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1
1.1

Introduction
Notation

When I was asked to give a first course in cosmology, I told our teaching committee that basic
knowledge of General Releativity (GR) had to be a prerequisite. Even at the introductory
level, it is essential that students have a grasp of the Friedmann-Robertson-Walker metric.
Without this, it is impossible to understand the beautiful geometric tests that have turned
cosmology into a precise science. It is also not possible to describe our current thinking on
the physics of the early Universe at anything other than a cursory level without some basic
knowledge of GR. I was not prepared to give a course at such a low level that I would have
to hand wave on basic points such as linking spatial curvature to the matter content of the
Universe. In this lecture course, I will use the following book as a reference for General
Relativity:
General Relativity: An Introduction for Physicsts, Hobson M.P., Efstathiou G.
and Lasenby A.N., 2006, CUP.
but there are many good books on GR, for example:
Gravitation and Cosmology, Weinberg S., 1972, Wiley and Sons.
An Introduction to General Relativity: Spacetime and Geometry, Carol S.M.,
2004, Addison Wesley.
We use the same conventions in these notes as those used in [1]. To recap, the metric
signature is (+, −, −, −), so the Minkowski metric of special relativity is
ds2 = c2 dt2 − dx2 − dy 2 − dz 2 .

(1.1)

The Einstein field equations (including a cosmological constant Λ) are
1
8πG
Rµν − gµν R + Λgµν = − 4 Tµν ,
2
c

(1.2)

and the energy-momentum tensor of a perfect fluid is
T µν = (ρ + p/c2 )uµ uν − pg µν .

(1.3)

I will use Greek indices to denote coordinates over the range (0 − 3) and Latin indices for
coordinates over the range (1 − 3). In Part II examinations, it is conventional to include
physical constants such as c, G and Planck’s constant ~ in equations. Nevertheless, in these
lectures I will sometimes use Planck units in which c = G = ~ = 1 and will often set c = 1.
It should always be clear from dimensional analysis when I have done this.
Although I will be using GR, and at times will present some mathematical details that
may stretch some of you, my emphasis will be on the physics. I hope that in future years
you will remember some of the key physical ideas even if the mathematical details are long
forgotten. Sections containing non-examinable material are marked with an asterisk. I hope
that students will take a look at these sections and that they may motivate you to take more
advanced courses in cosmology next year.
There are also many good text books on cosmology. My own favourites are:
Principles of Physical Cosmology, Peebles P.J.E, 1993, Princeton University Press.
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Modern Cosmology, Dodelson D., 2003, Academic Press.
For those of you keen to stretch yourselves, you could look at:
Cosmology, Weinberg S., 2008, Oxford University Press,
which offers a comprehensive account of cosmological fluctuations but at a level which goes
way beyond the level of this introductory course.
1.2

What is Cosmology?

The Oxford English Dictionary defines cosmology as ‘The science of the origin and development of the Universe’. One aspect that is self-evident to us is that the Universe is very big
and very old compared to any length-scale or time-scale within our normal experience. This
observation may seem trite, but it has huge significance for physics. Modern physics rests on
three principles1 : the relativity principle (represented by the speed of light c), quantum mechanics (represented by Planck’s constant ~), and gravity (represented by Newton’s constant
G). These constants of Nature define a set of natural units (sometimes called Planck units):
r

~G
≈ 1.6 × 10−35 m,
c3
r
~c
mp =
≈ 2.2 × 10−8 kg,
G
r
~G
tp =
≈ 5.4 × 10−44 s.
c5

Planck length : lp =

(1.4a)

Planck mass :

(1.4b)

Planck time :

(1.4c)

The SI units are human constructs, chosen for our convenience. So a metre is about the
length of a large step, a second is about the time between heartbeats and a kilogram is about
as much pasta as you can eat in one sitting. But to a theoretical physicist ~, c and G can be
set to unity, defining ‘natural’ units of physics which look very strange to us. Our Universe is
13.8 billion years old, i.e. about 8 × 1060 Planck times! Our observable patch of the Universe
is much bigger than the Planck length and contains much more mass than the Planck mass.
How can we explain these large numbers? Why is the Universe so much bigger and older than
the ‘natural’ units of fundamental physics?
I will give you a possible explanation later in these lectures. The key point is to show you
that it doesn’t take sophisticated measurements and observations to raise profound questions
about our Universe that take us to the very forefront of our understanding of physics.
1.3

Is Cosmology Physics?

