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1. Show that when a monochromatic radiation source of flux F (W m−2)
interacts with a medium for which the opacity at that frequency is κν ,
the medium experiences an acceleration of magnitude Fκν/c. Show that
if the radiation source is instead a black body of temperature T then the
effective, frequency averaged, value of the opacity is given by the Planck
mean opacity defined by:

κP =
∫
κνBν(T )dν∫
Bν(T )dν

where B is the Planck function.

In the case of diffusion of photons within optically thick media (e.g. a
stellar interior) the appropriate frequency averaged value of the opacity is
instead the Rosseland mean opacity given by

κ−1
R =

∫
κ−1
ν B′ν(T )dν

(
∫
Bν(T )dν)′

where ′ denotes differentiation with respect to temperature.

If the frequency dependence of κν is given by κν ∝ να, determine how κR
and κP scale with temperature.

Discuss, in the case of an opacity source which alternates regions of high
and low opacity as a function of frequency, what feature of κν is dominant
in setting the values of each of the mean opacities defined above. Provide
a physical explanation of why this is the case.

2. When photons interact with fully ionised hydrogen, they tranfer momen-
tum to electrons, whose cross-section for interaction with radiation is
known as the Thomson cross-section σT = 6.7×10−29 m2. Explain why a
uni-directional photon beam with flux F causes an acceleration of ionised
gas of magnitude FσT /mpc and define mp.

A point mass of luminosity L, mass M is surrounded by a cloud of ionised
gas. Determine, at radius r from the point mass, the ratio of the outward
acceleration due to radiation pressure and the inward acceleration due to
gravity. Hence show that inflow of gas onto the point mass is impossible
if the luminosity exceeds a value (the ‘Eddington limit’) that you should
calculate.

If the luminosity derives from accretion on to a supermassive black hole
such that L = εṀc2 where ε is a dimensionless efficiency factor and Ṁ
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is the accretion rate, show that there is a minimum timescale on which
the black hole can grow (the ‘Salpeter time’ ) and determine its value if
ε = 0.1.

3. A dust grain of density 5000 kg m−3 has a size ablowout such that the
outward force of radiation that it experiences from a source with luminos-
ity L and mass M is exactly balanced by the inward fore of gravitational
attraction. Estimate ablowout for L = L�, M = M�.

A dust grain with radius 2×ablowout orbits such a star on a circular orbit.
Sketch the rotation curve of such a grain and explain how it relates to the
Keplerian rotation curve.

The distribution of rocky bodies orbiting stars follows the MRN distri-
bution derived in lectures in which the number of objects per linear size
range (a) scales as a−3.5. Two stars (of mass 1M� and 2M�) have equal
numbers of objects at the top end of their size distribution (i.e. in objects
of size 1 km) but their collisional cascades are terminated at the lower
end at different values of ablowout. Assuming the stellar mass-luminosity
relation L ∝ M3 explain whether you expect that the two stars will be
orbited by significantly different masses of rocky material.

4. By analogy with the collisional properties of non-relativistic particles or
otherwise, explain why there is a rough upper limit to the frequency of
photons that will scatter nearly elastically with a stationary electron. Es-
timate the value of this upper limit.

A source of soft photons of frequency ν0 undergoes inverse Compton scat-
tering from a population of relativistic electrons for which the power law
distribution of energies is such that the number of electrons with Lorentz
factors in the range γ to γ + dγ is ∝ γ−qdγ for γ in the range 1 to infin-
ity. Show that the spectrum of the Comptonised photons (i.e. the energy
emitted per unit frequency interval) is a power law over a certain range of
photon energies and calculate the index of this power law. Estimate the
frequency above which the spectrum can be expected to deviate from this
power law and comment on your answer.

5. Show that the recombination timescale for an ionised plasma of number
density n is trec ∼ 1/αn where α is the recombination coefficient. State
the dimensions of α and explain why a) α is a function of temperature and
b) why the relevant α for net recombination in a dense medium is that for
recombination to excited electronic states.

