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Explain the title, please!
WYSIWYG


What you see is 
what you get

WYSINWYG

What you see is 

NOT what you get



In this talk I’m going to 
argue that proto-

planetary discs are more 
like LaTex than Word
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Proto-planetary disc radii
• Important to build statistics of disc properties to feed into planet 

formation models

• Can be measured efficiently in the sub-mm with ALMA

• Important to distinguish which physical mechanisms are operating 
in proto-planetary discs. E.g., viscosity makes discs spread, radial 
drift shrink

Ansdell (2016), Barenfeld (2016), Pascucci (2016), …



The root of the issue

Large drop in opacity over a small 
range of grain sizes



A simple example
Sb(R) ⇠ T (R)⌫⌃dust
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Compact disc even if dust disc is larger

Disc “outer edge”



Viscosity moves things 
outwards, radial drift 
inwards. Is the time 

evolution of dust disc radii 
set by viscous expansion 

or radial drift?



Grain growth model

Dusty proto-planetary discs radius evolution 3

drift, whichever is the lowest. In the former case the grain
size is given by

afrag = ff
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where ⌃g is the local gas surface density, ⇢s is the grain
bulk density, cs is the gas sound speed, ff is an order of unity
dimensionless factor (calibrated against more detailed simu-
lation; we fix it to 0.37 following Birnstiel et al. 2012) and a

denotes the radius of a dust grain. The two most important
parameters in setting the grain size are ↵, the Shakura &
Sunyaev (1973) parametrization of the viscosity (see later)
and uf, the fragmentation velocity, which in this paper we
set to 10 m/s. Since the relative velocity of collisions be-
tween dust grains due to turbulence increases with size, the
fragmentation limit corresponds to the maximum size that
allows grains to collide without fragmenting. In the opposite
regime, the maximum grain size is given by

adrift = fd
2 ⌃d
⇡ ⇢s

V
2
k

c
2
s

��1, (2)

where fd is another order of unity factor (which we set
to 0.55 following Birnstiel et al. 2012), ⌃d is the surface
density of the dust, Vk is the Keplerian velocity and � is
the absolute value of the local power-law slope of the gas
pressure P(r, t) = c

2
s ⇢g(r, t) (more formally, |d log P/d log r |),

where ⇢g = ⌃g/2⇡H is the gas density in the midplane. The
drift limit corresponds to the limit in which the dust grains
radially drift as fast as they grow.

Regarding the time evolution of grain size, we notice
that most of the quantities in Equations 1 and 2 do not
evolve with time. Therefore, at each given radius the grain
size in the fragmentation dominated case depends only on
the surface density of the gas, while in the second depends
only on the dust surface density.

Once the grain size has been calculated, we use the one-
fluid approach described in Laibe & Price (2014) to compute
the dust radial drift velocity. This approach allows us to
consider both the drag force of the gas on the dust and the
feedback of the dust onto the gas, which could potentially
be a significant e↵ect (Dipierro et al. 2018b). In practice,
because of fast radial drift the dust-to-gas ratio decreases so
quickly that the feedback is not significant. The fundamental
parameter controlling the dynamics (e.g., Weidenschilling
1977) is the Stokes number St:

St =
⇡

2
a⇢s
⌃g
, (3)

which is proportional to the grain size a and inversely pro-
portional to the gas surface density ⌃g. Grains with St ⇠ 1
drift the fastest, grains with St ⌧ 1 are well coupled to the
gas and grains with St � 1 do not move radially.

In contrast to Booth et al. (2017), in this paper we are
not concerned with the inner disc, but rather we focus on
the outer disc. For this reason we do not include viscous
heating, which is a significant e↵ect only in the inner ⇠ 1
au. We rather opt to simply prescribe the temperature as
a radial power-law. We used a two layer model (Chiang &
Goldreich 1997) to calibrate the temperature for a solar mass

star to 40 (r/10au)�0.5 K, corresponding to an aspect ratio
H/r = 0.033 at 1 au.

In terms of the viscosity, we assume that the viscous
torque only acts on the gas. We use the Shakura & Sunyaev
(1973) parametrization to set the magnitude of the viscosity
coe�cient ⌫ = ↵csH at each radius, where ↵ is the Shakura
& Sunyaev (1973) dimensionless parameter, cs is the sound
speed (which we compute from the prescribed temperature
assuming a mean molecular weight of 2.4) and H = cs/⌦ is
the disc scale-height. With our choice of the temperature,
the viscosity ⌫ / r.

In this paper we explore the dependence of viscous
spreading on the value of ↵. In particular, we consider the
values ↵ = 10�2, 10�3 and 10�4, which encompass the typical
range of variation of viscosity given at the upper end by the
MRI and at the lower end by hydrodynamical instabilities.
In addition, we also consider a higher value of ↵ = 0.025 for
illustrative purposes; while it is not clear whether the MRI
is able to drive such an e�cient angular momentum trans-
port, especially at large radii, it is certainly worth exploring
how the predictions would change in this case. We shall see
how a relatively modest variation of a factor 2.5 in viscosity
can make a significant di↵erence to the predictions. To give
a reference value, with our choice of the temperature profile
the viscous time t⌫ = r

2/3⌫ is 0.5 Myr at 10 au if ↵ = 10�3.
With the values of ↵ we employ, most of the disc is in the
fragmentation dominated regime for ↵ � 10�2 (though with
↵ = 10�2 the disc switches to the drift limited regime after
⇠1 Myr of evolution, see section 4.2).

As for the initial conditions, we use the analytical solu-
tion of Lynden-Bell & Pringle (1974) corresponding to the
chosen viscosity law:

⌃ / r
�1 exp(�r/r1), (4)

where r1 is a scaling radius (containing 1 � 1/e ⇠ 63 per
cent of the mass of the disc). In what follows we experiment
with di↵erent values of r1, using the values 10, 30 and 80
au. We set the normalization of the surface density depend-
ing on the initial disc mass Md = 2⇡

R
⌃rdr, which we set

to 0.1 M�. The initial mass has little impact in terms of
the radius evolution because both in the fragmentation and
drift dominated regimes the Stokes number is independent
of the surface density. In the interest of simplicity, we will
therefore use a single value for all the models presented in
this paper. Finally, we assume a uniform dust-to-gas ratio
of 10�2 throughout the disc in the initial conditions.

2.2 Surface brightness calculation

As a post-processing step, we compute the sub-mm surface
brightness of the disc as

Sb (R) = B⌫ (T (R))[1 � exp(�⌫⌃dust)], (5)

where B⌫ is the Planck function, ⌫ the dust opacity and
⌃dust the surface density of the dust component. For sim-
plicity we assume face-on discs. Given that the emission in
the sub-mm is coming from a relatively thin surface, we
do not expect inclination to introduce any significant dif-
ference in what we discuss in this paper. For comparison
with the ALMA surveys, we compute the surface brightness
in band 7, i.e. at 850 µm. We compute opacity as in Tazzari
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In addition, we also consider a higher value of ↵ = 0.025 for
illustrative purposes; while it is not clear whether the MRI
is able to drive such an e�cient angular momentum trans-
port, especially at large radii, it is certainly worth exploring
how the predictions would change in this case. We shall see
how a relatively modest variation of a factor 2.5 in viscosity
can make a significant di↵erence to the predictions. To give
a reference value, with our choice of the temperature profile
the viscous time t⌫ = r

2/3⌫ is 0.5 Myr at 10 au if ↵ = 10�3.
With the values of ↵ we employ, most of the disc is in the
fragmentation dominated regime for ↵ � 10�2 (though with
↵ = 10�2 the disc switches to the drift limited regime after
⇠1 Myr of evolution, see section 4.2).

As for the initial conditions, we use the analytical solu-
tion of Lynden-Bell & Pringle (1974) corresponding to the
chosen viscosity law:

⌃ / r
�1 exp(�r/r1), (4)

where r1 is a scaling radius (containing 1 � 1/e ⇠ 63 per
cent of the mass of the disc). In what follows we experiment
with di↵erent values of r1, using the values 10, 30 and 80
au. We set the normalization of the surface density depend-
ing on the initial disc mass Md = 2⇡

R
⌃rdr, which we set

to 0.1 M�. The initial mass has little impact in terms of
the radius evolution because both in the fragmentation and
drift dominated regimes the Stokes number is independent
of the surface density. In the interest of simplicity, we will
therefore use a single value for all the models presented in
this paper. Finally, we assume a uniform dust-to-gas ratio
of 10�2 throughout the disc in the initial conditions.

2.2 Surface brightness calculation

As a post-processing step, we compute the sub-mm surface
brightness of the disc as

Sb (R) = B⌫ (T (R))[1 � exp(�⌫⌃dust)], (5)

where B⌫ is the Planck function, ⌫ the dust opacity and
⌃dust the surface density of the dust component. For sim-
plicity we assume face-on discs. Given that the emission in
the sub-mm is coming from a relatively thin surface, we
do not expect inclination to introduce any significant dif-
ference in what we discuss in this paper. For comparison
with the ALMA surveys, we compute the surface brightness
in band 7, i.e. at 850 µm. We compute opacity as in Tazzari
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where ⌃g is the local gas surface density, ⇢s is the grain
bulk density, cs is the gas sound speed, ff is an order of unity
dimensionless factor (calibrated against more detailed simu-
lation; we fix it to 0.37 following Birnstiel et al. 2012) and a

denotes the radius of a dust grain. The two most important
parameters in setting the grain size are ↵, the Shakura &
Sunyaev (1973) parametrization of the viscosity (see later)
and uf, the fragmentation velocity, which in this paper we
set to 10 m/s. Since the relative velocity of collisions be-
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where fd is another order of unity factor (which we set
to 0.55 following Birnstiel et al. 2012), ⌃d is the surface
density of the dust, Vk is the Keplerian velocity and � is
the absolute value of the local power-law slope of the gas
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where ⇢g = ⌃g/2⇡H is the gas density in the midplane. The
drift limit corresponds to the limit in which the dust grains
radially drift as fast as they grow.

Regarding the time evolution of grain size, we notice
that most of the quantities in Equations 1 and 2 do not
evolve with time. Therefore, at each given radius the grain
size in the fragmentation dominated case depends only on
the surface density of the gas, while in the second depends
only on the dust surface density.