You will be familiar with the light-cone structure of Minkowski space (see Fig. 1.1). The past
light cone in the diagram contains all of the events that can causally affect the observer. We
could, therefore, take a fundametalist stand and say that we will base cosmology purely on
observations within our past light cone. We are not in causal contact with any other part of
the space-time so does it make sense to do anything else?
1

Which have not yet been unified.
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Sir Arthur Eddington, a former Plumian Professor of Astronomy in Cambridge,
once wrote: ‘I am in search of a criminal – the cosmological constant. I know
he exits, but I do not know his appearance’. As we will see, there is strong
observational evidence for a cosmological
√ constant. The measured value is Λ ≈
1.1 × 10−52 m−2 ≈ 3 × 10−122 lp−2 , or 1/ Λ ≈ 3000 Mpc. Eddington thought that
a new fundamental constant of Nature, Λ, was needed to define the enormous
scale of the Universe in comparison to the Planck length.
When we construct cosmological models we usually make sweeping assumptions, for example, that the
Universe is spatially homogeneous and isotropic2 . In
other words, we make some assumptions about the
symmetries of the space-time and compare with what
we see. If the observations are consistent with our assumed symmetries, then we have a plausible (though
not necessarily unique) model of cosmology. If we construct a homogeneous and isotropic cosmology, then
we are describing stuff that is outside our past light
cone. In other words, our model may contain material
that was never in causal contact with us3 . Is it really
physics to invoke stuff that is outside our past light
cone? I will answer this by using a form of aversion
therapy. The way this works (or so I am told) is that if
somebody is afraid of spiders you hold a spider in front
of them at some distance, offering reassuring words.
Once the subject becomes comfortable with this, we
move the spider closer. Then closer, and closer, unFigure 1.1. The light cone structure of
til our subject is comfortable with the spider right in Minkowski space.
front of their nose.
Consider Fig. 1.2. This shows a space-time diagram of a Friedman-Robertson-Walker (FRW) universe (see Section 2). We are at the centre and as
	
  
we look out we see objects that are far away from us.
z	
  =	
  10	
  
z	
  =	
  50	
  
	
  
Because it takes a finite time for light from a distant
	
  
object to reach us, we see distant objects at an earlier
time in the Universe’s history (which we denote by the
redshift z). The most distant galaxies seen so far have
a redshift of about z = 10. This distance is shown by
the inner circle. If we look harder, we will surely find
more galaxies at even higher redshift – we just haven’t
found them yet. In the next decade or so we will be
z	
  =	
  1000	
  
able to use the 21 cm line to map the distribution of
Figure 1.2. Space-time diagram in an
neutral hydrogen to a redshift of 50 or more (see Sect.
FRW universe with us at the centre.
13.6). These are examples of ‘technology horizons’. As
2

This is often referred to a the ‘Copernican Principle’, in recongnition of Copernicus’s heliocentric view of
the Solar System. You will sometimes see this called the ‘Cosmological Principle’ (a nomenclature that has
always seemed strange to me).
3
See the chapters on inflationary cosmology.
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Figure 1.3. Schematic depiction of a multiverse in eternal inflation. Each bubble shows a region in
which inflation (exponential expansion) has ended. The physics in some of these bubbles might be
suitable for the formation of galaxies, stars and planets.

