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Figure 12. Plots of u

z

in x � z space at four times for a run
showing zonal flows in its saturation state. Simulation parameters

are Ri=0.1, Pe=4⇡2, Re=105.

opposite structure. (*** check all this shit! Are ✓ and
u
x

adevected vertically? ***) These fields, however, ap-
pear to be dynamically subdominant. (*** once we have
pressure and u

y

we can estimate the degree to which
we are in geostrophic balance by just comparing am-
plitudes ***)

At larger Re we find that the system jumps directly into
the layered state after the breakdown of the linear regime,
and so bypasses wave turbulence entirely. An example is
shown in Fig. 11 for Re= 105. At these higher Re a di↵er-
ent kind of variability is observed: instead of the short-time
fluctuations associated with a background of wave turbu-
lence, we see instead bursts on a long timescale (see inset in
Fig. 11). Indeed, if we go to the flow fields, they are often
dominated by the zonal flow with little small scale structure
(*** compare amplitudes of zonal flow with Re 105

versus 104.25 ***). Aperiodically, however, we observe that
the vertical flow breaks up and forms short-lived vortical
structures in the x-z plane. Figure ?? shows this behaviour
over a sequence of snapshots. We attribute the bursts in E

K

to this breakdown.
An obvious explanation for zonal flow breakdown is a

secondary instability of Kelvin-Helmholtz (KH) type. Note,
however, that KH instability is impeded by the stabilising
radial gradient of angular momentum (see Latter and Pa-
paloizou 2018), and thus the flow needs to reach su�ciently
large amplitudes for this to occur. Hence its emergence only
for large Re. The development of KH instability and vor-
tices is certainly hampered here by the restriction of ax-
isymmetry. In a three-dimensional simulation we anticipate
the production of non-axisymmetric structure, in particular

vortices in the x-y. In fact, we expect that it is precisely
via the KH instability that the CO can break its inherent
axisymmetry and give rise to disordered three-dimensional
flow. Future simulations will confirm this.

Finally, as discussed in Section 2.3 much of this be-
haviour emerges in simulations of semi-convection, espe-
cially the transition from a wave turbulent state to a ‘lay-
ered’ state (Rosenblum et al. 2011, Mirouh et al. 2012). In
the semi-convective simulations it is composition that be-
comes strongly layered, while here we see it is angular mo-
mentum. In both cases, the wave turbulence acts in an an-
tidi↵usive way that relies on the competing turbulent fluxes
of heat and composition/angular momentum. In Section 6
we explore this in greater detail.

5.4 Parameter survey

In this subsection we vary both R and Re and plot out the
boundaries between the various saturation outcomes in this
two-dimensional parameters space. As mentioned earlier the
demarcation is often somewhat loose, with one state ‘blur-
ring’ into the other, nonetheless it is possible to construct a
relatively convenient plot, which we show in Fig. ??.

In the previous subsection, we set R = 0.1 and moved
horizontally in the figure, starting with the ‘green’ weakly
nonlinear regime, proceeding to the ‘blue’ wave turbulent
state, and ultimately reaching the ‘red’ layered/zonal-flow
state. But as is clear, when the thermal gradient becomes
weaker this sequence of states occurs at higher and higher
Re. Specifically, as R approaches 0.01, the layering state
is delayed to Re⇠ 107, the largest Re we can resolve in our
simulations, but also arguably a parameter regime consistent
twith real PP disks (given our definition of Re; see Section
3.2.2). We conclude that su�ciently weak thermal gradients
will not lead to a layered state, but rather very low levels of
wave turbulence. The critical gradient is associated with a
R

c

⇠ 0.01.
On the other hand, at large Re and R we see some

evidence of a new state - marked in ‘yellow’ in Fig. ??. (***
more explanation of what this looks like? Figure? ***)

We next plot the mean thermal and angular momentum
fluxes, F

✓

and F
h

, and the kinetic energy E
K

as a function
of R for di↵erent Re. The former are plotted in Fig. ??.
The angular momentum flux is very small and negative, a
result of our simulations’ axisymmetry (see Stone and Bal-
bus 1996), and apart from its role in causing the layering
instability (cf. Section 6), its impact on the large-scale evo-
lution of the disk should be minimal. The thermal flux is
more significant and acts to equalise the unstable gradient
that gave rise to the CO. As R increases, so does F

✓

, ex-
hibiting a jump at R = 0.1, which coincides with the advent
of radial layers. In this layering regime, F

✓

⇠ 10�3, which
may be significant enough to reshape the thermal gradient,
given su�cient time. (*** but greater than the radia-
tive di↵usive flux? Check Garaud’s work to get sense
of relative sizes and how to compute ***)

(*** Discussion of kinetic energy and estimate
of rms velocities of turbulence ***)
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1. Background



Motivation
• Non-ideal MHD, probably quenches 
    the MRI between 1 -10 AU 
• Hence no magnetic turbulence  
    through this region  

Credit: Phil Armitage

!
• What is driving accretion here? 
• Is this region completely laminar? 
• What does this mean for dust  
    dynamics and planet formation? 

!
• Are hydrodynamical instabilities possible here? 
• If they can get going, what do they do?



Hydro instabilities
•  Rossby Wave Instability (RWI)

• Global shear instability, caused 
by radial inhomogeneities 
• Occurs at dead-zone boundaries, 
gaps, snow lines, etc 
• Two-dimensional 

(Lovelace and Romanova 2014)

(Lovelace+ 1999)



Hydro instabilities
• Rossby Wave Instability (RWI)

• Local and nonlinear instability 
• Requires an adverse radial 
entropy gradient and finite thermal 
diffusion 
• Two dimensional

• Subcritical Baroclinic Instability (SBI) 

(Credit: Wlad Lyra)

(Klahr+Bodenheimer 2003, Petersen+ 2007, Lesur+Papaloizou 2010)



Hydro instabilities
• Rossby Wave Instability (RWI)

• Local linear instability 
• Requires an adverse radial 
entropy gradient and finite thermal 
diffusion 
• Three dimensional and axisymmetric 
• Unstable modes appear as  
growing inertial waves

• Subcritical Baroclinic Instability (SBI) 

(Lyra 2014)

