviolet source to the given location).

Write down an expression for the fraction of gas in molecular form, fmol,
at a general location in the cloud and evaluate, in the case that fshield =
1, G0 = 1 and n = 108m−3, the value of τd at the location where the
molecular fraction is 50%, commenting on the relationship between this
result and the simple estimate of required dust screening made above.

Derive an expression for NH2 at a general location in the cloud, assuming
that the cloud has uniform density and that fshield = 1. Show that for
regions in the cloud where τd << 1, the column density of molecular gas is
a fixed fraction (which depends on the strength of the ultraviolet field and
the cloud density) of the total column density. If self-shielding by molec-
ular hydrogen becomes significant at a column of molecular hydrogen of
∼ 1018m−2, estimate the values of G0/n for which dust absorption, rather
than molecular self-shielding, is the main effect governing the transition
from atomic to molecular gas.

4. Show that the recombination timescale for an ionised plasma of number
density n is trec ∼ 1/αn where α is the recombination coefficient. State
the dimensions of α and explain why a) α is a function of temperature and
b) why the relevant α for net recombination in a dense medium is that for
recombination to excited electronic states.

Consider the equilibrium Stromgren sphere set up by a 20M� star with
ionising luminosity 1048 s−1 in a medium of number density 109 m−3.

1Only for enthusiasts
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Calculate the ratio of trec to initial bubble expansion timescale for this
system. Calculate also how this ratio varies with radius as the bubble ex-
pands. Hence comment on the validity of the assumption made in lectures
that the interior hot bubble remains in a state of ionisation equilibrium
throughout the expansion.

[You may assume that for gas at 104K, α is 3× 10−19 in SI units.]

5. A gaseous globule of radius r is situated at distance d from an ionising
source. Explain why in the limit d >> r, the side of the globule nearer the
ionising source contains an ionisation front at radius rI from the globule
centre which satisfies

∫∞
rI
αni(r′)2dr′ = Fi where Fi is the ionising flux

from the star (units m−2 s−1), α is the recombination coefficient and ni is
the number density of the ionised atmosphere. Explain why Hα emission
is expected near rI .

If the mass of the globule is 1M� and the temperature of the ionised
atmosphere is ∼ 104K, what condition must be met so that ionised gas
at radius rI is gravitationally unbound? If the unbound gas flows out in
a steady spherical wind with constant velocity equal to the sound speed
in the ionised gas, show that the density structure of the ionised gas is of
the form ni(r) = nI(r/rI)−2.

Use the recombination integral above to evaluate nI as a function of Fi
and rI . Hence estimate the mass loss rate in a spherical wind from the
globule if it is irradiated by a star of ionising luminosity 1049 s−1. You
may assume that the globule and the star are at a distance of 450 pc from
earth, are separated by 40 arcseconds on the sky and that rI is measured
to be 0.5 arcseconds.

If the ionising star has a lifetime of 10 Myr, do you expect the globule to
be completely evaporated?.

What observational measurement could be used to estimate the mass loss
directly if one did not know the luminosity of the ionising star?

[You may neglect the fact that the ionising flux only impinges from one
direction and that the flow will in practice not be spherically symmetric.]

6. Consider the adiabatic ‘Sedov’ solution described in the Astrophysical
Fluid Dynamics course. Provide a general argument as to why one expects
the thermal energy to be a fixed fraction f of the total supernova energy
during the Sedov expansion stage. Hence estimate the pressure in the
bubble when its radius is 200 pc, assuming that the supernova energy is
1044 J and that f is of order unity.

The cooling rate per unit volume from thermal bremsstrahlung (free-free
emission) scales with the number density n in the bubble interior and the
temperature in the bubble interior T as ∝ n2T 1/2 Wm −3. Assuming that
the Sedov solution is valid, derive an expression for how the ratio of the
cooling time in the bubble interior to the bubble expansion time varies
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as a function of T and t. If T is constant during the expansion, discuss
whether deviations from adiabatic expansion are to be expected at early
or late times in the expansion.

7. A population of star clusters all produce the same mechanical luminosity
L = L0 from combined supernovae and stellar winds. Assume the similar-
ity solution for the growth of thermalised wind bubbles derived in lectures
and that (over a time period of length τ before the present time) clus-
ters were created (and therefore switch on their winds) at a constant rate.
Show that the fraction of bubbles that are in a size range R to R + dR
at a given time is ∝ R2/3dR for all sizes of bubble < Rmax|0 which is
the current size of a bubble that was created time τ in the past. Show
furthermore that the normalisation constant of this distribution scales as
L
−1/3
0 .

Now consider the situation where the clusters have a distribution of me-
chanical luminosities between L = L0 and L = Lmax such that the fraction
of clusters with mechanical luminosity in the range L to L + dL ∝ L−β .
Explain why the spectrum of bubble sizes for R < Rmax|0 has the same
slope as derived above. Why does the slope change for bubbles larger than
this?
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