Consider the equilibrium Stromgren sphere set up by a 20M� star with
ionising luminosity 1048 s−1 in a medium of number density 109 m−3.
Calculate the ratio of trec to initial bubble expansion timescale for this
system. Calculate also how this ratio varies with radius as the bubble ex-
pands. Hence comment on the validity of the assumption made in lectures
that the interior hot bubble remains in a state of ionisation equilibrium
throughout the expansion.
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[You may assume that for gas at 104K, α is 3× 10−19 in SI units.]

6. A gaseous globule of radius r is situated at distance d from an ionising
source. Explain why in the limit d >> r, the side of the globule nearer the
ionising source contains an ionisation front at radius rI from the globule
centre which satisfies

∫∞
rI
αni(r′)2dr′ = Fi where Fi is the ionising flux

from the star (units m−2 s−1), α is the recombination coefficient and ni is
the number density of the ionised atmosphere. Explain why Hα emission
is expected near rI .

If the mass of the globule is 1M� and the temperature of the ionised
atmosphere is ∼ 104K, what condition must be met so that ionised gas
at radius rI is gravitationally unbound? If the unbound gas flows out in
a steady spherical wind with constant velocity equal to the sound speed
in the ionised gas, show that the density structure of the ionised gas is of
the form ni(r) = nI(r/rI)−2.

Use the recombination integral above to evaluate nI as a function of Fi
and rI . Hence estimate the mass loss rate in a spherical wind from the
globule if it is irradiated by a star of ionising luminosity 1049 s−1. You
may assume that the globule and the star are at a distance of 450 pc from
earth, are separated by 40 arcseconds on the sky and that rI is measured
to be 0.5 arcseconds.

If the ionising star has a lifetime of 10 Myr, do you expect the globule to
be completely evaporated?.

What observational measurement could be used to estimate the mass loss
directly if one did not know the luminosity of the ionising star?

[You may neglect the fact that the ionising flux only impinges from one
direction and that the flow will in practice not be spherically symmetric.]

7. Consider the adiabatic ‘Sedov’ solution described in the Astrophysical
Fluid Dynamics course. Provide a general argument as to why one expects
the thermal energy to be a fixed fraction f of the total supernova energy
during the Sedov expansion stage. Hence estimate the pressure in the
bubble when its radius is 200 pc, assuming that the supernova energy is
1044 J and that f is of order unity.

The cooling rate per unit volume from thermal bremsstrahlung (free-free
emission) scales with the number density n in the bubble interior and the
temperature in the bubble interior T as ∝ n2T 1/2 Wm −3. Assuming that
the Sedov solution is valid, derive an expression for how the ratio of the
cooling time in the bubble interior to the bubble expansion time varies
as a function of T and t. If T is constant during the expansion, discuss
whether deviations from adiabatic expansion are to be expected at early
or late times in the expansion.

8. A population of star clusters all produce the same mechanical luminosity
L = L0 from combined supernovae and stellar winds. Assume the similar-
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ity solution for the growth of thermalised wind bubbles derived in lectures
and that (over a time period of length τ before the present time) clus-
ters were created (and therefore switch on their winds) at a constant rate.
Show that the fraction of bubbles that are in a size range R to R + dR
at a given time is ∝ R2/3dR for all sizes of bubble < Rmax|0 which is
the current size of a bubble that was created time τ in the past. Show
furthermore that the normalisation constant of this distribution scales as
L
−1/3
0 .

Now consider the situation where the clusters have a distribution of me-
chanical luminosities between L = L0 and L = Lmax such that the fraction
of clusters with mechanical luminosity in the range L to L + dL ∝ L−β .
Explain why the spectrum of bubble sizes for R < Rmax|0 has the same
slope as derived above. Why does the slope change for bubbles larger than
this?
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