• Convective Overstability (CO)
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Figure 2. Convergence study of the saturated state of the overstability. (a) The box size (H×H ), initial amplitude (urms/c = 10−3), and pressure gradient (ξ = −3.5)
were kept fixed, while the resolution was changed. Saturation occurs at 64 points per scale height. (b) The resolution is fixed at ∆ = H/64, and the box size changed.
There is no convergence with box size (see Figure 3 and the discussion in the text). (c) Resolution ∆ = H/64, box size H×H , and varying initial amplitude. (d)
Varying the pressure gradient, resolution ∆ = H/64, box size 2H . Amplitude converges in the latter two cases. The linear growth rate (black dashed line) is very well
reproduced in all cases.
(A color version of this figure is available in the online journal.)
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Figure 3. Spectral description of the 8H × 4H simulation (cyan line in Figure 2, upper right). The rms velocity is shown in the upper left panel, with four representative
points marked, and the velocity shown, in the xz plane, in each of these points (lower panels). The points are A, onset of saturation; B, the local minimum; C, second
saturated state; and D, state after the last bifurcation. The spectral power in the first five large-scale modes in x and z is shown in the upper middle and upper right
panels, respectively. Point A corresponds to Kelvin–Helmholtz instability breaking up the original kz/kz0 = 4 channel mode, as nonzero kx and kz modes are excited.
The local minimum B corresponds to the point when power is equally distributed among the non-zero kz modes. The saturated state C corresponds to the dominance
of the kz = 1 mode, with a mixed kx = 1 mode (both clear in the lower “C” panel). The last bifurcation corresponds to the kz = 0 mode taking over and a large scale
kx = 1 dominating the box.
(A color version of this figure is available in the online journal.)
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Figure 4. Nonlinear evolution of the buoyant overstability in three dimensions. With the linear overstability raising the amplitude of the initial fluctuations to nonlinear
levels, the saturated state is expected to be similar to that of the SBI. In the lower left panels we show the averaged vertical vorticity; the lower right panel shows the
vorticity in the three-dimensional flow. Indeed, we see that large-scale self-sustained anticyclonic vortices develop in the saturated state. The upper left panel shows
the radial velocity rms and vertical enstrophy (red and black line, respectively.) The upper right panel shows the level of Reynolds stress, which saturates at α ≈ 10−3.
(A color version of this figure is available in the online journal.)

is shown in the panels of Figure 2. The linear phase matches the
analytical prediction (dashed black line) for all models ran.

Figure 2(a) shows the dependency on resolution. Convergence
is achieved for 64 grid points per scale height. There is also
convergence for the initial amplitude of the perturbation, as seen
in Figure 2(c). The linear phase is identical in the three cases
examined (u0 = 10−4, 10−6, and 10−10). In this figure we set
t = 0 as the time when saturation is achieved, to better compare
with the nonlinear evolution. In Figure 2(d) we check how the
instability depends on the pressure gradient. Again, the linear
phase is reproduced for the different values of the Brunt–Väisälä
frequency, and the amplitudes at saturation are similar, within
a factor two to three. A difference in seen when we test the
dependency on box size (Figure 2(b)). The amplitude seemed to
saturate at 4H × 4H (red line), since the model with Lx = 6H
(green line) shows a similar amplitude. However, the model with
Lx = 8H (cyan line) shows a bifurcation at ≈150 orbits. Models
with a larger radial range (Lx = 10 and Lx = 12, purple and
magenta lines, respectively) show no convergence, even as the
velocity dispersion increasingly approaches the sound speed.

Interesting features that help us understand the behavior of
the system are seen in this simulation. We plot in Figure 3 the
time evolution of the power in the first five large-scale modes, in
both x (upper middle panel) and z (upper left panel). The upper

left panel shows the rms of the radial velocity. Four special/
representative instants are labeled, and the ux field for these
respective instants are shown in the lower panels.

The first instant, A, corresponds to the first “saturation” seen
at 50 orbits. The power spectrum shows that the clean initial
channel mode (kz/kz0 = 4, kx/kx0 = 0) persisted until this time,
after which it saturates, exciting kx ̸= 0 modes and other kz

modes. Instant B, at 67 orbits, corresponds to the local minimum
in rms velocity. The power spectrum shows that this happens
when the kz/kz0 = 1 mode becomes dominant. Subsequently,
this mode keeps growing, at the same rate as the initial
kz/kz0 = 4 mode. This is because the growth rate is independent
of kz for kx = 0, which at that time has similar power to
the higher kx modes. From time t = 90 (instant C) to 160
orbits the system settles into a steady state, with a dominant
kz/kz0 = 1 mode, and mixed kx/kx0 = 0 and kx/kx0 = 1.
Another bifurcation happens when the kz = 0 mode overtakes
the kz/kz0 = 1 mode. Simultaneously, it prompts kx/kx0 = 1
to dominate over kx = 0. The final state (labeled D) is thus
vertically symmetric, with a box-wide radial wavelength.

This explains why we do not find convergence while increas-
ing the box vertical range from Lz = H to 2H to 4H . In these
boxes, because we kept the seed mode at kz = 2π/H , we ini-
tialized the instability with the kz/kz0 = 1, 2, and 4 modes,

6

(Klahr+Hubbard 2014, Lyra 2014)



Hydro instabilities
• Rossby Wave Instability (RWI)

• Local/global linear instability 
• Requires vertical shear induced by 
stellar radiation field; fast cooling 
• Global modes are growing inertial 
waves; short-scale modes are more 
like zonal flows

• Subcritical Baroclinic Instability (SBI) 

(Stoll & Kley 2014)

• Convective Overstability (CO)

The Astrophysical Journal, 789:77 (7pp), 2014 July 1 Lyra

Figure 4. Nonlinear evolution of the buoyant overstability in three dimensions. With the linear overstability raising the amplitude of the initial fluctuations to nonlinear
levels, the saturated state is expected to be similar to that of the SBI. In the lower left panels we show the averaged vertical vorticity; the lower right panel shows the
vorticity in the three-dimensional flow. Indeed, we see that large-scale self-sustained anticyclonic vortices develop in the saturated state. The upper left panel shows
the radial velocity rms and vertical enstrophy (red and black line, respectively.) The upper right panel shows the level of Reynolds stress, which saturates at α ≈ 10−3.
(A color version of this figure is available in the online journal.)

is shown in the panels of Figure 2. The linear phase matches the
analytical prediction (dashed black line) for all models ran.