Once the grain size has been calculated, we use the one-
fluid approach described in Laibe & Price (2014) to compute
the dust radial drift velocity. This approach allows us to
consider both the drag force of the gas on the dust and the
feedback of the dust onto the gas, which could potentially
be a significant e↵ect (Dipierro et al. 2018b). In practice,
because of fast radial drift the dust-to-gas ratio decreases so
quickly that the feedback is not significant. The fundamental
parameter controlling the dynamics (e.g., Weidenschilling
1977) is the Stokes number St:
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which is proportional to the grain size a and inversely pro-
portional to the gas surface density ⌃g. Grains with St ⇠ 1
drift the fastest, grains with St ⌧ 1 are well coupled to the
gas and grains with St � 1 do not move radially.

In contrast to Booth et al. (2017), in this paper we are
not concerned with the inner disc, but rather we focus on
the outer disc. For this reason we do not include viscous
heating, which is a significant e↵ect only in the inner ⇠ 1
au. We rather opt to simply prescribe the temperature as
a radial power-law. We used a two layer model (Chiang &
Goldreich 1997) to calibrate the temperature for a solar mass

star to 40 (r/10au)�0.5 K, corresponding to an aspect ratio
H/r = 0.033 at 1 au.

In terms of the viscosity, we assume that the viscous
torque only acts on the gas. We use the Shakura & Sunyaev
(1973) parametrization to set the magnitude of the viscosity
coe�cient ⌫ = ↵csH at each radius, where ↵ is the Shakura
& Sunyaev (1973) dimensionless parameter, cs is the sound
speed (which we compute from the prescribed temperature
assuming a mean molecular weight of 2.4) and H = cs/⌦ is
the disc scale-height. With our choice of the temperature,
the viscosity ⌫ / r.

In this paper we explore the dependence of viscous
spreading on the value of ↵. In particular, we consider the
values ↵ = 10�2, 10�3 and 10�4, which encompass the typical
range of variation of viscosity given at the upper end by the
MRI and at the lower end by hydrodynamical instabilities.
In addition, we also consider a higher value of ↵ = 0.025 for
illustrative purposes; while it is not clear whether the MRI
is able to drive such an e�cient angular momentum trans-
port, especially at large radii, it is certainly worth exploring
how the predictions would change in this case. We shall see
how a relatively modest variation of a factor 2.5 in viscosity
can make a significant di↵erence to the predictions. To give
a reference value, with our choice of the temperature profile
the viscous time t⌫ = r

2/3⌫ is 0.5 Myr at 10 au if ↵ = 10�3.
With the values of ↵ we employ, most of the disc is in the
fragmentation dominated regime for ↵ � 10�2 (though with
↵ = 10�2 the disc switches to the drift limited regime after
⇠1 Myr of evolution, see section 4.2).

As for the initial conditions, we use the analytical solu-
tion of Lynden-Bell & Pringle (1974) corresponding to the
chosen viscosity law:

⌃ / r
�1 exp(�r/r1), (4)

where r1 is a scaling radius (containing 1 � 1/e ⇠ 63 per
cent of the mass of the disc). In what follows we experiment
with di↵erent values of r1, using the values 10, 30 and 80
au. We set the normalization of the surface density depend-
ing on the initial disc mass Md = 2⇡

R
⌃rdr, which we set

to 0.1 M�. The initial mass has little impact in terms of
the radius evolution because both in the fragmentation and
drift dominated regimes the Stokes number is independent
of the surface density. In the interest of simplicity, we will
therefore use a single value for all the models presented in
this paper. Finally, we assume a uniform dust-to-gas ratio
of 10�2 throughout the disc in the initial conditions.

2.2 Surface brightness calculation

As a post-processing step, we compute the sub-mm surface
brightness of the disc as

Sb (R) = B⌫ (T (R))[1 � exp(�⌫⌃dust)], (5)

where B⌫ is the Planck function, ⌫ the dust opacity and
⌃dust the surface density of the dust component. For sim-
plicity we assume face-on discs. Given that the emission in
the sub-mm is coming from a relatively thin surface, we
do not expect inclination to introduce any significant dif-
ference in what we discuss in this paper. For comparison
with the ALMA surveys, we compute the surface brightness
in band 7, i.e. at 850 µm. We compute opacity as in Tazzari
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where fd is another order of unity factor (which we set
to 0.55 following Birnstiel et al. 2012), ⌃d is the surface
density of the dust, Vk is the Keplerian velocity and � is
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where ⇢g = ⌃g/2⇡H is the gas density in the midplane. The
drift limit corresponds to the limit in which the dust grains
radially drift as fast as they grow.

Regarding the time evolution of grain size, we notice
that most of the quantities in Equations 1 and 2 do not
evolve with time. Therefore, at each given radius the grain
size in the fragmentation dominated case depends only on
the surface density of the gas, while in the second depends
only on the dust surface density.

Once the grain size has been calculated, we use the one-
fluid approach described in Laibe & Price (2014) to compute
the dust radial drift velocity. This approach allows us to
consider both the drag force of the gas on the dust and the
feedback of the dust onto the gas, which could potentially
be a significant e↵ect (Dipierro et al. 2018b). In practice,
because of fast radial drift the dust-to-gas ratio decreases so
quickly that the feedback is not significant. The fundamental
parameter controlling the dynamics (e.g., Weidenschilling
1977) is the Stokes number St:
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which is proportional to the grain size a and inversely pro-
portional to the gas surface density ⌃g. Grains with St ⇠ 1
drift the fastest, grains with St ⌧ 1 are well coupled to the
gas and grains with St � 1 do not move radially.

In contrast to Booth et al. (2017), in this paper we are
not concerned with the inner disc, but rather we focus on
the outer disc. For this reason we do not include viscous
heating, which is a significant e↵ect only in the inner ⇠ 1
au. We rather opt to simply prescribe the temperature as
a radial power-law. We used a two layer model (Chiang &
Goldreich 1997) to calibrate the temperature for a solar mass

star to 40 (r/10au)�0.5 K, corresponding to an aspect ratio
H/r = 0.033 at 1 au.

In terms of the viscosity, we assume that the viscous
torque only acts on the gas. We use the Shakura & Sunyaev
(1973) parametrization to set the magnitude of the viscosity
coe�cient ⌫ = ↵csH at each radius, where ↵ is the Shakura
& Sunyaev (1973) dimensionless parameter, cs is the sound
speed (which we compute from the prescribed temperature
assuming a mean molecular weight of 2.4) and H = cs/⌦ is
the disc scale-height. With our choice of the temperature,
the viscosity ⌫ / r.

In this paper we explore the dependence of viscous
spreading on the value of ↵. In particular, we consider the
values ↵ = 10�2, 10�3 and 10�4, which encompass the typical
range of variation of viscosity given at the upper end by the
MRI and at the lower end by hydrodynamical instabilities.
In addition, we also consider a higher value of ↵ = 0.025 for
illustrative purposes; while it is not clear whether the MRI
is able to drive such an e�cient angular momentum trans-
port, especially at large radii, it is certainly worth exploring
how the predictions would change in this case. We shall see
how a relatively modest variation of a factor 2.5 in viscosity
can make a significant di↵erence to the predictions. To give
a reference value, with our choice of the temperature profile
the viscous time t⌫ = r

2/3⌫ is 0.5 Myr at 10 au if ↵ = 10�3.
With the values of ↵ we employ, most of the disc is in the
fragmentation dominated regime for ↵ � 10�2 (though with
↵ = 10�2 the disc switches to the drift limited regime after
⇠1 Myr of evolution, see section 4.2).

As for the initial conditions, we use the analytical solu-
tion of Lynden-Bell & Pringle (1974) corresponding to the
chosen viscosity law:
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�1 exp(�r/r1), (4)

where r1 is a scaling radius (containing 1 � 1/e ⇠ 63 per
cent of the mass of the disc). In what follows we experiment
with di↵erent values of r1, using the values 10, 30 and 80
au. We set the normalization of the surface density depend-
ing on the initial disc mass Md = 2⇡

R
⌃rdr, which we set

to 0.1 M�. The initial mass has little impact in terms of
the radius evolution because both in the fragmentation and
drift dominated regimes the Stokes number is independent
of the surface density. In the interest of simplicity, we will
therefore use a single value for all the models presented in
this paper. Finally, we assume a uniform dust-to-gas ratio
of 10�2 throughout the disc in the initial conditions.

2.2 Surface brightness calculation

As a post-processing step, we compute the sub-mm surface
brightness of the disc as

Sb (R) = B⌫ (T (R))[1 � exp(�⌫⌃dust)], (5)

where B⌫ is the Planck function, ⌫ the dust opacity and
⌃dust the surface density of the dust component. For sim-
plicity we assume face-on discs. Given that the emission in
the sub-mm is coming from a relatively thin surface, we
do not expect inclination to introduce any significant dif-
ference in what we discuss in this paper. For comparison
with the ALMA surveys, we compute the surface brightness
in band 7, i.e. at 850 µm. We compute opacity as in Tazzari
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where ⌃g is the local gas surface density, ⇢s is the grain
bulk density, cs is the gas sound speed, ff is an order of unity
dimensionless factor (calibrated against more detailed simu-
lation; we fix it to 0.37 following Birnstiel et al. 2012) and a

denotes the radius of a dust grain. The two most important
parameters in setting the grain size are ↵, the Shakura &
Sunyaev (1973) parametrization of the viscosity (see later)
and uf, the fragmentation velocity, which in this paper we
set to 10 m/s. Since the relative velocity of collisions be-
tween dust grains due to turbulence increases with size, the
fragmentation limit corresponds to the maximum size that
allows grains to collide without fragmenting. In the opposite
regime, the maximum grain size is given by
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where fd is another order of unity factor (which we set
to 0.55 following Birnstiel et al. 2012), ⌃d is the surface
density of the dust, Vk is the Keplerian velocity and � is
the absolute value of the local power-law slope of the gas
pressure P(r, t) = c
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s ⇢g(r, t) (more formally, |d log P/d log r |),

where ⇢g = ⌃g/2⇡H is the gas density in the midplane. The
drift limit corresponds to the limit in which the dust grains
radially drift as fast as they grow.

Regarding the time evolution of grain size, we notice
that most of the quantities in Equations 1 and 2 do not
evolve with time. Therefore, at each given radius the grain
size in the fragmentation dominated case depends only on
the surface density of the gas, while in the second depends
only on the dust surface density.