we develop more sophisticated technology, we expect to see further and find more ‘stuff’ (stars,
gas, etc.), though we haven’t seen any of this stuff yet. By a redshift of about 1000 (when
the Universe was about 380,000 years old) the Universe becomes hot enough to fully ionize
hydrogen. The optical depth to Thomson scattering becomes so great that the Universe becomes opaque to photons. This is as far back as we can see with photons, but we surely
wouldn’t expect the Universe to end there. If we could use neutrinos we would be able to
see even further. The ‘particle horizon’ defines our sphere of causal contact (see Sect. 3.5),
but it would be very surprising if the Universe ended there. In cosmology, it is quite normal
to consider models containing material which has never been (and may never be) in causal
contact with us.
Now consider Figure 1.3. Perhaps our Universe is just a tiny region within a larger entity
– a ‘multiverse’. Is this physics? This question is quite controversial at the moment (see, for
example, [2]) with some cosmologists arguing that modern developments in cosmology betray
the ‘scientific method’ (i.e. are not falsifiable by experiment). While not wishing to belittle
these concerns, which are very significant, my view is not to get too hung up on these problems.
If we impose symmetries and make assumptions concerning the physics of the early universe
then we are doing physics, even if our model predicts things (including other universes) that
can never be observed.
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2
2.1

The Friedmann-Robertson-Walker Metric
Curvature

We will begin by reviewing some of the results from your GR course. The square of the line
element, ds, in GR is quadratic in the coordinate differentials
ds2 = gµν dxµ dxν .

(2.1)

Manifolds with a geometry expressible in this form are called Riemannian and the physical
motivation for this choice comes from the equivalence principle, namely that the laws of
physics in a freely falling laboratory are described locally by special relativity.
The local geometry, or curvature, of the manifold is an intrinsic property of the manifold
itself, i.e. it is independent of whether the manifold is embedded in a higher dimensional space.
To undestand what this means physically, consider the cylinder shown in Fig. 2.1. We can
write the metric of the cylinder as
ds2 = r2 dθ2 + dz 2 ,

(2.2)

and if we make the substitution dx = rdθ, (2.2) becomes
ds2 = dx2 + dz 2 ,

(2.3)

describing a flat surface over the entire surface of the cylinder. Locally, the geometry is flat,
as we can see if we cut the cylinder along the dotted line in Fig. 2.1 and unfurl the surface.
The intrinsic geometry is therefore flat, though the embedding in three dimensional space
gives a surface with an extrinsic curvature. It is the intrinsic curvature that is important for
us in this section.

Figure 2.1. The figure to the left shows the surface of a cylinder which is a 2-dimensional flat
surface. The figure to the right shows a sphere. The 2-dimensional surface of the sphere is a surface
with constant curvature.

A simple way of getting to the Friedmann-Robertson-Walker (FRW) metric is to consider
a three-sphere embedded in four-dimensional Euclidean space:
ds2 = dx2 + dy 2 + dz 2 + dw2 .

–6–
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The three-sphere is defined by
x2 + y 2 + z 2 + w2 = a2 .

(2.5)

Hence we have the constraint
2xdx + 2ydy + 2zdz + 2wdw = 0.
Substituting for dw in (2.4) we arrive at the metric
ds2 = dx2 + dy 2 + dz 2 +

(xdx + ydy + zdz)2
.
[a2 − (x2 + y 2 + z 2 )]

Now transform to spherical polar coordinates:
x = r sin θ sin φ,
y = r sin θ cos φ,
z = r cos θ,
we derive the metric of the threespace in the more familiar form
dr2
+r2 dθ2 +r2 sin2 θdφ2 .
(1 − r2 /a2 )
(2.6)
The metric (2.6) defines a maximally symmetric three-dimensional
space (see Appendix 2.B). Such
spaces are characterised by one
number, the curvature constant
K = 1/a2 , and the curvature tensor is necessarily of the form
ds2 =

Figure 2.2. The geometries of the spatial sections of the

Rijkl = K(gik gjl − gil gjk ).

(2.7) FRW metric.

By repeated contraction:
Ricci tensor :
Ricci scalar :

Rjl = g ik Rijkl = 2Kgjl ,
R=

Rσσ

= 6K.