Figure 2(a) shows the dependency on resolution. Convergence
is achieved for 64 grid points per scale height. There is also
convergence for the initial amplitude of the perturbation, as seen
in Figure 2(c). The linear phase is identical in the three cases
examined (u0 = 10−4, 10−6, and 10−10). In this figure we set
t = 0 as the time when saturation is achieved, to better compare
with the nonlinear evolution. In Figure 2(d) we check how the
instability depends on the pressure gradient. Again, the linear
phase is reproduced for the different values of the Brunt–Väisälä
frequency, and the amplitudes at saturation are similar, within
a factor two to three. A difference in seen when we test the
dependency on box size (Figure 2(b)). The amplitude seemed to
saturate at 4H × 4H (red line), since the model with Lx = 6H
(green line) shows a similar amplitude. However, the model with
Lx = 8H (cyan line) shows a bifurcation at ≈150 orbits. Models
with a larger radial range (Lx = 10 and Lx = 12, purple and
magenta lines, respectively) show no convergence, even as the
velocity dispersion increasingly approaches the sound speed.

Interesting features that help us understand the behavior of
the system are seen in this simulation. We plot in Figure 3 the
time evolution of the power in the first five large-scale modes, in
both x (upper middle panel) and z (upper left panel). The upper

left panel shows the rms of the radial velocity. Four special/
representative instants are labeled, and the ux field for these
respective instants are shown in the lower panels.

The first instant, A, corresponds to the first “saturation” seen
at 50 orbits. The power spectrum shows that the clean initial
channel mode (kz/kz0 = 4, kx/kx0 = 0) persisted until this time,
after which it saturates, exciting kx ̸= 0 modes and other kz

modes. Instant B, at 67 orbits, corresponds to the local minimum
in rms velocity. The power spectrum shows that this happens
when the kz/kz0 = 1 mode becomes dominant. Subsequently,
this mode keeps growing, at the same rate as the initial
kz/kz0 = 4 mode. This is because the growth rate is independent
of kz for kx = 0, which at that time has similar power to
the higher kx modes. From time t = 90 (instant C) to 160
orbits the system settles into a steady state, with a dominant
kz/kz0 = 1 mode, and mixed kx/kx0 = 0 and kx/kx0 = 1.
Another bifurcation happens when the kz = 0 mode overtakes
the kz/kz0 = 1 mode. Simultaneously, it prompts kx/kx0 = 1
to dominate over kx = 0. The final state (labeled D) is thus
vertically symmetric, with a box-wide radial wavelength.

This explains why we do not find convergence while increas-
ing the box vertical range from Lz = H to 2H to 4H . In these
boxes, because we kept the seed mode at kz = 2π/H , we ini-
tialized the instability with the kz/kz0 = 1, 2, and 4 modes,
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• Vertical Shear Instability (VSI) (Urpin+Brandenburg 1998, Nelson+ 2013)



Hydro instabilities
• Rossby Wave Instability (RWI)

• Local nonlinear instability 
• Requires stable vertical stratification 
and slow cooling 
• Physical mechanism of instability 
is unclear

• Subcritical Baroclinic Instability (SBI) 

(Barranco+ 2018)

• Convective Overstability (CO)

The Astrophysical Journal, 789:77 (7pp), 2014 July 1 Lyra

Figure 4. Nonlinear evolution of the buoyant overstability in three dimensions. With the linear overstability raising the amplitude of the initial fluctuations to nonlinear
levels, the saturated state is expected to be similar to that of the SBI. In the lower left panels we show the averaged vertical vorticity; the lower right panel shows the
vorticity in the three-dimensional flow. Indeed, we see that large-scale self-sustained anticyclonic vortices develop in the saturated state. The upper left panel shows
the radial velocity rms and vertical enstrophy (red and black line, respectively.) The upper right panel shows the level of Reynolds stress, which saturates at α ≈ 10−3.
(A color version of this figure is available in the online journal.)

is shown in the panels of Figure 2. The linear phase matches the
analytical prediction (dashed black line) for all models ran.

Figure 2(a) shows the dependency on resolution. Convergence
is achieved for 64 grid points per scale height. There is also
convergence for the initial amplitude of the perturbation, as seen
in Figure 2(c). The linear phase is identical in the three cases
examined (u0 = 10−4, 10−6, and 10−10). In this figure we set
t = 0 as the time when saturation is achieved, to better compare
with the nonlinear evolution. In Figure 2(d) we check how the
instability depends on the pressure gradient. Again, the linear
phase is reproduced for the different values of the Brunt–Väisälä
frequency, and the amplitudes at saturation are similar, within
a factor two to three. A difference in seen when we test the
dependency on box size (Figure 2(b)). The amplitude seemed to
saturate at 4H × 4H (red line), since the model with Lx = 6H
(green line) shows a similar amplitude. However, the model with
Lx = 8H (cyan line) shows a bifurcation at ≈150 orbits. Models
with a larger radial range (Lx = 10 and Lx = 12, purple and
magenta lines, respectively) show no convergence, even as the
velocity dispersion increasingly approaches the sound speed.

Interesting features that help us understand the behavior of
the system are seen in this simulation. We plot in Figure 3 the
time evolution of the power in the first five large-scale modes, in
both x (upper middle panel) and z (upper left panel). The upper

left panel shows the rms of the radial velocity. Four special/
representative instants are labeled, and the ux field for these
respective instants are shown in the lower panels.

The first instant, A, corresponds to the first “saturation” seen
at 50 orbits. The power spectrum shows that the clean initial
channel mode (kz/kz0 = 4, kx/kx0 = 0) persisted until this time,
after which it saturates, exciting kx ̸= 0 modes and other kz

modes. Instant B, at 67 orbits, corresponds to the local minimum
in rms velocity. The power spectrum shows that this happens
when the kz/kz0 = 1 mode becomes dominant. Subsequently,
this mode keeps growing, at the same rate as the initial
kz/kz0 = 4 mode. This is because the growth rate is independent
of kz for kx = 0, which at that time has similar power to
the higher kx modes. From time t = 90 (instant C) to 160
orbits the system settles into a steady state, with a dominant
kz/kz0 = 1 mode, and mixed kx/kx0 = 0 and kx/kx0 = 1.
Another bifurcation happens when the kz = 0 mode overtakes
the kz/kz0 = 1 mode. Simultaneously, it prompts kx/kx0 = 1
to dominate over kx = 0. The final state (labeled D) is thus
vertically symmetric, with a box-wide radial wavelength.