Once the grain size has been calculated, we use the one-
fluid approach described in Laibe & Price (2014) to compute
the dust radial drift velocity. This approach allows us to
consider both the drag force of the gas on the dust and the
feedback of the dust onto the gas, which could potentially
be a significant e↵ect (Dipierro et al. 2018b). In practice,
because of fast radial drift the dust-to-gas ratio decreases so
quickly that the feedback is not significant. The fundamental
parameter controlling the dynamics (e.g., Weidenschilling
1977) is the Stokes number St:

St =
⇡
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, (3)

which is proportional to the grain size a and inversely pro-
portional to the gas surface density ⌃g. Grains with St ⇠ 1
drift the fastest, grains with St ⌧ 1 are well coupled to the
gas and grains with St � 1 do not move radially.

In contrast to Booth et al. (2017), in this paper we are
not concerned with the inner disc, but rather we focus on
the outer disc. For this reason we do not include viscous
heating, which is a significant e↵ect only in the inner ⇠ 1
au. We rather opt to simply prescribe the temperature as
a radial power-law. We used a two layer model (Chiang &
Goldreich 1997) to calibrate the temperature for a solar mass

star to 40 (r/10au)�0.5 K, corresponding to an aspect ratio
H/r = 0.033 at 1 au.

In terms of the viscosity, we assume that the viscous
torque only acts on the gas. We use the Shakura & Sunyaev
(1973) parametrization to set the magnitude of the viscosity
coe�cient ⌫ = ↵csH at each radius, where ↵ is the Shakura
& Sunyaev (1973) dimensionless parameter, cs is the sound
speed (which we compute from the prescribed temperature
assuming a mean molecular weight of 2.4) and H = cs/⌦ is
the disc scale-height. With our choice of the temperature,
the viscosity ⌫ / r.

In this paper we explore the dependence of viscous
spreading on the value of ↵. In particular, we consider the
values ↵ = 10�2, 10�3 and 10�4, which encompass the typical
range of variation of viscosity given at the upper end by the
MRI and at the lower end by hydrodynamical instabilities.
In addition, we also consider a higher value of ↵ = 0.025 for
illustrative purposes; while it is not clear whether the MRI
is able to drive such an e�cient angular momentum trans-
port, especially at large radii, it is certainly worth exploring
how the predictions would change in this case. We shall see
how a relatively modest variation of a factor 2.5 in viscosity
can make a significant di↵erence to the predictions. To give
a reference value, with our choice of the temperature profile
the viscous time t⌫ = r

2/3⌫ is 0.5 Myr at 10 au if ↵ = 10�3.
With the values of ↵ we employ, most of the disc is in the
fragmentation dominated regime for ↵ � 10�2 (though with
↵ = 10�2 the disc switches to the drift limited regime after
⇠1 Myr of evolution, see section 4.2).

As for the initial conditions, we use the analytical solu-
tion of Lynden-Bell & Pringle (1974) corresponding to the
chosen viscosity law:

⌃ / r
�1 exp(�r/r1), (4)

where r1 is a scaling radius (containing 1 � 1/e ⇠ 63 per
cent of the mass of the disc). In what follows we experiment
with di↵erent values of r1, using the values 10, 30 and 80
au. We set the normalization of the surface density depend-
ing on the initial disc mass Md = 2⇡

R
⌃rdr, which we set

to 0.1 M�. The initial mass has little impact in terms of
the radius evolution because both in the fragmentation and
drift dominated regimes the Stokes number is independent
of the surface density. In the interest of simplicity, we will
therefore use a single value for all the models presented in
this paper. Finally, we assume a uniform dust-to-gas ratio
of 10�2 throughout the disc in the initial conditions.

2.2 Surface brightness calculation

As a post-processing step, we compute the sub-mm surface
brightness of the disc as

Sb (R) = B⌫ (T (R))[1 � exp(�⌫⌃dust)], (5)

where B⌫ is the Planck function, ⌫ the dust opacity and
⌃dust the surface density of the dust component. For sim-
plicity we assume face-on discs. Given that the emission in
the sub-mm is coming from a relatively thin surface, we
do not expect inclination to introduce any significant dif-
ference in what we discuss in this paper. For comparison
with the ALMA surveys, we compute the surface brightness
in band 7, i.e. at 850 µm. We compute opacity as in Tazzari
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where fd is another order of unity factor (which we set
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drift limit corresponds to the limit in which the dust grains
radially drift as fast as they grow.

Regarding the time evolution of grain size, we notice
that most of the quantities in Equations 1 and 2 do not
evolve with time. Therefore, at each given radius the grain
size in the fragmentation dominated case depends only on
the surface density of the gas, while in the second depends
only on the dust surface density.

Once the grain size has been calculated, we use the one-
fluid approach described in Laibe & Price (2014) to compute
the dust radial drift velocity. This approach allows us to
consider both the drag force of the gas on the dust and the
feedback of the dust onto the gas, which could potentially
be a significant e↵ect (Dipierro et al. 2018b). In practice,
because of fast radial drift the dust-to-gas ratio decreases so
quickly that the feedback is not significant. The fundamental
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In contrast to Booth et al. (2017), in this paper we are
not concerned with the inner disc, but rather we focus on
the outer disc. For this reason we do not include viscous
heating, which is a significant e↵ect only in the inner ⇠ 1
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torque only acts on the gas. We use the Shakura & Sunyaev
(1973) parametrization to set the magnitude of the viscosity
coe�cient ⌫ = ↵csH at each radius, where ↵ is the Shakura
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speed (which we compute from the prescribed temperature
assuming a mean molecular weight of 2.4) and H = cs/⌦ is
the disc scale-height. With our choice of the temperature,
the viscosity ⌫ / r.

In this paper we explore the dependence of viscous
spreading on the value of ↵. In particular, we consider the
values ↵ = 10�2, 10�3 and 10�4, which encompass the typical
range of variation of viscosity given at the upper end by the
MRI and at the lower end by hydrodynamical instabilities.
In addition, we also consider a higher value of ↵ = 0.025 for
illustrative purposes; while it is not clear whether the MRI
is able to drive such an e�cient angular momentum trans-
port, especially at large radii, it is certainly worth exploring
how the predictions would change in this case. We shall see
how a relatively modest variation of a factor 2.5 in viscosity
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where r1 is a scaling radius (containing 1 � 1/e ⇠ 63 per
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with di↵erent values of r1, using the values 10, 30 and 80
au. We set the normalization of the surface density depend-
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to 0.1 M�. The initial mass has little impact in terms of
the radius evolution because both in the fragmentation and
drift dominated regimes the Stokes number is independent
of the surface density. In the interest of simplicity, we will
therefore use a single value for all the models presented in
this paper. Finally, we assume a uniform dust-to-gas ratio
of 10�2 throughout the disc in the initial conditions.

2.2 Surface brightness calculation

As a post-processing step, we compute the sub-mm surface
brightness of the disc as

Sb (R) = B⌫ (T (R))[1 � exp(�⌫⌃dust)], (5)

where B⌫ is the Planck function, ⌫ the dust opacity and
⌃dust the surface density of the dust component. For sim-
plicity we assume face-on discs. Given that the emission in
the sub-mm is coming from a relatively thin surface, we
do not expect inclination to introduce any significant dif-
ference in what we discuss in this paper. For comparison
with the ALMA surveys, we compute the surface brightness
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drift, whichever is the lowest. In the former case the grain
size is given by
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where ⌃g is the local gas surface density, ⇢s is the grain
bulk density, cs is the gas sound speed, ff is an order of unity
dimensionless factor (calibrated against more detailed simu-
lation; we fix it to 0.37 following Birnstiel et al. 2012) and a

denotes the radius of a dust grain. The two most important
parameters in setting the grain size are ↵, the Shakura &
Sunyaev (1973) parametrization of the viscosity (see later)
and uf, the fragmentation velocity, which in this paper we
set to 10 m/s. Since the relative velocity of collisions be-
tween dust grains due to turbulence increases with size, the
fragmentation limit corresponds to the maximum size that
allows grains to collide without fragmenting. In the opposite
regime, the maximum grain size is given by
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where fd is another order of unity factor (which we set
to 0.55 following Birnstiel et al. 2012), ⌃d is the surface
density of the dust, Vk is the Keplerian velocity and � is
the absolute value of the local power-law slope of the gas
pressure P(r, t) = c

2
s ⇢g(r, t) (more formally, |d log P/d log r |),

where ⇢g = ⌃g/2⇡H is the gas density in the midplane. The
drift limit corresponds to the limit in which the dust grains
radially drift as fast as they grow.

Regarding the time evolution of grain size, we notice
that most of the quantities in Equations 1 and 2 do not
evolve with time. Therefore, at each given radius the grain
size in the fragmentation dominated case depends only on
the surface density of the gas, while in the second depends
only on the dust surface density.

Once the grain size has been calculated, we use the one-
fluid approach described in Laibe & Price (2014) to compute
the dust radial drift velocity. This approach allows us to
consider both the drag force of the gas on the dust and the
feedback of the dust onto the gas, which could potentially
be a significant e↵ect (Dipierro et al. 2018b). In practice,
because of fast radial drift the dust-to-gas ratio decreases so
quickly that the feedback is not significant. The fundamental
parameter controlling the dynamics (e.g., Weidenschilling
1977) is the Stokes number St:

St =
⇡

2
a⇢s
⌃g
, (3)

which is proportional to the grain size a and inversely pro-
portional to the gas surface density ⌃g. Grains with St ⇠ 1
drift the fastest, grains with St ⌧ 1 are well coupled to the
gas and grains with St � 1 do not move radially.

In contrast to Booth et al. (2017), in this paper we are
not concerned with the inner disc, but rather we focus on
the outer disc. For this reason we do not include viscous
heating, which is a significant e↵ect only in the inner ⇠ 1
au. We rather opt to simply prescribe the temperature as
a radial power-law. We used a two layer model (Chiang &
Goldreich 1997) to calibrate the temperature for a solar mass

star to 40 (r/10au)�0.5 K, corresponding to an aspect ratio
H/r = 0.033 at 1 au.

In terms of the viscosity, we assume that the viscous
torque only acts on the gas. We use the Shakura & Sunyaev
(1973) parametrization to set the magnitude of the viscosity
coe�cient ⌫ = ↵csH at each radius, where ↵ is the Shakura
& Sunyaev (1973) dimensionless parameter, cs is the sound
speed (which we compute from the prescribed temperature
assuming a mean molecular weight of 2.4) and H = cs/⌦ is
the disc scale-height. With our choice of the temperature,
the viscosity ⌫ / r.