(2.8a)
(2.8b)

You can verify these relations directly by computing the curvature tensor from the metric
(2.6) (though the algebra is quite tedious). I use the relation (2.8a) in Appendix 2.A to
simplify the derivation of the Friedmann equations.
The curvature K is an intrinsic feature of the metric (2.6), i.e. it is a property of the
three-space and does not depend on the embedding in four-dimensional Euclidean space that
we used to derive the metric. The geometries depend on the sign of K and have the forms
shown in Fig. 2.2. K = 0, corresponds to a spatially flat geometry as is self-evident from Eq.
(2.6). In a spatially flat geometry, the angles of a triangle add up to 180◦ and light rays that
are locally parallel stay parallel to infinity. In an open geometry, the angles of a triangle add
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up to less than 180◦ and light rays that are locally parallel diverge to infinity. The converse
is true in a closed geometry and in addition the volume of the space is finite, which we can
see by computing4
Z
Z 2π Z π Z a
r2 sin θ
√
drdθdφ = 2π 2 a3 .
(2.9)
V =2
gdrdθdφ = 2
2 2 1/2
0
0
0 (1 − r /a )
The FRW metric is

dr2
2 2
2
2
2
ds = c dt − R (t)
+ r dθ + r sin θdφ ,
(1 − Kr2 )
2

2

2

2



(2.10)

where R(t) is a function of time that must satisfy the Einstein equations of GR. The spatial
sections of the metric are a maximally symmetric subspace of the four-dimensional metric.
2.2

The Friedmann equations

The Einstein field equations5 are
1
Rµν − gµν R + Λgµν = −8πGTµν ,
2

(2.11)

and we want to solve these for a homogeneous, isotropic, cosmology described by the FRW
metric (2.10). In this section, we will assume that the matter in the universe is described by
a perfect fluid with energy momentum tensor:
T µν = (ρ + P ) uµ uν − P g µν ,

(2.12)

where

dxµ
, u0 = u0 = 1, ui = ui = 0.
(2.13)
dτ
The density and pressure are purely functions of time, and the fluid does not move relative
to comoving coordinates xi . On constant time hypersurfaces, therefore, the matter content
is homegenous and isotropic and remains uniform as the universe expands. The solutions of
the Einstein equations are presented in detail in Appendix 2.A. I encourage all students to
go through this derivation in detail. The results are, of course, central to this lecture course,
but the exercise will also help you understand the physics.
The solution of the Einstein equations lead to the Friedmann equations describing the
dynamical evolution of the universe:
ρ(t),

P (t),

uµ =

R̈
4πG
Λ
=−
(ρ + 3P ) + ,
R
3
3
!2
Ṙ
K
8πG
Λ
+ 2 =
ρ+ .
R
R
3
3

(2.14a)
(2.14b)

Section 2.5 will present a Newtonian model of the universe and you will recognise (2.14a)
as an equation of motion and (2.14b) as an energy conservation equation. The Newtonian
4
There is a subtlety here. The factor of 2 in the integral comes because there are two points associated
with each distinct value of the polar coordinates (r, θ, φ) corresponding to the two roots x2 + w2 = a2 in Eq.
(2.5) for the two values of w. This is easier to visualize if you repeat calculation in (2.4) - (2.6) with one less
dimension and then calculate the area of the 2-sphere.
5
I will set c = 1 in the rest of this section.
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model is a useful intuitive tool, but it fails in critically important ways. Firstly, it does not
link the constant K in (2.14b) with the geometry of the universe. Secondly, the Newtonian
model does not describe the gravitational effect of pressure, or the impact of the cosmological
constant on the dynamics.
Energy conservation, T µν;ν = 0, leads to the equation
d(ρR3 )
= −3P R2 ,
dR

(2.15)

(see Appendix 2.A for a derivation of this equation.) If P = 0, (2.15 gives ρ ∝ R−3 and if
Λ = 0, the Friedmann equation (2.14b) becomes
Ṙ2 =

8πG R03
ρ0
− K,
3
R

(2.16)

where the subscript 0 refers to the value at the present day. In terms of the present day value
of the Hubble constant, H0 = Ṙ0 /R0 , the curvature K is


8πG
2
K=
ρ0 − H0 R02 .
(2.17)
3
If we write (2.16) as
A
− K,
A = constant,
(2.18)
R
then we can determine the characteristics of the solutions of this equation by inspection. The
solutions are determined by the constant K, so
Ṙ2 =

K = 0,
K < 0,
K > 0,

Ṙ → 0 as R → ∞,

Ṙ → constant as R → ∞,

Ṙ = 0 at a maximum radius Rm = A/K.