This explains why we do not find convergence while increas-
ing the box vertical range from Lz = H to 2H to 4H . In these
boxes, because we kept the seed mode at kz = 2π/H , we ini-
tialized the instability with the kz/kz0 = 1, 2, and 4 modes,
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• Vertical Shear Instability (VSI)

• Zombie Vortex Instability
(Marcus+ 2013)



Hydro instabilities
• Rossby Wave Instability (RWI)

• On the whole: growth rates are modest: 
• Probably not sufficiently vigorous to account for observed accretion  

• Subcritical Baroclinic Instability (SBI) 

• Convective Overstability (CO)

The Astrophysical Journal, 789:77 (7pp), 2014 July 1 Lyra

Figure 4. Nonlinear evolution of the buoyant overstability in three dimensions. With the linear overstability raising the amplitude of the initial fluctuations to nonlinear
levels, the saturated state is expected to be similar to that of the SBI. In the lower left panels we show the averaged vertical vorticity; the lower right panel shows the
vorticity in the three-dimensional flow. Indeed, we see that large-scale self-sustained anticyclonic vortices develop in the saturated state. The upper left panel shows
the radial velocity rms and vertical enstrophy (red and black line, respectively.) The upper right panel shows the level of Reynolds stress, which saturates at α ≈ 10−3.
(A color version of this figure is available in the online journal.)

is shown in the panels of Figure 2. The linear phase matches the
analytical prediction (dashed black line) for all models ran.

Figure 2(a) shows the dependency on resolution. Convergence
is achieved for 64 grid points per scale height. There is also
convergence for the initial amplitude of the perturbation, as seen
in Figure 2(c). The linear phase is identical in the three cases
examined (u0 = 10−4, 10−6, and 10−10). In this figure we set
t = 0 as the time when saturation is achieved, to better compare
with the nonlinear evolution. In Figure 2(d) we check how the
instability depends on the pressure gradient. Again, the linear
phase is reproduced for the different values of the Brunt–Väisälä
frequency, and the amplitudes at saturation are similar, within
a factor two to three. A difference in seen when we test the
dependency on box size (Figure 2(b)). The amplitude seemed to
saturate at 4H × 4H (red line), since the model with Lx = 6H
(green line) shows a similar amplitude. However, the model with
Lx = 8H (cyan line) shows a bifurcation at ≈150 orbits. Models
with a larger radial range (Lx = 10 and Lx = 12, purple and
magenta lines, respectively) show no convergence, even as the
velocity dispersion increasingly approaches the sound speed.

Interesting features that help us understand the behavior of
the system are seen in this simulation. We plot in Figure 3 the
time evolution of the power in the first five large-scale modes, in
both x (upper middle panel) and z (upper left panel). The upper

left panel shows the rms of the radial velocity. Four special/
representative instants are labeled, and the ux field for these
respective instants are shown in the lower panels.

The first instant, A, corresponds to the first “saturation” seen
at 50 orbits. The power spectrum shows that the clean initial
channel mode (kz/kz0 = 4, kx/kx0 = 0) persisted until this time,
after which it saturates, exciting kx ̸= 0 modes and other kz

modes. Instant B, at 67 orbits, corresponds to the local minimum
in rms velocity. The power spectrum shows that this happens
when the kz/kz0 = 1 mode becomes dominant. Subsequently,
this mode keeps growing, at the same rate as the initial
kz/kz0 = 4 mode. This is because the growth rate is independent
of kz for kx = 0, which at that time has similar power to
the higher kx modes. From time t = 90 (instant C) to 160
orbits the system settles into a steady state, with a dominant
kz/kz0 = 1 mode, and mixed kx/kx0 = 0 and kx/kx0 = 1.
Another bifurcation happens when the kz = 0 mode overtakes
the kz/kz0 = 1 mode. Simultaneously, it prompts kx/kx0 = 1
to dominate over kx = 0. The final state (labeled D) is thus
vertically symmetric, with a box-wide radial wavelength.

This explains why we do not find convergence while increas-
ing the box vertical range from Lz = H to 2H to 4H . In these
boxes, because we kept the seed mode at kz = 2π/H , we ini-
tialized the instability with the kz/kz0 = 1, 2, and 4 modes,
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• Vertical Shear Instability (VSI)

• Zombie Vortex Instability

s < 0.1⌦

• However, all produce zonal flows/pressure bumps and/or vortices !
• Should influence solid accumulation, trapping, etc…

• Evidence of subsonic turbulence from line broadening (e.g. Flaherty+ 2018)



Prevalence

• Not straightforward to work out where these occur.  
• Captive to assumptions, parameters, etc

degree of turbulence in the disk.  However, examining 
the long term evolution of global pp-disk models (in-
cluding their dust constituent) while concommitently 
resolving the underlying dynamical turbulence mecha-
nisms still remains a computationally expensive propo-
sition.  Dimensionally  reduced models of pp-disk evo-
lution that take into account growth and transport of 
dust necessarily requires parametrizing the momentum 
transport induced by the turbulence mechanisms (like 
the ones mentioned above) using familiar disk model-
ing techniques.  Recent results of [13] (ECM-16) 
which describe vertically integrated axisymmetric disk 
evolution models predict the density, temperature, 
opacity and dust particle distribution as a function of 
disk location and epoch for input values of dust porosi-
ty and turbulent α in addition to other gross properties 
of the circumstellar system.  The evolving nature of the 
thermal relaxation times are intimately connected to 
the development of the Rosseland/Planck mean opaci-
ties which  is a sensitive function of the input values of 
α .   

 
 
Fig. 2. Proposed scenario of turbulent cascade for pp-
disk mechanisms. 