In this paper we explore the dependence of viscous
spreading on the value of ↵. In particular, we consider the
values ↵ = 10�2, 10�3 and 10�4, which encompass the typical
range of variation of viscosity given at the upper end by the
MRI and at the lower end by hydrodynamical instabilities.
In addition, we also consider a higher value of ↵ = 0.025 for
illustrative purposes; while it is not clear whether the MRI
is able to drive such an e�cient angular momentum trans-
port, especially at large radii, it is certainly worth exploring
how the predictions would change in this case. We shall see
how a relatively modest variation of a factor 2.5 in viscosity
can make a significant di↵erence to the predictions. To give
a reference value, with our choice of the temperature profile
the viscous time t⌫ = r

2/3⌫ is 0.5 Myr at 10 au if ↵ = 10�3.
With the values of ↵ we employ, most of the disc is in the
fragmentation dominated regime for ↵ � 10�2 (though with
↵ = 10�2 the disc switches to the drift limited regime after
⇠1 Myr of evolution, see section 4.2).

As for the initial conditions, we use the analytical solu-
tion of Lynden-Bell & Pringle (1974) corresponding to the
chosen viscosity law:

⌃ / r
�1 exp(�r/r1), (4)

where r1 is a scaling radius (containing 1 � 1/e ⇠ 63 per
cent of the mass of the disc). In what follows we experiment
with di↵erent values of r1, using the values 10, 30 and 80
au. We set the normalization of the surface density depend-
ing on the initial disc mass Md = 2⇡

R
⌃rdr, which we set

to 0.1 M�. The initial mass has little impact in terms of
the radius evolution because both in the fragmentation and
drift dominated regimes the Stokes number is independent
of the surface density. In the interest of simplicity, we will
therefore use a single value for all the models presented in
this paper. Finally, we assume a uniform dust-to-gas ratio
of 10�2 throughout the disc in the initial conditions.

2.2 Surface brightness calculation

As a post-processing step, we compute the sub-mm surface
brightness of the disc as

Sb (R) = B⌫ (T (R))[1 � exp(�⌫⌃dust)], (5)

where B⌫ is the Planck function, ⌫ the dust opacity and
⌃dust the surface density of the dust component. For sim-
plicity we assume face-on discs. Given that the emission in
the sub-mm is coming from a relatively thin surface, we
do not expect inclination to introduce any significant dif-
ference in what we discuss in this paper. For comparison
with the ALMA surveys, we compute the surface brightness
in band 7, i.e. at 850 µm. We compute opacity as in Tazzari
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drift limit corresponds to the limit in which the dust grains
radially drift as fast as they grow.

Regarding the time evolution of grain size, we notice
that most of the quantities in Equations 1 and 2 do not
evolve with time. Therefore, at each given radius the grain
size in the fragmentation dominated case depends only on
the surface density of the gas, while in the second depends
only on the dust surface density.

Once the grain size has been calculated, we use the one-
fluid approach described in Laibe & Price (2014) to compute
the dust radial drift velocity. This approach allows us to
consider both the drag force of the gas on the dust and the
feedback of the dust onto the gas, which could potentially
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quickly that the feedback is not significant. The fundamental
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portional to the gas surface density ⌃g. Grains with St ⇠ 1
drift the fastest, grains with St ⌧ 1 are well coupled to the
gas and grains with St � 1 do not move radially.

In contrast to Booth et al. (2017), in this paper we are
not concerned with the inner disc, but rather we focus on
the outer disc. For this reason we do not include viscous
heating, which is a significant e↵ect only in the inner ⇠ 1
au. We rather opt to simply prescribe the temperature as
a radial power-law. We used a two layer model (Chiang &
Goldreich 1997) to calibrate the temperature for a solar mass

star to 40 (r/10au)�0.5 K, corresponding to an aspect ratio
H/r = 0.033 at 1 au.

In terms of the viscosity, we assume that the viscous
torque only acts on the gas. We use the Shakura & Sunyaev
(1973) parametrization to set the magnitude of the viscosity
coe�cient ⌫ = ↵csH at each radius, where ↵ is the Shakura
& Sunyaev (1973) dimensionless parameter, cs is the sound
speed (which we compute from the prescribed temperature
assuming a mean molecular weight of 2.4) and H = cs/⌦ is
the disc scale-height. With our choice of the temperature,
the viscosity ⌫ / r.

In this paper we explore the dependence of viscous
spreading on the value of ↵. In particular, we consider the
values ↵ = 10�2, 10�3 and 10�4, which encompass the typical
range of variation of viscosity given at the upper end by the
MRI and at the lower end by hydrodynamical instabilities.
In addition, we also consider a higher value of ↵ = 0.025 for
illustrative purposes; while it is not clear whether the MRI
is able to drive such an e�cient angular momentum trans-
port, especially at large radii, it is certainly worth exploring
how the predictions would change in this case. We shall see
how a relatively modest variation of a factor 2.5 in viscosity
can make a significant di↵erence to the predictions. To give
a reference value, with our choice of the temperature profile
the viscous time t⌫ = r

2/3⌫ is 0.5 Myr at 10 au if ↵ = 10�3.
With the values of ↵ we employ, most of the disc is in the
fragmentation dominated regime for ↵ � 10�2 (though with
↵ = 10�2 the disc switches to the drift limited regime after
⇠1 Myr of evolution, see section 4.2).

As for the initial conditions, we use the analytical solu-
tion of Lynden-Bell & Pringle (1974) corresponding to the
chosen viscosity law:
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where r1 is a scaling radius (containing 1 � 1/e ⇠ 63 per
cent of the mass of the disc). In what follows we experiment
with di↵erent values of r1, using the values 10, 30 and 80
au. We set the normalization of the surface density depend-
ing on the initial disc mass Md = 2⇡
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⌃rdr, which we set

to 0.1 M�. The initial mass has little impact in terms of
the radius evolution because both in the fragmentation and
drift dominated regimes the Stokes number is independent
of the surface density. In the interest of simplicity, we will
therefore use a single value for all the models presented in
this paper. Finally, we assume a uniform dust-to-gas ratio
of 10�2 throughout the disc in the initial conditions.

2.2 Surface brightness calculation

As a post-processing step, we compute the sub-mm surface
brightness of the disc as

Sb (R) = B⌫ (T (R))[1 � exp(�⌫⌃dust)], (5)

where B⌫ is the Planck function, ⌫ the dust opacity and
⌃dust the surface density of the dust component. For sim-
plicity we assume face-on discs. Given that the emission in
the sub-mm is coming from a relatively thin surface, we
do not expect inclination to introduce any significant dif-
ference in what we discuss in this paper. For comparison
with the ALMA surveys, we compute the surface brightness
in band 7, i.e. at 850 µm. We compute opacity as in Tazzari
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as a function of the maximum grain size. The most notable feature
is the abrupt change in opacity around the characteristic size of
0.2 mm where the maximum 850 µm opacity is attained. We will
refer to this sharp drop (roughly a factor of 10) in opacity as the
“opacity cli� ”. In the companion paper we show that, with the
typical sensitivities of current surveys, the measured disc radii trace
the radius where the grains become smaller than their value at the
cli�, rather than the physical extent of the disc. Note that the opacity
cli� is not present for “flu�y” rather than compact grains (Kataoka
et al. 2014). Our growth model by construction considers compact
grains and therefore we do not consider this possibility further.

3.1 Model expectations

3.1.1 Drift dominated regime

Considering in Equation 1 only the dependence on time or radius:

adrift /
✓

H

R

◆�2
⌃d, (3)

where H/R is the disc aspect ratio. The dust surface density de-
creases with time due to radial drift and therefore the dust grains
become smaller at any given radius. However, a given grain size
is always attained at the same surface density (apart from di�er-
ences due to the radial dependence of the disc aspect ratio). It is of
particular interest to consider the grain size acli� corresponding to
the maximum opacity (see Figure 1). In the rest of this section we
consider a wavelength of 850 µm for comparison with the observed
correlation, but our theoretical argument holds also at other wave-
lengths. We elaborate on the consequences of this in section 4.2.
The grains have the critical size at a dust surface density ⌃d,cli� :

⌃d,cli� / acli�
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◆2
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1/2
cli�, (4)

where we called Rcli� the radius where a = acli� and we assumed
T / r

�1/2 (e.g., D’Alessio et al. 1998). Since the flux is dominated
by the surface density at large radii, we can write using the Rayleigh-
Jeans approximation and assuming optically thin emission:

F⌫ ⇡ ⇡B⌫(T)⌃d⌫R
2
cli� / ⌃d,cli� R

2
cli�T / R

2
cli�, (5)

i.e. a quadratic relation between the sub-mm flux and the cli� radius,
because the radial dependence of the surface density at the cli�
radius is cancelled by that of the temperature.

Note that we not only predict a quadratic correlation, but also
in Equation 1 there are only few free parameters that can set the
normalisation, predicting a relatively little scatter.

This expectation is borne out by the full results of our models,
where we do not assume optically thin emission nor the Rayleigh-
Jeans limit. The top panel of Figure 2 shows at di�erent times the
disc flux (assuming a distance of 140 pc) versus the cli� radius. The
circles denote the models with low viscosities (↵ = 10�3 and 10�4)
and di�erent initial radii. The orange line is a quadratic dependence
and all the points lie within a factor of two in flux of the same line
regardless of the disc parameters, showing that there is excellent
agreement with the argument explained above.

