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1. On the luminosity per unit volume from free-free emission.

i) When an electron, mass me, is deflected by an ion of charge Ze during an
encounter with relative speed v and impact parameter b, the accelerating
charge emits radiation whose spectrum, in classical theory, extends up to
a maximum frequency set by the timescale of the encounter. Estimate this
maximum frequency and explain why, in a quantum mechanical picture,
the requirement that the corresponding photon energy does not exceed
the kinetic energy of the electron implies a minimum impact parameter,
bmin ∼ h/mev. Show that for hydrogen plasma at 108 K, the typical
thermal velocity is sufficient to ensure that encounters at bmin correspond
to small angle deflections.

According to Larmor’s equation, the rate of energy radiated, P (t), by a
charge accelerating at a rate a is proportional to a2. Show that for the
plasma described above the energy radiated in a single encounter scales as
1/b3v. Hence show that the total rate of energy emitted scales as 1/bmin
and hence justify the expression for the power per unit volume emitted by
free-free emission:

Pff = AnenionT
1/2

where A is a constant that you need not evaluate and ne,nion and T are
respectively the electron and ion number densities and temperature. How
does A scale with atomic number, Z?

Explain why radiation emitted in this way is known as thermal bremsstrahlung.

On the spectrum of free-free emission

ii)∗1 The spectrum of photons emitted during a single electron-ion en-
counter can be obtained by Fourier transform of P (t). Explain without
detailed calculation why this spectrum is roughly flat as a function of fre-
quency ν up to the maximum frequency estimated above and hence show
that the energy emitted per unit frequency scales as 1/b2v2.

Show that, when considering the effect of multiple encounters, the contri-
bution to the power emitted per unit frequency scales logarthimically with
the range of impact parameters considered and comment on an analogous
astronomical problem which shares this property.

Show that only electron velocities greater than a value vmin contribute to
the power radiated per unit frequency at frequency ν and evaluate vmin.
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Hence show, in the case that the electron velocities follow a Maxwell-
Boltzmann distribution, the power per unit frequency scales as

nenionZ
2T−1/2exp−hν/kT ln(bmax/bmin)

where bmax and bmin are maximum and minimum impact parameters
which you should not evaluate. Hence sktech the spectrum of free-free
emission and verify the expression for the bolometric emissivity derived
above.

2. The flux from a star at wavelength λ located at distance r from an observer
is given by

Fλ = Fλ0

(r0
r

)2

exp
(
−kλr

)
where Fλ0 and r0 are constants and kλ is a constant that depends on λ,
the density of the ISM and the optical properties of the dust grains.

Show that the apparent magnitude of the star (mλext) relates to its ap-
parent magnitude without interstellar extinction via an expression of the
form:

mλext = mλno ext +Aλ

How does Aλ depend on a) the luminosity and b) the distance to the star?

Derive a similar expression for the observed colour of the star at wave-
lengths λ1 and λ2 (mλ1ext −mλ2ext) and its colour without extinction.

The ratio of Aλ in the J, H and K wavebands for stars at a fixed distance
is given by AJ : AH : AK = 6 : 4 : 3. Sketch a ‘two colour’ diagram
with J − H, H − K on the x and y axes (where J = mj etc.), showing
‘reddening vectors’ (i.e. the lines along which sources are displaced due to
interstellar extinction). What is the gradient of the reddening vector?

A star’s apparent magnitudes are mH = 10,mK = 9.2 and mJ = 11.7.
The intrinsic colours of main sequence stars lie along the locus

J −H = 0.6 + 0.5× (H −K)

What is the star’s intrinsic colour?

The relationships between stellar mass, H band luminosity and H-K colour
for low mass main sequence stars are given by:

L|H = L�|H

(
M

M�

)3.5

and
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H −K = 0.33

(
M

0.2M�

)−0.5

Use this information to find the star’s mass, luminosity and distance.

[Assume that the absolute magnitude of the Sun in H band is 3.32 and that
a star’s absolute magnitude equals its apparent magnitude at a distance
of 10 pc.]

3. Explain the mechanism by which neutral hydrogen emits at a wavelength
of 21 cm.

The probability of radiative de-excitation of a neutral hydrogen nucleus
is 3 × 10−15 s−1. Given that the average density and temperature of the
Galactic halo are 1 cm−3 and 500K and that the collision cross-section of
the hydrogen atom is 10−20 m2 explain whether you expect the level pop-
ulations of hydrogen nuclei in the Galactic halo to be set by collisions (i.e.
to be in a state of Local Thermodynamic Equilibrium with the surrounding
medium. ) What fraction of nuclei are in the upper level at any instant?
Estimate the energy emitted at 21 cm per unit volume for neutral gas in
the Galactic halo.