 
 (expressed in terms of local scale height H).  Degree 
of turbulence is α ~ 4 ×10−4.   

As such, the thermal structure and opacity distribu-
tion of a disk depends upon the degree of underlying 
turbulent intensity. However, the very same turbulence 
and its intensity, as described above with regards to the 
operation of the aforementioned linear instability 
mechanisms, depends upon the opacities.  I will pre-
sent some preliminary results estabilishing the location 
of an evolving ECM-16 pp-disk model.  Figure 3 of-
fers a flavor of the results of where to expect which 
linear instability mechanism in the form of a pp-disk 
“butcher” diagram.  Similar work along these lines 
have been published and these will be discussed as 
well [14]. 

 
 
 

 
 

 
Fig. 3. As derived from 1D evolution models of ECM-
16.  The mutually exclusive cooling-time/opacity re-
quirements of the 3 primary turbulence mechanisms 
means that any one part of a pp-dsk DZ has some tur-
bulent activity.  Time corresponds to 200,000 yr and 
Δ  indicates radial scale of primary turbulent driving 
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convective amplification of vortices (SBI). Our model is
in general agreement with the more complicated mod-
els of disk structure (D’Alessio et al. 2006; Bitsch et al.
2015) if one considers about the first two pressure scale
heights above the midplane. Our predictions for stabil-
ity/instability above that region is less reliable. Here we
suggest additional work to investigate cooling rates and
entropy structures in these dilute regions, but remember
that those regions might also be influenced by magnetic
fields because of su�cient ionisation state Dzyurkevich
et al. (2013), yet being hampered by ambipolar di↵usion.
Typically those would be the regions where a wind is
being launched from the disk in an interplay of photo-
evaporation and magnetic fields (Pudritz et al. 2007;
Königl et al. 2010).

We find that hydrodynamical instabilities can exist in
large portions of protoplanetary disks provided that at
least a fraction of the released heat gets deposited within
1 or 2 pressure scale heights around the midplane. Even
disks with very low accretion rates have a radial tem-
perature stratification, which renders them unstable to
SBI and partially unstable to VSI and COS, especially
at radii & 10 au. The resulting turbulence was shown
to be able to create vortices by various other authors
(Manger & Klahr 2018; Lyra & Klahr 2011; Lyra 2014).
Those structures would be able to migrate through large
parts of the disk (Paardekooper et al. 2010) and survive
due to their amplification via the SBI-mechanism (Klahr
& Bodenheimer 2003; Petersen et al. 2007a,b; Lesur &
Papaloizou 2010). If the resulting ↵-values are low to
moderate (↵ = 10�4 � 10�3), as suggested by Raettig
et al. (2013) also regions closer to the star become verti-
cally and radially buoyant and therefore susceptible for
COS and VSI.

Thus, the largest caveat in our work is, that even if
su�cient ↵ values are measured in simulations of SBI
and VSI (Raettig et al. 2013; Nelson et al. 2012; Stoll
& Kley 2014) it is currently not known where the ki-
netic energy resulting from the release of potential en-
ergy in the accretion disk is deposited. If at least a part
of this energy is deposited close to the midplane of the
disk, then hydrodynamical turbulence has a good chance
to operate in large parts of the planet forming regions
of protoplanetary disks, where non-ideal MHD e↵ects
damp otherwise dominant magnetic e↵ects su�ciently
(Lyra & Klahr 2011). With its well known properties of
forming vortices (Raettig et al. 2013; Manger & Klahr
2018) and zonal flows, hydrodynamic instability can be
a major agent in forming planetesimals and thus deter-
mine the properties of planetary systems (Klahr et al.
2018).

(a) Stability Maps for di↵erent stellar masses

(b) Stability Maps for di↵erent disk masses
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(c) Stability Maps for di↵erent ↵-parameters

Figure 10. Stability Maps for the models presented in this
work. One parameter is varied per panel, the other two are
held constant at M⇤ = 1 M�, ↵ = 10�3 or Mdisk = 0.1 M�.
The black lines represent 1, 2 and 3 pressure scale heights.

(Pfeil & Klahr 2018)



2.Convective overstability



Convective overstability: Intro
• Relies on growing epicycles (inertial waves)

• With thermal diffusion or cooling, they  
can circumvent the Solberg-Hoiland  
criterion 

• Adverse radial entropy gradient not 
general in PP disks.  
• Localised to dead-zone edges,  
snow lines, gaps, etc

• Growth rate ⇠ |N2/⌦2|⌦
• Fastest growth (at 1 AU) on scales ~ 0.01H



Convective overstability: Sims
• How does it saturate? Does it form coherent structure?
• We conduct nonlinear local Boussinesq simulations with SNOOPY
• Main parameters: Re and “Richardson” number   n2 = |N2/⌦2|
• Axisymmetric, with resolution of 512 by 512.

Simulations of the convective overstability 5

Figure 2. Largest spectral components of u
x

and u

z

as a function

of time for several values of Re. All cases have R = 10�1.5 and

Pe= 4⇡2.

4.2 Maximum amplitudes

Now we test the parasitic theory of L16 by considering the
amplitudes of the CO mode at the point that its exponen-
tial growth halts. At the same time we track the amplitude
of the parasitic modes that attack it. This is achieved by
comparing the amplitude of the leading Fourier components
of u

x

and u
z

versus time in the initial stages of several runs
(*** which components? ***). The former corresponds
to the CO, the latter to a parasite. It is possible to distin-
guish the two modes this way because the CO (the primary)
possesses no vertical velocity in its eigenfunction, while the
parasitic modes do (being inertial waves with k

x

6= 0).
First, we found that if the simulation is initialised with

a clean CO mode, it will grow indefinitely, or at least until
the code crashes. This behaviour is in agreement with the
parasitic theory, namely Eq. (33) in L16, which states that if
the starting amplitude of the parasite is very small (as when
seeded by numerical error), then the maximum CO ampli-
tude will be extremely large on account of the divergence of
the Lambert W function near the origin.

We next seed the simulations with white noise, from
which both the parasite and CO can grow. Now, after some
time, both modes grow and saturate at a similar order of
magnitude. Fig. 2 demonstrates this behaviour in three sim-
ulations performed with di↵erent values of the Reynolds
number. Power in the CO modes is represented by solid lines
and power in the parasites by dotted lines. Di↵erent colours
indicate di↵erent Re.