3.1.2 Fragmentation dominated regime

In this case it is not straightforward to find a relation between the ra-
dius and the flux since the grain size is set by the gas surface density
rather than that of the dust. We can make however the simplifying
assumption that the dust-to-gas ratio does not evolve significantly

Figure 2. Top panel: 850 µm disc flux versus opacity cli� radius (see text).
Symbols are circles for models in the drift dominated regime (↵  10�3) and
squares in the fragmentation dominated regime (↵ = 0.01). For reference
we show on the plot a quadratic dependence (orange line) and a linear
dependence (green line). Bottom panel: as the top panel, but with the 68 per
cent flux radius on the x-axis. The blue line shows the observational relation
from Tripathi et al. (2017) and Andrews et al. (2018), with the associated
scatter as the shaded blue region. We plot the data as grey symbols, triangles
for stars fainter than 0.2 L� and diamonds for the others.

in time. This is reasonable in the fragmentation dominated regime
because the grains are smaller and radial drift is less e�cient in
depleting the disc. With this assumption, using equation 2 we find
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and proceeding as before

F⌫ / ⌃d,cli� R
2
cli�T / Rcli� . (7)

The top panel of figure 2 shows with the white-red-black points the
evolution of discs with ↵ = 10�2 in the fragmentation dominated
regime. We show with the green line a linear dependence; the scaling
relation we have presented is broadly correct, although it does not
fully account for the evolution. In addition, in this case the points
do not all lie on the same line, because the flux at a given radius
depends on the absolute value of the dust-to-gas ratio. Note also
that here we do not take into account that the fragmentation velocity
may depend on the grain size (Windmark et al. 2012), but this does
not change our arguments because the opacity cli� is always met at
the same size (though it will change the correlation normalisation).
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as a function of the maximum grain size. The most notable feature
is the abrupt change in opacity around the characteristic size of
0.2 mm where the maximum 850 µm opacity is attained. We will
refer to this sharp drop (roughly a factor of 10) in opacity as the
“opacity cli� ”. In the companion paper we show that, with the
typical sensitivities of current surveys, the measured disc radii trace
the radius where the grains become smaller than their value at the
cli�, rather than the physical extent of the disc. Note that the opacity
cli� is not present for “flu�y” rather than compact grains (Kataoka
et al. 2014). Our growth model by construction considers compact
grains and therefore we do not consider this possibility further.

3.1 Model expectations
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i.e. a quadratic relation between the sub-mm flux and the cli� radius,
because the radial dependence of the surface density at the cli�
radius is cancelled by that of the temperature.

Note that we not only predict a quadratic correlation, but also
in Equation 1 there are only few free parameters that can set the
normalisation, predicting a relatively little scatter.

This expectation is borne out by the full results of our models,
where we do not assume optically thin emission nor the Rayleigh-
Jeans limit. The top panel of Figure 2 shows at di�erent times the
disc flux (assuming a distance of 140 pc) versus the cli� radius. The
circles denote the models with low viscosities (↵ = 10�3 and 10�4)
and di�erent initial radii. The orange line is a quadratic dependence
and all the points lie within a factor of two in flux of the same line
regardless of the disc parameters, showing that there is excellent
agreement with the argument explained above.

3.1.2 Fragmentation dominated regime

In this case it is not straightforward to find a relation between the ra-
dius and the flux since the grain size is set by the gas surface density
rather than that of the dust. We can make however the simplifying
assumption that the dust-to-gas ratio does not evolve significantly

Figure 2. Top panel: 850 µm disc flux versus opacity cli� radius (see text).
Symbols are circles for models in the drift dominated regime (↵  10�3) and
squares in the fragmentation dominated regime (↵ = 0.01). For reference
we show on the plot a quadratic dependence (orange line) and a linear
dependence (green line). Bottom panel: as the top panel, but with the 68 per
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from Tripathi et al. (2017) and Andrews et al. (2018), with the associated
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in time. This is reasonable in the fragmentation dominated regime
because the grains are smaller and radial drift is less e�cient in
depleting the disc. With this assumption, using equation 2 we find
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The top panel of figure 2 shows with the white-red-black points the
evolution of discs with ↵ = 10�2 in the fragmentation dominated
regime. We show with the green line a linear dependence; the scaling
relation we have presented is broadly correct, although it does not
fully account for the evolution. In addition, in this case the points
do not all lie on the same line, because the flux at a given radius
depends on the absolute value of the dust-to-gas ratio. Note also
that here we do not take into account that the fragmentation velocity
may depend on the grain size (Windmark et al. 2012), but this does
not change our arguments because the opacity cli� is always met at
the same size (though it will change the correlation normalisation).
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as a function of the maximum grain size. The most notable feature
is the abrupt change in opacity around the characteristic size of
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because the radial dependence of the surface density at the cli�
radius is cancelled by that of the temperature.

Note that we not only predict a quadratic correlation, but also
in Equation 1 there are only few free parameters that can set the
normalisation, predicting a relatively little scatter.
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where we do not assume optically thin emission nor the Rayleigh-
Jeans limit. The top panel of Figure 2 shows at di�erent times the
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in time. This is reasonable in the fragmentation dominated regime
because the grains are smaller and radial drift is less e�cient in
depleting the disc. With this assumption, using equation 2 we find
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The top panel of figure 2 shows with the white-red-black points the
evolution of discs with ↵ = 10�2 in the fragmentation dominated
regime. We show with the green line a linear dependence; the scaling
relation we have presented is broadly correct, although it does not
fully account for the evolution. In addition, in this case the points
do not all lie on the same line, because the flux at a given radius
depends on the absolute value of the dust-to-gas ratio. Note also
that here we do not take into account that the fragmentation velocity
may depend on the grain size (Windmark et al. 2012), but this does
not change our arguments because the opacity cli� is always met at
the same size (though it will change the correlation normalisation).
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as a function of the maximum grain size. The most notable feature
is the abrupt change in opacity around the characteristic size of
0.2 mm where the maximum 850 µm opacity is attained. We will
refer to this sharp drop (roughly a factor of 10) in opacity as the
“opacity cli� ”. In the companion paper we show that, with the
typical sensitivities of current surveys, the measured disc radii trace
the radius where the grains become smaller than their value at the
cli�, rather than the physical extent of the disc. Note that the opacity
cli� is not present for “flu�y” rather than compact grains (Kataoka
et al. 2014). Our growth model by construction considers compact
grains and therefore we do not consider this possibility further.

3.1 Model expectations

3.1.1 Drift dominated regime

Considering in Equation 1 only the dependence on time or radius:
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where H/R is the disc aspect ratio. The dust surface density de-
creases with time due to radial drift and therefore the dust grains
become smaller at any given radius. However, a given grain size
is always attained at the same surface density (apart from di�er-
ences due to the radial dependence of the disc aspect ratio). It is of
particular interest to consider the grain size acli� corresponding to
the maximum opacity (see Figure 1). In the rest of this section we
consider a wavelength of 850 µm for comparison with the observed
correlation, but our theoretical argument holds also at other wave-
lengths. We elaborate on the consequences of this in section 4.2.
The grains have the critical size at a dust surface density ⌃d,cli� :
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where we called Rcli� the radius where a = acli� and we assumed
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�1/2 (e.g., D’Alessio et al. 1998). Since the flux is dominated
by the surface density at large radii, we can write using the Rayleigh-
Jeans approximation and assuming optically thin emission:
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i.e. a quadratic relation between the sub-mm flux and the cli� radius,
because the radial dependence of the surface density at the cli�
radius is cancelled by that of the temperature.

Note that we not only predict a quadratic correlation, but also
in Equation 1 there are only few free parameters that can set the
normalisation, predicting a relatively little scatter.

This expectation is borne out by the full results of our models,
where we do not assume optically thin emission nor the Rayleigh-
Jeans limit. The top panel of Figure 2 shows at di�erent times the
disc flux (assuming a distance of 140 pc) versus the cli� radius. The
circles denote the models with low viscosities (↵ = 10�3 and 10�4)
and di�erent initial radii. The orange line is a quadratic dependence
and all the points lie within a factor of two in flux of the same line
regardless of the disc parameters, showing that there is excellent
agreement with the argument explained above.

3.1.2 Fragmentation dominated regime

In this case it is not straightforward to find a relation between the ra-
dius and the flux since the grain size is set by the gas surface density
rather than that of the dust. We can make however the simplifying
assumption that the dust-to-gas ratio does not evolve significantly

Figure 2. Top panel: 850 µm disc flux versus opacity cli� radius (see text).
Symbols are circles for models in the drift dominated regime (↵  10�3) and
squares in the fragmentation dominated regime (↵ = 0.01). For reference
we show on the plot a quadratic dependence (orange line) and a linear
dependence (green line). Bottom panel: as the top panel, but with the 68 per
cent flux radius on the x-axis. The blue line shows the observational relation
from Tripathi et al. (2017) and Andrews et al. (2018), with the associated
scatter as the shaded blue region. We plot the data as grey symbols, triangles
for stars fainter than 0.2 L� and diamonds for the others.

in time. This is reasonable in the fragmentation dominated regime
because the grains are smaller and radial drift is less e�cient in
depleting the disc. With this assumption, using equation 2 we find
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The top panel of figure 2 shows with the white-red-black points the
evolution of discs with ↵ = 10�2 in the fragmentation dominated
regime. We show with the green line a linear dependence; the scaling
relation we have presented is broadly correct, although it does not
fully account for the evolution. In addition, in this case the points
do not all lie on the same line, because the flux at a given radius
depends on the absolute value of the dust-to-gas ratio. Note also
that here we do not take into account that the fragmentation velocity
may depend on the grain size (Windmark et al. 2012), but this does
not change our arguments because the opacity cli� is always met at
the same size (though it will change the correlation normalisation).

MNRAS 000, 1–5 (2018)

The disc flux-radius correlation 3

as a function of the maximum grain size. The most notable feature
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“opacity cli� ”. In the companion paper we show that, with the
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the radius where the grains become smaller than their value at the
cli�, rather than the physical extent of the disc. Note that the opacity
cli� is not present for “flu�y” rather than compact grains (Kataoka
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ences due to the radial dependence of the disc aspect ratio). It is of
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i.e. a quadratic relation between the sub-mm flux and the cli� radius,
because the radial dependence of the surface density at the cli�
radius is cancelled by that of the temperature.

Note that we not only predict a quadratic correlation, but also
in Equation 1 there are only few free parameters that can set the
normalisation, predicting a relatively little scatter.

This expectation is borne out by the full results of our models,
where we do not assume optically thin emission nor the Rayleigh-
Jeans limit. The top panel of Figure 2 shows at di�erent times the
disc flux (assuming a distance of 140 pc) versus the cli� radius. The
circles denote the models with low viscosities (↵ = 10�3 and 10�4)
and di�erent initial radii. The orange line is a quadratic dependence
and all the points lie within a factor of two in flux of the same line
regardless of the disc parameters, showing that there is excellent
agreement with the argument explained above.