The general character of these solutions are shown in Fig. 2.3.
The Friedmann equations therefore establish a link between the dynamics and the geometry of the Universe. If Λ = 0, the dynamics is fixed by the critical density ρc of a spatially
flat universe:
3H02
K = 0 (spatially flat) ⇒ ρc =
.
(2.19)
8πG
Evaluating (2.19) we find
ρc = 1.88 × 10−26 h2 kg m−3 ,
(2.20)

where h is the Hubble constant H0 in units of 100 kms−1 Mpc−1 (and should not be confused
with Planck’s constant). We can therefore define a dimensionless density parameter for the
matter density
ρm
Ωm =
,
ρc

and if Λ = 0, the parameter Ωm determines the dynamics and geometry of the universe:
Ωm < 1 ⇒ K < 0 (negative curvature),
Ωm = 1 ⇒ K = 0 (spatially flat),

Ωm > 1 ⇒ K > 0 (positive curvature).
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K < 0 (open)
K = 0 (ﬂat)

R(t)
K > 0 (closed)

t
Figure 2.3. Evolution of the scale factor R(t) in FRW models with zero cosmological constant. All of
these models have similar evolution at early times (shown schematically by the box). Their evolution
diverges when curvature becomes dynamically important.

Let us now look at some specific solutions, which we will use in later sections.
(i) P = 0, Λ = 0, K = 0.
The assumption P = 0 a good approximation if the energy density of universe is dominated by non-relativistic matter. In this case ρ ∝ R−3 and (2.14b) gives
R(t) ∝ t2/3 .

(2.21)

This model is often called the Einstein-de Sitter cosmology (which I will refer to as the EdS
cosmology).
(ii) P = 13 ρc2 , Λ = 0, K = 0.
The assumption P = 13 ρc2 a good approximation at early times when the energy density
of universe is dominated by relativistic matter. Furthermore, at early times the cosmological
constant and curvature can be neglected compared to the energy density of relativistic matter.
In this case ρ ∝ R−4 and (2.14b) gives
R(t) ∝ t1/2 .

(2.22)

(iii) P = 0, Λ > 0, K = 0.
As we will see in Sect. 3.3, this solution is a very good description of the late time
behaviour of our Universe. From Eq. (2.14b),
!2
 3
Ṙ
8πG
R0
Λ
=
ρ0
+ ,
R
3
R
3
which we can write as
Ṙ
R

!2

"
=

H02



Ωm

– 10 –
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where ΩΛ = Λ/(3H02 ) = (1 − Ωm ). If we make the substitution
 
ΩΛ R 3
u=2
,
Ωm R0

(2.24)

(2.23) becomes
u̇2 = 3Λ[2u + u2 ],
which integrates to give

(2.25)

du0
= (3Λ)1/2 t.
(2.26)
0
0 2 1/2
0 (2u + (u ) )
We can easily evaluate the integral in (2.26) by making the substitution cosh w = 1 + u0 ,
Z
Z
Z
du0
sinh w dw
=
= dw,
(2u0 + (u0 )2 )1/2
[cosh2 w − 1]1/2
giving


1/3
R(t)
Ωm
1/2
=
.
(2.27)
cosh[(3Λ) t] − 1
R0
2(1 − Ωm )
Z

u

Notice that in the limit t → ∞, the universe expands exponentially
" 
#
Λ 1/2
R(t) ∝ exp
t ,
3

(2.28)

and the Hubble parameter tends to a constant, H(t) = (Λ/3)1/2 . In this limit, the cosmological constant dominates the energy density of the universe, and the matter density is diluted
away exponentially. In the limit t → 0, (2.28) gives R(t) ∝ t2/3 in agreement with the solution
(2.21). Notice also that from Eq. (2.14a)
R̈
= −4πG(ρ + 3P ) + Λ.
(2.29)
R
A positive cosmological constant causes the universe to accelerate at late times (R̈ > 0). This
is, however, not the only way to realize an accelerating universe. Matter with an equation of
state P < −ρ/3 will also cause the universe to accelerate, as discussed in detail in Sect. 6.
3