In all three cases the CO mode initially grows exponen-
tially fast, in accord with the linear growth rate, whilst any
growth associated with the parasitic mode is marginal. How-
ever, at a critical time, dependent on Re, the CO achieves
a su�cient amplitude for the parasite’s growth rate to out-
compete the CO growth: the parasite increases rapidly until
reaching the CO amplitude and saturation occurs. Growth
in both modes is stronger, and hence the saturation time
occurs sooner, at larger values of Re. However, the final sat-
urated states all possess a similar power. L16 predicts an
initial saturated state with kinetic energy ⇠ R2 dim10�3,
which provides a good estimate on the peak amplitude at
the point of breakdown. Afterwards the flow settles down to
a slightly less active level.

5 SATURATED STATES

In this section we discuss the possible long-term outcomes of
the system’s evolution. The dynamics are parameter depen-
dent and we have identified at least three saturation routes;
there may be others at parameters outside of our computa-
tional restrictions. In this section we introduce these three
saturation routes separately along with a discussion of a
typical case for each. We also present a parameter sweep de-
tailing the full suite of simulations we have performed and
where in parameter space each state can be found.

5.1 Weakly nonlinear regime

At parameter values just above critical for the onset of the
instability, the system enters a low-order ‘weakly nonlinear’
regime which is controlled by a small number of modes. For
fixed R and Pe, this regime occurs for Re near the critical
Recrit below which the linear CO fails to appear. (*** care-
ful! ***) If we equate L with H then Recrit is generally too
small to apply to real PP disks. But we provide details of
this regime for completeness and also because it is a good
starting point and also illuminates the dynamics at higher,
and more realistic Re.

We present a typical run case with parameters: Ri= 0.1,
Pe= 4⇡2 ⇡ 40, Re= 103.25 ⇡ 1780. Fig. 3 plots kinetic
energy as a function of time for approximately 104⌦�1. It
clearly shows the growth of the instability its saturation.
In the saturated state the kinetic energy oscillates about
a value of ⇠ 4.7 ⇥ 10�3. Two frequencies are present: the
shorter of the two is equal to the orbital frequency, and is
associated with the simple radial epicycles that comprise
the CO modes; the longer possess a frequency ⇠ 0.042⌦
and represents a slow limit cycle. Both oscillations can be
discerned in the inset panel of Fig. 3, but the longer of the
two is more clearly observed in Fig. 4 where a segment of
the time series has been bandpass filtered to remove the
epicyclic frequency.

The limit cycle is completely controlled by the com-
petition between the primary CO mode and the two par-
asitic inertial waves that feed o↵ it. The cycle develops in
the following way: (a) starting from low amplitude initial
conditions, only one CO mode is active, because of the low
Re, and it grows exponentially; (b) once the CO grow suf-
ficiently large the parasites attack it, attaining large ampli-
tudes themselves in the process; (c) but when the primary
CO mode is destroyed as a consequence, the parasites die
out because of viscosity, and (d) finally, after the activity
has been damped, the primary CO mode grows once again
and the cycle repeats. Similar predator prey dynamics is
also witnessed in the MRI when near criticality (Lesa↵re et
al. 2009).

Figures 5 and 6 show snapshots, of u
x

and u
z

respec-
tively, at four times demonstrating the competition between
the CO mode and the parasites over the limit cycle. At
t = 13, 200 a dominant CO mode, typified by k

x

= 0, k
z

= 1
in u

x

and u
z

= 0, can be observed alongside a low amplitude
parasite in u

z

mainfesting only in u
z

. A short time later, at
t = 13, 220, we can begin to see the parasite’s influence on
the primary mode, with the advent of radial variation in u

x

,
which disturbs the CO structure. By t = 13, 240 we have full
breakdown of the primary CO mode, and instead observe the
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• Initial exponential growth halted by parametric instability



Convective overstability: Saturation
• We found three main nonlinear outcomes: 

• Standing wave patterns 
• Inertial wave turbulence 
• Zonal flow formationSimulations of the convective overstability 9

Figure 13. Plot depicting the di↵erent saturation routes open to the system in Re-Ri space.
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5.5 Box-size dependence

6 PHYSICAL MODEL FOR LAYER
FORMATION

7 CONCLUSION

Blah di blah

APPENDIX A: REDUCED DYNAMICAL
MODEL: THREE-WAVE COUPLING

In this appendix we outline the derivation of a simple dy-
namical system model for the three-wave interactions gov-
erning our simulations in the weakly nonlinear regime. We
first omit stratification and viscosity so as to isolate the non-
linear terms. The linear growth and decay terms are then
added using separate arguments. Finally, we present some
illustrative solutions of the equations. The analysis here ex-
tends that given in L16.

A1 Nonlinear terms

Consider the nonlinear equations for the perturbations u0

and h0 = P 0/⇢ but with stratification and viscosity missing

and with units so that ⌦ = 1:

(@
t

+)u0 = �rh0 + 2u0
y

e
x

� 1
2u

0
x

e
y

, r · u0. (A1)

Let us introduce a small parameter 0 < ✏ ⌧ 1 and an ac-
companying slow time variable T = ✏t. Next we expand the
perturbations in ✏ so that u0 = ✏u1(x, t, T )+✏u2(x, t, T )+. . .
and h0 = ✏h1(x, t, T ) + ✏2h2(x, t, T ) + . . . .

A1.1 Order ✏

This ansatz is thrown into the nonlinear equations and terms
in the various of orders in ✏ are collected. At leading order
O(✏) we obtain the linear problem govening incompressible
inertial waves:

@
t

u1 = �rh1 + 2u1yex

� 1
2u1xey

, r · u1. (A2)

This can be reduced to the convenient Lh1 = 0 where L =
(@2

t

+ 1)@2
z

+ @2
t

@2
x

, which admits solutions of the form /
exp(ik

x

x + ik
z

z � i!t), where k
x

and k
z

are wavenumbers
and the frequency is ! = ±k

z

/k, with k2 = k2
x

+ k2
z

. In
our simulations’ periodic domain the wavenumbers must be
discretised.