3.1.2 Fragmentation dominated regime

In this case it is not straightforward to find a relation between the ra-
dius and the flux since the grain size is set by the gas surface density
rather than that of the dust. We can make however the simplifying
assumption that the dust-to-gas ratio does not evolve significantly

Figure 2. Top panel: 850 µm disc flux versus opacity cli� radius (see text).
Symbols are circles for models in the drift dominated regime (↵  10�3) and
squares in the fragmentation dominated regime (↵ = 0.01). For reference
we show on the plot a quadratic dependence (orange line) and a linear
dependence (green line). Bottom panel: as the top panel, but with the 68 per
cent flux radius on the x-axis. The blue line shows the observational relation
from Tripathi et al. (2017) and Andrews et al. (2018), with the associated
scatter as the shaded blue region. We plot the data as grey symbols, triangles
for stars fainter than 0.2 L� and diamonds for the others.

in time. This is reasonable in the fragmentation dominated regime
because the grains are smaller and radial drift is less e�cient in
depleting the disc. With this assumption, using equation 2 we find
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The top panel of figure 2 shows with the white-red-black points the
evolution of discs with ↵ = 10�2 in the fragmentation dominated
regime. We show with the green line a linear dependence; the scaling
relation we have presented is broadly correct, although it does not
fully account for the evolution. In addition, in this case the points
do not all lie on the same line, because the flux at a given radius
depends on the absolute value of the dust-to-gas ratio. Note also
that here we do not take into account that the fragmentation velocity
may depend on the grain size (Windmark et al. 2012), but this does
not change our arguments because the opacity cli� is always met at
the same size (though it will change the correlation normalisation).
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as a function of the maximum grain size. The most notable feature
is the abrupt change in opacity around the characteristic size of
0.2 mm where the maximum 850 µm opacity is attained. We will
refer to this sharp drop (roughly a factor of 10) in opacity as the
“opacity cli� ”. In the companion paper we show that, with the
typical sensitivities of current surveys, the measured disc radii trace
the radius where the grains become smaller than their value at the
cli�, rather than the physical extent of the disc. Note that the opacity
cli� is not present for “flu�y” rather than compact grains (Kataoka
et al. 2014). Our growth model by construction considers compact
grains and therefore we do not consider this possibility further.
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where H/R is the disc aspect ratio. The dust surface density de-
creases with time due to radial drift and therefore the dust grains
become smaller at any given radius. However, a given grain size
is always attained at the same surface density (apart from di�er-
ences due to the radial dependence of the disc aspect ratio). It is of
particular interest to consider the grain size acli� corresponding to
the maximum opacity (see Figure 1). In the rest of this section we
consider a wavelength of 850 µm for comparison with the observed
correlation, but our theoretical argument holds also at other wave-
lengths. We elaborate on the consequences of this in section 4.2.
The grains have the critical size at a dust surface density ⌃d,cli� :
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�1/2 (e.g., D’Alessio et al. 1998). Since the flux is dominated
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i.e. a quadratic relation between the sub-mm flux and the cli� radius,
because the radial dependence of the surface density at the cli�
radius is cancelled by that of the temperature.

Note that we not only predict a quadratic correlation, but also
in Equation 1 there are only few free parameters that can set the
normalisation, predicting a relatively little scatter.

This expectation is borne out by the full results of our models,
where we do not assume optically thin emission nor the Rayleigh-
Jeans limit. The top panel of Figure 2 shows at di�erent times the
disc flux (assuming a distance of 140 pc) versus the cli� radius. The
circles denote the models with low viscosities (↵ = 10�3 and 10�4)
and di�erent initial radii. The orange line is a quadratic dependence
and all the points lie within a factor of two in flux of the same line
regardless of the disc parameters, showing that there is excellent
agreement with the argument explained above.

3.1.2 Fragmentation dominated regime

In this case it is not straightforward to find a relation between the ra-
dius and the flux since the grain size is set by the gas surface density
rather than that of the dust. We can make however the simplifying
assumption that the dust-to-gas ratio does not evolve significantly

Figure 2. Top panel: 850 µm disc flux versus opacity cli� radius (see text).
Symbols are circles for models in the drift dominated regime (↵  10�3) and
squares in the fragmentation dominated regime (↵ = 0.01). For reference
we show on the plot a quadratic dependence (orange line) and a linear
dependence (green line). Bottom panel: as the top panel, but with the 68 per
cent flux radius on the x-axis. The blue line shows the observational relation
from Tripathi et al. (2017) and Andrews et al. (2018), with the associated
scatter as the shaded blue region. We plot the data as grey symbols, triangles
for stars fainter than 0.2 L� and diamonds for the others.

in time. This is reasonable in the fragmentation dominated regime
because the grains are smaller and radial drift is less e�cient in
depleting the disc. With this assumption, using equation 2 we find
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The top panel of figure 2 shows with the white-red-black points the
evolution of discs with ↵ = 10�2 in the fragmentation dominated
regime. We show with the green line a linear dependence; the scaling
relation we have presented is broadly correct, although it does not
fully account for the evolution. In addition, in this case the points
do not all lie on the same line, because the flux at a given radius
depends on the absolute value of the dust-to-gas ratio. Note also
that here we do not take into account that the fragmentation velocity
may depend on the grain size (Windmark et al. 2012), but this does
not change our arguments because the opacity cli� is always met at
the same size (though it will change the correlation normalisation).
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0.2 mm where the maximum 850 µm opacity is attained. We will
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typical sensitivities of current surveys, the measured disc radii trace
the radius where the grains become smaller than their value at the
cli�, rather than the physical extent of the disc. Note that the opacity
cli� is not present for “flu�y” rather than compact grains (Kataoka
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grains and therefore we do not consider this possibility further.
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where H/R is the disc aspect ratio. The dust surface density de-
creases with time due to radial drift and therefore the dust grains
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is always attained at the same surface density (apart from di�er-
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i.e. a quadratic relation between the sub-mm flux and the cli� radius,
because the radial dependence of the surface density at the cli�
radius is cancelled by that of the temperature.

Note that we not only predict a quadratic correlation, but also
in Equation 1 there are only few free parameters that can set the
normalisation, predicting a relatively little scatter.

This expectation is borne out by the full results of our models,
where we do not assume optically thin emission nor the Rayleigh-
Jeans limit. The top panel of Figure 2 shows at di�erent times the
disc flux (assuming a distance of 140 pc) versus the cli� radius. The
circles denote the models with low viscosities (↵ = 10�3 and 10�4)
and di�erent initial radii. The orange line is a quadratic dependence
and all the points lie within a factor of two in flux of the same line
regardless of the disc parameters, showing that there is excellent
agreement with the argument explained above.

3.1.2 Fragmentation dominated regime

In this case it is not straightforward to find a relation between the ra-
dius and the flux since the grain size is set by the gas surface density
rather than that of the dust. We can make however the simplifying
assumption that the dust-to-gas ratio does not evolve significantly

Figure 2. Top panel: 850 µm disc flux versus opacity cli� radius (see text).
Symbols are circles for models in the drift dominated regime (↵  10�3) and
squares in the fragmentation dominated regime (↵ = 0.01). For reference
we show on the plot a quadratic dependence (orange line) and a linear
dependence (green line). Bottom panel: as the top panel, but with the 68 per
cent flux radius on the x-axis. The blue line shows the observational relation
from Tripathi et al. (2017) and Andrews et al. (2018), with the associated
scatter as the shaded blue region. We plot the data as grey symbols, triangles
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in time. This is reasonable in the fragmentation dominated regime
because the grains are smaller and radial drift is less e�cient in
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The top panel of figure 2 shows with the white-red-black points the
evolution of discs with ↵ = 10�2 in the fragmentation dominated
regime. We show with the green line a linear dependence; the scaling
relation we have presented is broadly correct, although it does not
fully account for the evolution. In addition, in this case the points
do not all lie on the same line, because the flux at a given radius
depends on the absolute value of the dust-to-gas ratio. Note also
that here we do not take into account that the fragmentation velocity
may depend on the grain size (Windmark et al. 2012), but this does
not change our arguments because the opacity cli� is always met at
the same size (though it will change the correlation normalisation).
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Conclusions
• Sub-mm disc radii are not the physical extent of the disc


• Viscosity wins over radial drift: the dust disc expands (in 
mass space)


• Current surveys measure the cliff radius rather than where 
the mass is


• But this is not useless: the data inform us on dominant 
regime of grain growth


• Measuring viscous expansion requires very deep surveys 
and high fractions of the disc flux
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Can’t we do this in the gas?Dusty proto-planetary discs radius evolution 13

Figure 11. Left panel: gas surface density of the fiducial model as a function of time. The horizontal dashed line shows the threshold
surface density below which CO dissociates (see text). We mark with dots the radii at which the surface density reaches this threshold,
which we define (using an extremely crude assumption) as the radius of the disc. Right panel: the evolution with time of the ratio
between the observed radius of the disc, defined as in the left panel, and the gas mass radius of the disc for di↵erent values of the viscosity.
The ratio is a function of time, preventing its use as a proxy of the disc radius.

the gas in the outer disc. This is an issue we plan to study
in a future paper.

Constant viscosity In this paper we employed a constant
viscous ↵ over the whole disc. Given the level of uncertainty
in the current understanding of the disc accretion mecha-
nisms, we do not think that using more detailed models of
the viscosity would be appropriate to this investigation. If ↵
in reality varies with radius, and possibly also with time, the
quoted values of ↵ should be regarded as an average across
the radial extent of the disc and its lifetime.

Photo-evaporation In this paper we did not include pro-
cesses leading to mass loss in the outer part of the disc,
such as external photo-evaporation (Johnstone et al. 1998;
Adams et al. 2004; Facchini et al. 2016). While the internal
FUV photo-evaporation rates (Gorti & Hollenbach 2009) are
more uncertain due to the lack of hydrodynamical studies,
this mechanism could also lead to mass-loss in the outer
parts of the disc. This issue is particularly important in the
context of this paper because external photo-evaporation re-
moves mass preferentially close to the outer edge of the disc,
the same region that is undergoing viscous spreading. A lack
of observed disc spreading is therefore not necessarily an
evidence that discs do not evolve viscously, but could also
be explained as due to the influence of photo-evaporation.
Indeed, when considering viscous evolution (Clarke 2007),
externally photo-evaporating discs can spread or shrink de-
pending on whether the accretion rate is greater or smaller
than the photo-evaporative mass-loss rate. This is another
issue that we plan to explore in future papers.