2.3

Topology

General relativity is a local theory. Although
we have identified allowable geometries under
the assumptions of homogeneity and isotropy,
GR does not determine the global topology of
the Universe. The closed FRW solution has
a finite volume. But even if the geometry of
the universe is spatially flat or hyperbolic, the
universe could be compact as shown schematically by the torus in Fig. 2.4. The simplest
non-trivial example of a flat geometry is a cube
with opposite sides identified (i.e. a three-torus
Figure 2.4. A torus: illustrating how a spaT 3 ). More complex examples are discussed by
tially flat cylindrical surface can be made finite
[3]. Interestingly, it is possible to set limits on
by identification.
the size of a compact universe by searching for
circular features in the cosmic microwave background radiation [4].
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2.4

Cosmological Redshift

Suppose we have two observers A and B separated by coordinate distance rAB . A emits a
light pulse at time t = t1 which reaches B at time t0 . Since light rays are null, ds = 0 along
the path of a photon. Hence
Z t0
Z rAB
dt
dr
=
.
(1 − Kr2 )1/2
t1 R(t)
0
A emits a second pulse at time t1 + δt1 which arrives at B at time t0 + δt0 . Hence
Z

t0 +δt0

t1 +δt1

dt
=
R(t)

Thus

Z
0

rAB

dr
=
(1 − Kr2 )1/2

Z

t0

t1

dt
.
R(t)

δt0
δt1
=
,
R(t0 )
R(t1 )

and so light of frequency νe at A will be received at frequency ν0 at B, where
δt1
R(t1 )
ν0
=
=
.
νe
δt0
R(t0 )

(2.30)

Thus the light received by B is redshifted by a redshift z defined by
z=

λ0 − λe
νe − ν0
=
,
λe
ν0

(2.31)

which from (2.30) depends on the ratio of the scale factors at times t0 and t1 :
1+z =

R(t0 )
.
R(t1 )

(2.32)

Figure 2.5. A spectrum of the quasar ULAS J1319+0959 at a redshift z = 6.13. (From [5].)

We therefore expect that light emitted from distant objects at some early time t1 will
be redshifted by the time it reaches us at the present time t0 . According to Eq. (2.32), the
redshift tells us the factor by which the Universe has expanded since t1 . Figure 2.5 shows an
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example. This figure shows the spectrum of a distant quasar ULAS J1319+0959. Prominent
features in this spectrum are identified in the plot and some of these (for example, why the
< 8650Å) will be discussed in detail in
spectrum shows an abrupt decline at wavelengths λ ∼
Sect. 13). The Lyman-α line of hydrogen (emitted when an electron transitions from the
n = 2 to n = 1 levels, see Fig.13.1) has a rest wavelength of 1215.67Å (i.e. at ultraviolet
wavelengths) but is seen in the quasar spectrum at a wavelength 7.13 × 1215.67 = 8668Å (i.e.
at infrared wavelengths). At the time that this light was emitted, physical separations were
only 1/7.13 of their present value.
2.5

A Newtonian Universe

The fact that the Universe is expanding is common knowledge nowadays, but people often ask
‘what is the Universe expanding into’ ? The
FRW metric gives us the answer – it is physical space that is expanding. A way to picture
this is shown in Fig. 2.6. We can think of a set
of test particles distributed uniformly throughout space. The positions of these particles can
be described by a set of comoving coordinates,
x which are independent of time. As the UniFigure 2.6. An expanding sphere with test verse expands, physical distances between the
test particles increase. The relation between the
particles at fixed comoving coordinates.
proper coordinates r(t) (which measure physical
distances) and the comoving coordinates is
r = R(t)x.