There are an infinite number of wave solutions to the
problem at this order and the most general solution com-
prises a linear combination of them all. We consider only
three, the k

x

= 0 mode associated with the CO, and two
‘daughter’ modes that can couple to it via a resonance. The
primary (CO) mode we denote with subscripts ‘A’: it has
a wavevector k

A

= (0, 0, k
Az

), and frequency !
A

= 1. The
two daughter waves are denoted by ‘B’ and ‘C’. In order
to obtain resonance we must have k

A

± k
B

± k
c

= 0 and
!
A

± !
B

± !
C

= 0. In order to best compare with L16 the
signs are chosen in the order ‘— +’. It should be noted that
because of the finite size of the numerical domain (and the
discretisation of the wavenumbers) it may not be possible
to achieve perfect resonance, in which case there will be a
detuning factor multiplying the nonlinear terms in the dy-
namical system. For simplicity these will be omitted.
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• For realistic Re at  
1AU, zonal flows  
occur for: 
        |N2/⌦2| > 0.01



3.Vertical shear instability



Vertical shear instability: linear theory
• At heart, a centrifugal instability 
• But complicated by vertical stable stratification and thermal diffusion 

• Gentle vertical shear issues from stellar irradiation, and “thermal wind eq.”

@z(R⌦2) = @RT@zS � @zT@RS22 A. J. Barker and H. N. Latter

Figure 1. Basic state for the locally isothermal disc with q = −1, p = −1.5 and c0 = 0.05. The left-hand panel shows a contour plot of ! on the (R, z) plane.
The middle panel is a similar contour plot, but this shows the magnitude of the vertical shear ∂z(R!), which has a maximum at |z| ∼ 1 (whereas the scaleheight
at the inner radial boundary is 0.05). The right-hand panel shows the density ρ.

particularly important issue when trying to connect the linear theory
to global simulations, and in interpreting their non-linear outcome.
Our paper is devoted to exploring this aspect of the problem.

We perform linear stability analyses of astrophysical discs ex-
hibiting global variations in temperature and entropy, and as a con-
sequence vertical shear. We employ locally isothermal and poly-
tropic models in both quasi-global and fully global 2D geometries,
which revise and extend previous work.

In agreement with Nelson et al. (2013), we find that the VSI
excites two classes of modes. The first class corresponds to classical
free inertial waves (r modes) that are present in any astrophysical
disc (Lubow & Pringle 1993; Korycansky & Pringle 1995; Kato
2001) but which have been destabilized by the vertical shear. These,
referred to as ‘body modes’, grow at modest rates and typically
exhibit longer wavelengths (though the radial wavelength of the
waves is still short).

The second class corresponds to modes localized to the verti-
cal surfaces of the disc where the vertical shear is maximal. These
grow much faster and have very short wavelengths, making them
difficult to resolve numerically. In fact, unless viscosity is included,
the fastest growing modes possess arbitrarily small wavelengths,
making their simulation problematic. Note that, though they have
been termed ‘surface modes’, these are different to the classical
surface gravity waves that appear in polytropic disc models, as they
lie in a different frequency range; they are hence a form of local-
ized low-frequency inertial wave. Strict isothermal models do not
possess a physical vertical surface and hence do not support these
surface modes. Polytropic disc models do, however, as should any
realistic disc model that possesses a transition between an optically
thick interior and an optically thin ‘corona’.

We begin by explaining why a radial variation in entropy or
temperature generally leads to vertical shear in Section 2. There we
also explain why such discs are likely to be unstable. After defining
our basic disc models in Section 3, we analyse the resulting VSI
in the locally isothermal disc in Sections 4 and 6 and the locally
polytropic disc in Section 5. Finally, we will discuss the implications
of our results in Section 7, where we also speculate on the non-
linear evolution of the VSI and its efficiency at transporting angular
momentum.

2 V ERTICAL-SHEAR INSTABILITY

Discs with radial variations in temperature or entropy necessarily
possess vertical shear. To see that this must be, consider the ‘thermal

wind equation’ (the azimuthal component of the vorticity equation
for the axisymmetric basic state of the disc):

∂z(R!2) = −eφ · (∇ρ × ∇P ) /ρ2 (1)

= ∂RT ∂zS − ∂zT ∂RS. (2)

Here we have adopted cylindrical polar coordinates centred on the
central object (R, φ, z) and ρ, P, S and T are the basic state density,
pressure, specific entropy and temperature profiles, respectively.
Equation (1) tells us that a radial variation in the background tem-
perature or entropy generates a departure from cylindrical rotation
through the baroclinic terms on the right-hand side. Thus the an-
gular velocity ! = !(R, z), and consequently the disc exhibits a
weak vertical shear. For illustration, we show the angular velocity
and vertical shear for a disc with a radial variation in temperature
in Fig. 1, and the vertical shear for a disc with a radial variation in
entropy in Fig. 2 (both disc models and the notation adopted are
defined in Section 3).

2.1 Physical picture

Vertical shear provides a source of free energy that can drive hydro-
dynamic instabilities. How might modes access this free energy?
Consider a ring of fluid at a given location (A) within the disc
with coordinates (RA, zA), and hence specific angular momentum
hA = R2

A!(RA, zA). If we vertically displace this ring to a new po-
sition (B) with coordinates (RA, zA + $z), then its specific angular
momentum will be conserved as long as viscosity can be neglected
(i.e. we assume that |$z| is much larger than the viscous length).
But if the angular momentum of fluid at the new location hB is
smaller (larger) than hA, then the ring will be pushed outwards
(inwards) by the centrifugal acceleration (h2

A − h2
B)/R3

A, leading to
a dynamical instability. Given that h2

B ≈ h2
A + $z∂zh

2, instability
occurs whenever ∂zh

2 < 0 (or indeed >0), i.e. if there is any vertical
shear. Basically, this interchange of rings of fluid reduces the total
energy of the configuration, leading to an instability that transports
angular momentum in order to eliminate the vertical shear.1 This

1 Our illustrative perturbation is vertical for simplicity; any displacement
lying within the angle between the rotation axis and a surface of constant
angular momentum will do (as explained in Knobloch & Spruit 1982, for
example).