7 CONCLUSIONS

In this paper we have employed models of grain growth and
radial drift in proto-planetary discs to study how the disc
radius evolves with time. We have investigated both the evo-
lution of how themass is distributed in the disc and, through
synthetic surface brightness profiles, the evolution of how the

flux is distributed, which is relevant for observations. Our
main results are as follows:

• Models of grain growth predict that the dust in the
outer parts of discs is small enough to be relatively well cou-
pled to the gas and be entrained in the viscous, outwards
flow. While radial drift promotes a rapid inspiral, it is in-
e↵ective in overall shrinking dust discs because it quickly
removes the fastest drifting grains and becomes a victim of
its own success. Therefore, despite radial drift, dust discs
get larger with time, as measured by the radius enclosing a
given fraction of the total mass, at rates that broadly reflect
the e�ciency of angular momentum transport in the gas.
• We confirm the existence of a sharp outer edge in the

dust distribution, as found in the models by Birnstiel & An-
drews (2014). However, we find that in many cases the dust
mass radius (in this paper defined as the 63th percentile of
the total mass) is larger than the gas mass radius, a con-
sequence of the di↵erent slopes of the gas and dust surface
densities.
• The disc surface brightness is in most cases dominated

by the inner part of the disc where the grains are large
enough to have a significant sub-mm opacity (above the
opacity cli↵, see Figure 1). Therefore, definitions of the disc
radius based on the flux, e.g. the 68 per cent flux radius
employed in observations, trace the radius inside which the
grains are large, rather than the mass radius or the sharp
outer edge in the dust distribution. In contrast to the mass
radius evolution, these flux radii decrease with time.
• It is possible to recover observed disc radii that increase

with time, if one employs a very high fraction of the total
flux (e.g. the 95 per cent flux radius). In addition this re-
quires very deep observations; the surveys currently being
performed by ALMA lack enough sensitivity to trace this ra-
dius and are instead measuring the part of the disc where the
grains are large enough to have significant opacity. While ob-
serving viscous spreading will remain a challenge even with
these observations, invoking high viscosities (& 10�3) is the
only way to explain large (& 100 au) discs (unless the deple-
tion of the dust is slowed down by radial traps).
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Figure 11. Left panel: gas surface density of the fiducial model as a function of time. The horizontal dashed line shows the threshold
surface density below which CO dissociates (see text). We mark with dots the radii at which the surface density reaches this threshold,
which we define (using an extremely crude assumption) as the radius of the disc. Right panel: the evolution with time of the ratio
between the observed radius of the disc, defined as in the left panel, and the gas mass radius of the disc for di↵erent values of the viscosity.
The ratio is a function of time, preventing its use as a proxy of the disc radius.

the gas in the outer disc. This is an issue we plan to study
in a future paper.

Constant viscosity In this paper we employed a constant
viscous ↵ over the whole disc. Given the level of uncertainty
in the current understanding of the disc accretion mecha-
nisms, we do not think that using more detailed models of
the viscosity would be appropriate to this investigation. If ↵
in reality varies with radius, and possibly also with time, the
quoted values of ↵ should be regarded as an average across
the radial extent of the disc and its lifetime.

Photo-evaporation In this paper we did not include pro-
cesses leading to mass loss in the outer part of the disc,
such as external photo-evaporation (Johnstone et al. 1998;
Adams et al. 2004; Facchini et al. 2016). While the internal
FUV photo-evaporation rates (Gorti & Hollenbach 2009) are
more uncertain due to the lack of hydrodynamical studies,
this mechanism could also lead to mass-loss in the outer
parts of the disc. This issue is particularly important in the
context of this paper because external photo-evaporation re-
moves mass preferentially close to the outer edge of the disc,
the same region that is undergoing viscous spreading. A lack
of observed disc spreading is therefore not necessarily an
evidence that discs do not evolve viscously, but could also
be explained as due to the influence of photo-evaporation.
Indeed, when considering viscous evolution (Clarke 2007),
externally photo-evaporating discs can spread or shrink de-
pending on whether the accretion rate is greater or smaller
than the photo-evaporative mass-loss rate. This is another
issue that we plan to explore in future papers.

7 CONCLUSIONS

In this paper we have employed models of grain growth and
radial drift in proto-planetary discs to study how the disc
radius evolves with time. We have investigated both the evo-
lution of how themass is distributed in the disc and, through
synthetic surface brightness profiles, the evolution of how the

flux is distributed, which is relevant for observations. Our
main results are as follows:

• Models of grain growth predict that the dust in the
outer parts of discs is small enough to be relatively well cou-
pled to the gas and be entrained in the viscous, outwards
flow. While radial drift promotes a rapid inspiral, it is in-
e↵ective in overall shrinking dust discs because it quickly
removes the fastest drifting grains and becomes a victim of
its own success. Therefore, despite radial drift, dust discs
get larger with time, as measured by the radius enclosing a
given fraction of the total mass, at rates that broadly reflect
the e�ciency of angular momentum transport in the gas.
• We confirm the existence of a sharp outer edge in the

dust distribution, as found in the models by Birnstiel & An-
drews (2014). However, we find that in many cases the dust
mass radius (in this paper defined as the 63th percentile of
the total mass) is larger than the gas mass radius, a con-
sequence of the di↵erent slopes of the gas and dust surface
densities.
• The disc surface brightness is in most cases dominated
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opacity cli↵, see Figure 1). Therefore, definitions of the disc
radius based on the flux, e.g. the 68 per cent flux radius
employed in observations, trace the radius inside which the
grains are large, rather than the mass radius or the sharp
outer edge in the dust distribution. In contrast to the mass
radius evolution, these flux radii decrease with time.
• It is possible to recover observed disc radii that increase

with time, if one employs a very high fraction of the total
flux (e.g. the 95 per cent flux radius). In addition this re-
quires very deep observations; the surveys currently being
performed by ALMA lack enough sensitivity to trace this ra-
dius and are instead measuring the part of the disc where the
grains are large enough to have significant opacity. While ob-
serving viscous spreading will remain a challenge even with
these observations, invoking high viscosities (& 10�3) is the
only way to explain large (& 100 au) discs (unless the deple-
tion of the dust is slowed down by radial traps).

MNRAS 000, 1–16 (2018)

Perhaps, but not with an optically thick line like 12CO
Dashed horizonatal line is photo-dissociation density



In-depth look at mass 
radius evolutionDusty proto-planetary discs radius evolution 15

Figure A1. Evolution of the gas, dust and inversion (see text)
radius as a function of time for the fiducial model. The light red
lines are the lagrangian trajectories of dust particles with di↵erent
initial radii.

Figure A2. Same as Figure A1, but where the gas disc is not
viscously evolving. In this case the dust disc does not expand
with time, showing that the viscosity of the gas is the reason why
the dust disc expands. Note also how the dust trajectories are
always directed inwards, yet the mass radius stays approximately
constant.

APPENDIX A: AN IN-DEPTH LOOK AT THE
MASS EVOLUTION

We have already shown in Figure 3 the dust velocity at a
given time, showing that there is one part of the disc mov-
ing outwards. To provide a more complete picture of how
the dust velocity varies as a function of the time and space
coordinates, in Figure A1 we plot with the light red lines the
lagrangian trajectories for di↵erent initial radii for the fidu-
cial model. This clearly shows that particles starting at small
radii eventually drift onto the star. Particles with larger ini-
tial radii instead either stay stationary or move outwards
as a result of the outwards velocity in the outer part of the

Figure A3. Time evolution of the two terms in equation (A1).
The plot also shows the time derivative of the dust mass radius,
compared with the sum of the two terms; as expected there is
excellent agreement between the two.

disc; these particles are the ones driving the expansion of
the dust radius.

The behaviour of the dust is reminiscent of the be-
haviour of the gas disc, but with an important di↵erence.
Also in the gas component, as can be shown analytically
studying the Lynden-Bell & Pringle (1974) solution, at any
given time the inner part of the disc is moving inwards while
the outer part is moving outwards. It is the expansion of the
outer part that drives viscous spreading. However, in con-
trast with the gas, the dust at the mass radius moves in-
wards. This is shown in Figure A1 by the green line, which
shows at any given time the radius separating the inwards
from outwards moving region (“dust inversion radius” for
brevity). It can be seen how this radius initially moves in-
wards, which we interpret as due to an initial rapid phase
of grain growth and drift, but eventually moves outwards as
a significant amount of dust is accreted on the star and the
grains become smaller. Only after ⇠1.5 Myr the dust mass
radius catches up with the dust inversion radius, i.e, the dust
at the mass radius is instantaneously moving outwards. It
follows that for a long part of the evolution most of the mass
in the disc is moving towards the star, yet the disc overall
expands.

For completeness, we show also the case without viscos-
ity in Figure A2. In this case we do not plot the dust in-
version radius: the dust velocity is always directed inwards,
since the viscous contribution is lacking. Despite the fact
that at any given time all the mass in the disc is moving
inwards, the mass radius is approximately constant.

The analysis of these plots clearly shows that the ve-
locity of the mass radius di↵ers significantly from the in-
stantaneous velocity of the dust located at the mass radius.
Indeed, it is instructive to derive a relation expressing how
the mass radius rs corresponding to a given fraction f of the
total mass evolves with time. It can be shown (see Appendix
B) that

drs
dt
=
�Ṁ (rs) + (1 � f )Ṁ (r⇤)

2⇡rs⌃(rs)
, (A1)
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in the disc is moving towards the star, yet the disc overall
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For completeness, we show also the case without viscos-
ity in Figure A2. In this case we do not plot the dust in-
version radius: the dust velocity is always directed inwards,
since the viscous contribution is lacking. Despite the fact
that at any given time all the mass in the disc is moving
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The analysis of these plots clearly shows that the ve-
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trast with the gas, the dust at the mass radius moves in-
wards. This is shown in Figure A1 by the green line, which
shows at any given time the radius separating the inwards
from outwards moving region (“dust inversion radius” for
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wards, which we interpret as due to an initial rapid phase
of grain growth and drift, but eventually moves outwards as
a significant amount of dust is accreted on the star and the
grains become smaller. Only after ⇠1.5 Myr the dust mass
radius catches up with the dust inversion radius, i.e, the dust
at the mass radius is instantaneously moving outwards. It
follows that for a long part of the evolution most of the mass
in the disc is moving towards the star, yet the disc overall
expands.