The finite lifetime of quantum mechanical systems in the excited state (∆t)
equates to a corresponding uncertainty in the energy of the transition given
by Heisenberg’s uncertainty principle. Estimate a) the ‘natural’ width of
the 21 cm line (i.e. that associated with the state’s intrinsic lifetime) b)
the ‘collisional’ width (taking into account the role of collisions in limiting
the lifetime in the upper state) and c) the thermal width of the line. By
translating these into corresponding velocity uncertainties comment on the
use of 21 cm radiation to trace the kinematics of gas on Galactic scales.

[You may assume that the degeneracies of the upper and lower states are
respectively 3 and 1].

4. i) Describe the mechanism for the photodissociation of hydrogen by FUV
radiation. Hydrogen molecules are exposed to a Far Ultra Violet (FUV)
radiation field with energy flux 1.6× 10−6 W m−2 which is dominated by
photons with energy ∼ 12eV. Use the data below to estimate the time
required for a unscreened hydrogen molecule to be photodissociated by
this field. What fraction of the incident energy is not used for photodis-
sociation? Where does this energy go?

[The ground electronic state of molecular hydrogen and the first excited
state are separated by 12 eV. For the electronic ground state, the rovi-
brational continuum is 2 eV above the rovibrational ground state. The
probability of photodissociation following radiative de-excitation from the
first excited electronic level is 10 %. The cross section for the electronic
excitation of molecular hydrogen is 5× 10−23 m2.]
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Molecular hydrogen can be shielded from the effects of FUV radiation
by a sufficient column density of dust. Assuming a crude model for the
ISM where all grains have size 0.1µm and using standard assumptions
about the dust to gas ratio and the density of dust grains, what is the
column density of gas (m−2) that is required to screen molecules from a
photodissociating FUV field.

ii) ∗2 The rate per unit volume at which molecular hydrogen forms on
grains is given by γnnI where nI is the number density of atomic hydro-
gen, n is the total number density of gas and γ is a constant (10−24m3s−1).
Explain what assumptions under-pin this equation. The rate of photodis-
sociation of an unscreened hydrogen molecule in the presence of an ul-
traviolet field of strength G0 (where G0 is the ratio of the FUV flux to
its value in the solar neighbourhood) is given by 4 × 10−11G0. Explain
why, when a gas cloud is irradiated by an ultraviolet source, the number
density of molecular gas at any location , nH2 , satisfies:

γnnI = 4× 10−11G0fshield(NH2)e−τdnH2

where τd is the optical depth associated with dust absorption and fshield(NH2)
is the factor by which the ultraviolet flux is attenuated by absorption by a
column density NH2 of molecular hydrogen (with both τd and NH2 being
evaluated by integration from the ultraviolet source to the given location).

Write down an expression for the fraction of gas in molecular form, fmol,
at a general location in the cloud and evaluate, in the case that fshield =
1, G0 = 1 and n = 108m−3, the value of τd at the location where the
molecular fraction is 50%, commenting on the relationship between this
result and the simple estimate of required dust screening made above.

Derive an expression for NH2 at a general location in the cloud, assuming
that the cloud has uniform density and that fshield = 1. Show that for
regions in the cloud where τd << 1, the column density of molecular gas is
a fixed fraction (which depends on the strength of the ultraviolet field and
the cloud density) of the total column density. If self-shielding by molec-
ular hydrogen becomes significant at a column of molecular hydrogen of
∼ 1018m−2, estimate the values of G0/n for which dust absorption, rather
than molecular self-shielding, is the main effect governing the transition
from atomic to molecular gas.

5. The photospheric temperature of an optically thick accretion disc varies
with radius as T ∝ R−3/4. Explain why you expect the spectrum of the
radiation produced by each annulus to be of black body form.

Write down an integral expression for the flux of radiation per unit fre-
quency interval, Fν , that is produced by the entire disc from radius Rin
to Rout. Sketch the resulting spectrum and use the integral expression to
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explore the limiting behaviour at low, intermediate and high frequencies,
explaining what physical regime is producing each part of the spectrum.
In particular show that Fν ∝ ν1/3 at intermediate frequencies.

Miscellaneous questions

6. A virialised cluster of radius r consists of N stars of mass m. Write down
an expression for the typical orbital angular momentum of a star in the
cluster.

The cluster now accretes a cloud of non-rotating gas so that each star ends
up with mass M and the cluster radius changes in response to a radius R.