MNRAS 450, 21–37 (2015)
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• Fastest growth: s ⇠ |q|⌦ • Modes elongated: k
x

/k
z

⇠ 1/q

q = �R @z(ln⌦) ⇠ H/R• where:



Vertical shear instability: linear theory
• Instability can take the form of: 

• global inertial waves 
• small-scale modes, similar to zonal flows

• The former grow fastest, and perhaps most directly involved in 
vortex formation

• Typical dispersion relation at 1 AU

3114 H. N. Latter and J. Papaloizou

Figure 1. Growth rate of the axisymmetric VSI, as determined by equation
(13) as a function of wavenumber orientation angle tan −1(kz/kx) as mea-
sured from the x-axis. The angle is given in degrees. Here q = −0.05 and we
see that instability takes its maximum value ∼|q|!, while being restricted
to a narrow arc of wavevector angles spanning only some 6◦.

cut-off, this is because the Newtonian cooling rate τ easily satisfies
(18).

At 10 au, we find that the plateau begins at a longer lengthscale
!H, and thus the local model is a poor approximation on the long
end of the range of maximum growth. At this location lph ∼ 10−2

and the diffusion approximation still holds on this upper range,
while the Newtonian cooling rate still satisfies (18).

At 100 au, lph > H and the diffusion approximation must be dis-
carded entirely in favour of a Newtonian cooling prescription (Lin
and Youdin 2015). Moreover, maximum growth is no longer possi-
ble because !τ ∼ 10−2 ∼ q(!2/N2), and (18) no longer satisfied.
At these radii the VSI begins to suffer, growing at a lower rate, in
rough agreement with analogous calculations (Lin and Youdin 2015;
Malygin et al. 2017).

To inspect how the VSI fares in more massive disc models the
reader is directed to Lin and Youdin (2015) and Malygin et al.
(2017). Due to the longer cooling times of these objects, the VSI
is less prevalent. However, we do point out that short-scale VSI
modes should not be neglected in these analyses. Though they may
be inefficient at transporting angular momentum, or erasing the
vertical shear, they are still perfectly good at generating vortices.
And vortices need not be large-scale to do interesting things with
solid particles.

2.5 Example solutions

In this subsection we present some numerical solutions describing
the VSI’s evolution. To get a better idea of how the unstratified
axisymmetric mode depends on the orientation of its wavevector,
we plot in Fig. 1 the growth rate s versus tan−1(kz/kx), the angle
the wavevector makes with respect to the x-axis. Quite clear is the
extremely narrow range of angles available to the VSI, some 6◦

above the disc plane. Maximum growth, as shown earlier, occurs
when kx/kz ≈ −1/q.

In Fig. 2 we plot the evolution of ūx(t) for a non-axisymmetric
VSI disturbance in time. The system of equations (10) was solved
with a Runge–Kutta algorithm, for fiducial initial conditions cor-
responding to a leading wave at t = 0. Substantial growth occurs
near !t ≈ 42.5, as the wave vector passes through the arc of ax-
isymmetric growth (around kx/kz ≈ −1/q). Once the wavevector
enters stable orientations, at later times, the disturbance decays as
predicted, oscillating with a frequency ∼q! with an envelope going
as t−1/2.

Finally, in Fig. 3 we plot a representative dispersion relation
for the axisymmetric VSI with stratification, viscosity, and thermal

Figure 2. Numerical solution to equation (10) for a non-axisymmetric
disturbance with kx0/ky = −100, kz0/ky = 1, and initial condition ū =
(0.01, − 0.01, 0.01). Finally, q = −0.1.

Figure 3. Growth rate of the axisymmetric VSI when stratification, viscos-
ity, and thermal diffusion are included. Parameters are q = −0.1, Pr = 10−6,
n2 = 0.1, and kx/kz = 10. Here the viscous scale corresponds to kν ∼ 103, in
units of

√
!/κ , while the thermal diffusion scale is ∼1. The fastest growth

occurs on a range of lengths between these limits, and here s is approxi-
mately the same as if there were no stratification, nor viscous and thermal
diffusion.

diffusion. Note the conspicuous plateau extending from roughly
the thermal diffusion scale

√
κ/! to the viscous cut-off some two

orders of magnitude smaller. Upon the plateau, s takes almost the
same value as in the inviscid unstratified situation, equation (13).

3 K E LV I N – H E L M H O LT Z PA R A S I T E S

Because the VSI modes are non-linear solutions they can grow to
arbitrarily large amplitudes, at least in principle. Before they grow
too large, however, they will be attacked by secondary parasitic in-
stability, especially if the spatial profile of the modes f(ξ ) exhibits
sufficient shear. As in similar problems (e.g. the MRI), the primary
parasitic instability will be of Kelvin–Helmholtz type (Goodman
and Xu 1994; Latter, Lesaffre & Balbus 2009; Pessah and Good-
man 2009), which in the hydrodynamic context may lead to vortex
formation. (In MHD, magnetic tension prevents the rolling up of
vortex sheets.) In this section of the paper we explore how effective
parasitic modes are and how associated vortices may arise.

MNRAS 474, 3110–3124 (2018)
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• There must be a scale upon which  
 thermal diffusion or cooling can undo  
 the stable stratification



Vertical shear instability: saturation
• Saturation of the VSI set, in the first instance, by parasitic modes 
• Importantly, these form of vortices 

• One can show, that maximum velocity (at 1 AU) limited by:

v
max

. (H/R)cs

• More generally, persistence of vortex production set by  
  the competition between the VSI and the stellar driving of shear



4. Conclusion



Conclusion
• Small-scale hydrodynamical instabilities can be present in PP disks 
• Their locations and prevalence in PP disks and at what epochs still need  

  to be nailed down

• Because of their natural propensity to form zonal flows and vortices 
  they should be implicated in planet formation

• The Convective Overstability: 
• localised near dead-zone edges, snow lines, etc, where adverse 

   radial entropy gradients could occur 
• can form vortices if this gradient is sufficiently strong: |N2/⌦2| > 0.01

• The Vertical Shear Instability: 
• more general, but cooling must be sufficiently fast 
• modes take the form of zonal flows, hence form vortices naturally 
• persistent vortex formation dependent on stellar driving