For completeness, we show also the case without viscos-
ity in Figure A2. In this case we do not plot the dust in-
version radius: the dust velocity is always directed inwards,
since the viscous contribution is lacking. Despite the fact
that at any given time all the mass in the disc is moving
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The analysis of these plots clearly shows that the ve-
locity of the mass radius di↵ers significantly from the in-
stantaneous velocity of the dust located at the mass radius.
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3.2 Comparison in observational space

Observationally, we do not expect to be able to measure exactly
the disc outer cli� unless data at high resolution and sensitivity are
available. For this reason, in the bottom panel of figure 2 we repeat
the analysis using the 68 per cent flux radius. For the low viscosity
case the results are broadly similar, recovering an approximately
quadratic relation. For reference, the blue solid line shows the best-
fit relation to the observations of Tripathi et al. (2017), showing that
the models in the drift dominated regime also recover correctly the
normalisation. The di�erences are more pronounced for the discs in
the fragmentation dominated regime. We note in particular that the
68 per cent flux radius at late times is significantly bigger than the
cli� radius. This is because there is a significant flux coming from
outside the opacity cli�, since a large fraction of the disc dust mass
is in small grains. This produces a steeper relation between disc flux
and radius at late times since the radius has little evolution while
the flux is decreasing. Notice also how the fragmentation dominated
models predict a higher flux for the same disc radius, because they
are able to retain more dust mass.

While catching correctly the overall trend, it is notable that the
observations show a larger scatter than predicted by our models.
Assuming that this is intrinsic (as will be verified by future, deeper
surveys than those currently available), it is possible that the discs
showing an average surface brightness that is too high for our models
are in the fragmentation dominated regime, even if the bulk of the
disc population is drift dominated. For what concerns the discs with
a low average surface brightness, we note that their host stars are
fainter than 0.2 L� (grey triangles), possibly signalling a change in
regime at late spectral types. Our models show that the correlation
is much tighter when using the cli� radius - therefore, ultimately
the answer to whether discs are truly in the drift dominated regime
will come from high-resolution observations. Here an important
prediction of the models (see Equation 5) is that the discs should
have a similar surface brightness (⇠ 0.05 Jy/arcsec2) at the opacity
cli� , i.e. where the surface brightness drops (the “disc outer edge”).

Summarising, in this Letter we have provided an explanation as
to why models of grain growth in the drift dominated regime predict
(see also Tripathi et al. 2017) a quadratic dependence between disc
flux and radius. We have also highlighted how in this regime there
should be little scatter around the correlation, which is partially in
tension with the little scatter shown by the observations.

4 OBSERVATIONAL CONSEQUENCES

4.1 Mass determination

Since in our models the disc extends beyond the cli� radius, the sub-
mm emission does not trace the full inventory of solid materials,
but only the solids with a significant sub-mm opacity. Given that
sub-mm fluxes are often used to estimate disc masses, this could
mean that those masses are underestimated. For this reason, we plot
in figure 3 the disc fluxes versus dust masses in our models.

The plot also shows an often employed linear relation between
flux and mass, derived by Beckwith et al. (1990) in the optically thin
limit using a constant opacity. It is worth noting that the opacity at the
cli� is one order of magnitude higher than the commonly assumed
value of ⇠ 3 cm2/g. In fact, the higher opacity is more important
than the fact that the part of the disc is “invisible”, so that in most
of our models the standard assumption overestimates the disc mass.

The overestimate becomes more pronounced with time, i.e. the
dust mass decreases faster than suggested by the decrease in flux.
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Figure 3. Disc flux versus mass in of our models. Colours and symbols
are as in figure 2. The blue line shows a commonly assumed linear relation
between disc flux and mass (e.g., Andrews & Williams 2005).

This is because low mass discs, especially in the drift dominated
regime, are small and the emission comes from a hotter part of the
disc. On the contrary, in the fragmentation dominated regime the
flux eventually drops because the grains become small all over the
disc, as we highlighted in section 3.1.2, and their opacity decreases.

We stress that our models require a large opacity to be compat-
ible with the observed flux radius correlation. The opacities we as-
sume are plausible, but they depend on the (unfortunately unknown)
dust composition. If they are correct, the immediate consequence is
that the commonly derived dust masses would then be overestimated
by a significant factor. The over-estimation makes even more severe
the mass budget problem for planet formation (Manara et al. 2018),
but possibly reconciles the observed disc fluxes with the significant
mass loss due to radial drift. For example, in Taurus the typical dust
disc-to-star mass ratio is a few 10�5 (Andrews et al. 2013), i.e. the
typical 850 µm flux of discs around solar mass stars is tens of mJy.
Despite radial drift, our models naturally explain these values after
Myrs of evolution. Finally, note that in these models there is no
significant mass in optically thick regions of the disc at small radii.

4.2 The flux-radius correlation at longer wavelengths

In this section we show that grain growth models in the drift dom-
inated regime predict a flux-radius correlation also at longer wave-
lengths. As mentioned in section 3.1.1, our arguments apply as long
as there is an opacity cli� and there are grains large enough to be
beyond the cli� (i.e., with a size comparable to wavelength). We
confirm that qualitatively this is the case also at longer wavelengths
(e.g., 3mm; see Figure 1).

The models also predict how the normalisation should change
with frequency. Revisiting Equation 4 and 5:

F⌫ ⇡ ⇡B⌫(T)⌃d,cli� ⌫R
2
cli� / acli� R

2
cli�⌫

2. (8)

Since the opacity cli� is located where the maximum grain size
is comparable to the observing wavelength we have acli� / �.
Geometric arguments show that the opacity depends on the area-
to-mass ratio of the grains, which suggests the opacity at the cli�
radius scales as a

�1
cli� . This scaling is upheld by our detailed opacity

calculations and can be deduced from Figure 1. Thus we find that

F⌫/R
2
cli� / ⌫2. (9)
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3.2 Comparison in observational space

Observationally, we do not expect to be able to measure exactly
the disc outer cli� unless data at high resolution and sensitivity are
available. For this reason, in the bottom panel of figure 2 we repeat
the analysis using the 68 per cent flux radius. For the low viscosity
case the results are broadly similar, recovering an approximately
quadratic relation. For reference, the blue solid line shows the best-
fit relation to the observations of Tripathi et al. (2017), showing that
the models in the drift dominated regime also recover correctly the
normalisation. The di�erences are more pronounced for the discs in
the fragmentation dominated regime. We note in particular that the
68 per cent flux radius at late times is significantly bigger than the
cli� radius. This is because there is a significant flux coming from
outside the opacity cli�, since a large fraction of the disc dust mass
is in small grains. This produces a steeper relation between disc flux
and radius at late times since the radius has little evolution while
the flux is decreasing. Notice also how the fragmentation dominated
models predict a higher flux for the same disc radius, because they
are able to retain more dust mass.

While catching correctly the overall trend, it is notable that the
observations show a larger scatter than predicted by our models.
Assuming that this is intrinsic (as will be verified by future, deeper
surveys than those currently available), it is possible that the discs
showing an average surface brightness that is too high for our models
are in the fragmentation dominated regime, even if the bulk of the
disc population is drift dominated. For what concerns the discs with
a low average surface brightness, we note that their host stars are
fainter than 0.2 L� (grey triangles), possibly signalling a change in
regime at late spectral types. Our models show that the correlation
is much tighter when using the cli� radius - therefore, ultimately
the answer to whether discs are truly in the drift dominated regime
will come from high-resolution observations. Here an important
prediction of the models (see Equation 5) is that the discs should
have a similar surface brightness (⇠ 0.05 Jy/arcsec2) at the opacity
cli� , i.e. where the surface brightness drops (the “disc outer edge”).

Summarising, in this Letter we have provided an explanation as
to why models of grain growth in the drift dominated regime predict
(see also Tripathi et al. 2017) a quadratic dependence between disc
flux and radius. We have also highlighted how in this regime there
should be little scatter around the correlation, which is partially in
tension with the little scatter shown by the observations.

4 OBSERVATIONAL CONSEQUENCES

4.1 Mass determination

Since in our models the disc extends beyond the cli� radius, the sub-
mm emission does not trace the full inventory of solid materials,
but only the solids with a significant sub-mm opacity. Given that
sub-mm fluxes are often used to estimate disc masses, this could
mean that those masses are underestimated. For this reason, we plot
in figure 3 the disc fluxes versus dust masses in our models.

The plot also shows an often employed linear relation between
flux and mass, derived by Beckwith et al. (1990) in the optically thin
limit using a constant opacity. It is worth noting that the opacity at the
cli� is one order of magnitude higher than the commonly assumed
value of ⇠ 3 cm2/g. In fact, the higher opacity is more important
than the fact that the part of the disc is “invisible”, so that in most
of our models the standard assumption overestimates the disc mass.

The overestimate becomes more pronounced with time, i.e. the
dust mass decreases faster than suggested by the decrease in flux.
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This is because low mass discs, especially in the drift dominated
regime, are small and the emission comes from a hotter part of the
disc. On the contrary, in the fragmentation dominated regime the
flux eventually drops because the grains become small all over the
disc, as we highlighted in section 3.1.2, and their opacity decreases.

We stress that our models require a large opacity to be compat-
ible with the observed flux radius correlation. The opacities we as-
sume are plausible, but they depend on the (unfortunately unknown)
dust composition. If they are correct, the immediate consequence is
that the commonly derived dust masses would then be overestimated
by a significant factor. The over-estimation makes even more severe
the mass budget problem for planet formation (Manara et al. 2018),
but possibly reconciles the observed disc fluxes with the significant
mass loss due to radial drift. For example, in Taurus the typical dust
disc-to-star mass ratio is a few 10�5 (Andrews et al. 2013), i.e. the
typical 850 µm flux of discs around solar mass stars is tens of mJy.
Despite radial drift, our models naturally explain these values after
Myrs of evolution. Finally, note that in these models there is no
significant mass in optically thick regions of the disc at small radii.

4.2 The flux-radius correlation at longer wavelengths

In this section we show that grain growth models in the drift dom-
inated regime predict a flux-radius correlation also at longer wave-
lengths. As mentioned in section 3.1.1, our arguments apply as long
as there is an opacity cli� and there are grains large enough to be
beyond the cli� (i.e., with a size comparable to wavelength). We
confirm that qualitatively this is the case also at longer wavelengths
(e.g., 3mm; see Figure 1).

The models also predict how the normalisation should change
with frequency. Revisiting Equation 4 and 5:
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Since the opacity cli� is located where the maximum grain size
is comparable to the observing wavelength we have acli� / �.
Geometric arguments show that the opacity depends on the area-
to-mass ratio of the grains, which suggests the opacity at the cli�
radius scales as a
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