
The MED has been previously studied, though more in the context of methods to circumvent or break it. We have quantified 
its dependencies in terms of physical and observational parameters, as well as identified the specific features of the TTV 
formulae that underlie it. We have also shown it can weakly but systematically bias recovered masses.

The MED causes a systematic bias in recovered planet masses that is apparent at eccentricities 0.03, highly responsive to ≲0.03, highly responsive to 
distance from MMR, and observationally negated only at signal-to-noise 30 (<10 s noise on 5 minute TTVs) or sampling over ≳30 (<10 s noise on 5 minute TTVs) or sampling over 
>2 TTV super periods. The sign of this bias depends on the system parameters, in general causing a systematically low 
recovered mass at low e.

When and how the TTV mass-eccentricity degeneracy 
can bias recovered planet masses

In multi-planet systems near or in mean motion 
resonance the gravitational perturbation 
between bodies is sufficient to cause a detectable 
aperiodicity in a transiting planet's signal. These 
transit timing variations (TTVs) yield a mass 
estimate on the perturbing body and offer a 
comparison measurement for minimum planet 
masses obtained with the radial velocity 
technique. However masses inferred from TTVs 
are susceptible to a mass–eccentricity 
degeneracy (MED) that we find induces a weak 
but persistent bias toward erroneously low or 
high planet masses depending on orbital and 
observational conditions.
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Results & implications

Next steps
Observational
Near future (low noise, long baseline) 
transit surveys with JWST and PLATO can 
follow up on Kepler targets with known 
TTVs to better constrain planet 
properties and potentially identify 
systems in which the MED has biased 
current mass estimates.

Modeling technique

Theoretical
Expand the TTV formulae to fully 
understand the cause of the systematic 
bias. Current interpretation: the resonant 
term in the TTV signal always has an e 
component that can have the same 
dependence as the synodic term when sin 
ω = 0, but not when cos ω = 0 (in which case 
there is a degeneracy with mass to produce 

the same signal). 

Develop a scheme to correct for the bias. 
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Physical scenario The m-e degeneracy 

Fig.5 – The 20 MCMC realizations in each of the ≈35 simulations are aggregated to give a single 1σ confidence interval (CI) for 
that simulation’s recovered planet masses and eccentricity vector components. The percentage of each of the aggregate mass 
CIs above the true mass is shown versus the percentage of the aggregate e vector CIs above the true values. Simulations span 
various physical, observational and approximation parameters. The inner planet’s e cos ω term appears to most strongly influence 
the inner (and outer, not shown here) planet’s recovered mass. 

Fig.1 – Planet n
2
 imparts a periodic residual structure (TTVs) on planet n

1
’s otherwise 

uniform ephemerides and vice versa. Inversion of the transit signal to recover planet 
masses from the TTVs is subject to degeneracies, notably the MED.

 

Fig.2 – The TTV amplitudes in approximation formulae 
are degenerate between the perturbing planet’s 
reduced mass μ and both planets’ eccentricities e. This 
degeneracy can manifest as an erroneously high(low) μ 
compensating an erroneously low(high)  eccentricity 
vector component e cos ω, inducing a systematic bias. 

Fig.3 – Twenty MCMC realizations of the fiducial system that emulates Kepler62-e/f, with the 
recovered masses of both planets seen to be weakly but systematically biased toward 
erroneously low values due to the MED. The percentage of the 20 1σ confidence intervals 
above the input mass (dashed line) is given. 

For a fiducial 3-body system emulating Kepler62-e/f, 20 MCMC realizations 
independently recover orbital parameters (eccentricity, period, transit phase) and mass 
for both planets from noisy (30 s) simulated transit times using TTVFaster and 
emcee. Recovered masses from the 20 trials are aggregated to assess whether the 
recovered masses are biased, as in Fig.3.

Separate simulations (≈35, each with 20 MCMC realizations) vary physical parameters 
of the system, observational conditions and TTV approximation technique to discern 
under what conditions the MED can systematically bias recovered planet masses and 
to quantify this bias.

Fig.4 – a – b) 1σ confidence interval for the recovered inner and outer planet mass for each simulation in which the distance from MMR 
is varied relative to the fiducial case. Each simulation is comprised of 20 MCMC realizations; the percentage of these above the input 
mass (dashed line) is given. 
c – d) As in (a) – (b) for simulations in which the orbital eccentricities are varied (with a constant P

2
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 = 2.18).
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