Using conservation of angular momentum or otherwise, show that

R

r
=
(
M

m

)−3

and hence deduce how the mean cluster density depends on the mass
accreted.

A globular cluster contains 105 stars (mass 1M�) within a radius r = 2
pc. Assuming that stars obey the mass radius relation R = (M/M�)R�
determine how a) the mean density of a star and b) the mean density of
the cluster changes as mass is accreted. What is the mass of each star at
the point that these densities are equal?

7. A proto-Jupiter (mass Mp = 10−3M�) is forming within a protoplanetary
disc at a distance of 100 AU from a solar mass star. Estimate the Roche
radius of the planet, RR. Assuming that the planet started to collapse
from a patch of the disc of size RR and mass Mp, what is the local tem-
perature Td of the disc if the planet’s gravity just exceeds the support
provided by pressure gradients on this scale?

The Rosseland mean opacity due to dust is κ = 2 × 10−5(T/K)2 m2 kg
−1. Estimate the optical depth within the protoplanet assuming that it
fills its Roche lobe and that its temperature is ∼ Td, as calculated above.
Hence explain why the protoplanet is expected to cool by radiative diffu-
sion. Estimate the protoplanet’s cooling time assuming that its internal
temperature varies by around a factor two over a distance RR. Compare
this timescale with the with the free-fall time of the protoplanet and hence
comment on whether you expect the protoplanet to be able to collapse on
its free-fall time.

[You may assume that the flux of energy by radiative diffusion is given by
F = 16σT 3/(3κρ)dT/dR where σ is the Stefan Boltzmann constant.]

8. A model for the periodic extinctions evident in the Earth’s fossil record
(with a period of 2.6× 107 years) involves a distant binary companion of
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the Sun (‘Nemesis’) which periodically stirs up the Oort cloud of comets
and produces a cometary shower in the inner Solar system. Given that
the Oort cloud is at a distance of ∼ 104 AU from the Sun, estimate the
eccentricity and semi-major axis of the orbit of Nemesis.

It has been speculated that Nemesis is cool brown dwarf (‘T dwarf’).
Given that the absolute magnitude of a T dwarf is 16.6 magnitudes in J
band, to what limiting magnitude should a J band search be conducted
in order to be sure of detecting Nemesis?

Given that the density of stars in the Solar neighbourhood is 0.1 pc−3

and the velocity dispersion is ∼ 20 km s−1, how often would you expect
Nemesis to encounter other stars within a factor two of its orbital radius?

[You may assume that the absolute magnitude of a star is its apparent
magnitude at 10 pc.]

9. A debris disc composed of rocky material (density 3000 kg m−3) orbits a
white dwarf of mass 0.5M�. Assuming that the rock is held together by
tensile strength (for which the value for rock is 100 MPa), calculate the
maximum size of rocks (Rmax) that can survive at a distance of 0.2R�
from the white dwarf without becoming tidally shredded. Find the ratio of
the force due to the rock’s self-gravity to that derived from tensile strength
for a rock of size Rmax and hence justify your assumption.

Calculate the equilibrium temperature of a rock orbiting at 0.2R� from a
white dwarf of luminosity 30L� and show that a rock that remained at this
radius would sublime. Write down an expression for the sublimation time
of the rock (tsub) as a function of its size if its latent heat of vaporisation
is L (in J kg −1). [You may neglect any additional time required for the
rock to reach its equilibrium temperature and can assume a sublimation
temperature of 2000 K.]

A rock of radius R > Rmax is scattered from a circular orbit at radius 1
A.U. into a plunging orbit that takes it to a pericentre distance of 0.2R�
from the white dwarf. Explain why, if tsub(Rmax) is greater than the local
circular orbital timescale at pericentre, some rocky fragments will be flung
out to radii > 1 A.U.. Explain what will happen in the opposite limit.

What is the expected fate of the rock if L = 3× 106 J kg−1?

[The tensile strength of a solid is the maximum tensile force per square m
that it can withstand without breaking.]

10. A spherical inflow of gas onto a point mass M0 undergoes a sonic transition
at a radius RB = GM/2c2s, where cs is the sound speed of an isothermal
medium of density ρ. Write down an expression for the accretion rate onto
the object and hence derive an expression for M(t), the mass of the object
at time t, if it grows by accretion from an initial mass of M(0) = M0.

A population of stars grows in this way from a range of initial M0 val-
ues. Derive an an expression for dM/dM0 at given time and express your
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answer in terms of M0 and M . If the distribution of masses is initially
flat over a small range of M0, derive an expression for the form of the
IMF that is expected following accretional growth and comment on your
answer.
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