(2.33)

Taking the time derivative of (2.33),
ṙ = Ṙ(t)x =

Ṙ(t)
r,
R(t)

(2.34)

So the relative velocity between test particles increases linearly with distance. This is known
as Hubble’s law following the discovery of the expansion of the Universe by Hubble in 1929
[6]. As we have mentioned in the previous section, the value of Ṙ(t)/R(t) at the present time,
t0 , is known as the Hubble constant


1
dR(t)
H0 =
,
(2.35)
R(t0 )
dt
t0
and is extremely difficult to measure directly. I will devote a special lecture (see Sect. 3.4)
to discuss ‘distance ladder’ measurements of the Hubble constant because there is currently
an unresolved disagreement between the value of H0 inferred at low redshifts and the value
inferred from theoretical models that fit very precise measurements of the CMB6 . Notice that
the Hubble parameter is not a constant. In these lectures, I will refer to H(t) = Ṙ/R as
the ‘Hubble parameter’, and use the terminology ‘Hubble constant’ to denote its value at the
present day.
6

Briefly, measuring accurate absolute distances to objects outside our Galaxy is very hard. For example,
the distance to our nearest big galaxy, Andromeda, is still uncertain at the few percent level (778 ± 33 kpc).
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The Hubble law v = Hr preserves the homogeneity and isotropy of the Universe. Suppose now that our test particles move relative to the Hubble flow. Eq. (2.34) is modified
to
v = Hr + R(t)ẋ = Hr + vp .
(2.36)
The extra term in (2.36), describing a deviation from a uniform Hubble flow, is called the
‘peculiar velocity’. Peculiar velocities describe departures from the homogeneous and isotropic
background assumed in deriving the FRW solutions. Peculiar motions can be measured and,
as we will see in Sect. 11.3, offer a way of quantifying irregularities in the distribution of
matter.
Given the Hubble law, can we make a
purely Newtonian model for the evolution of the
Universe? The answer is no. Newtonian gravity
obeys the Poisson equation
∇2 φ = 4πGρ.

(2.37)

R(t)

For an infinite distribution of matter, the gravitational potential φ is indeterminate. However, GR comes to our rescue. Birkhoff’s theorem states that the metric within an empty hole
centred on spherically symmetric distribution of
matter is the flat spacetime metric ηµν of special
relativity. We can therefore imagine extracting
all of the matter within a small spherical cav- Figure 2.7. An expanding sphere of radius
ity of radius R. Birkhoff’s theorem tells us that R(t).
spacetime is flat within this cavity. Now reintroduce the matter and use Newtonian mechanics to compute its evolution. The radius R(t) is
assumed to be moving away from the centre with a speed v = H(t)R  c (this is what we
mean by a ‘small’ cavity) and the Newtonian equation of motion for R(t) is
d2 R
GM
=− 2 ,
2
dt
R

(2.38)

where M is the mass contained within R. (We will assume that the matter is presureless
‘dust’ with mean density ρ. Mass conservation then requires ρ ∝ R−3 ). Now multiply each
term in (2.39) by dR(t)/dt and integrate. This gives us an energy conservation equation
1
2



dR
dt

2
−

GM
= constant,
R

(2.39)

and substituting M = 4πR3 ρ/3 we see that we recover the two Friedmann equations (2.14b)
and (2.14a) with P = Λ = 0. The Newtonian interpretation of the two Friedmann equations
is therefore: (i) an equation of motion and (ii) energy conservation. Notice that the only
role of the Hubble law, v = dR/dt = HR, is to fix the velocity of the boundary in terms of
the Hubble parameter H. According to special relativity, light received at the origin from an
object receeding at speed v will be Doppler shifted with a redshift
z ≈ v/c.
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The physical interpretation of the cosmological redshift is, however, quite different – the
wavelength of photons propagating through the expanding space is stretched. Nevertheless,
you will often see the redshift of a system referred to as a ‘recession velocity’; this just means
v = cz with z as the measured quantity. The Hubble law itself, v = Hr, is actually valid only
for relatively nearby galaxies. The next section will discuss distances in GR more precisely,
since to get meaningful relations between redshift and distance we need to be clear about
what exactly we mean by distance.
The Newtonian model gives a simple (and mathematically rigorous) solution to the
dynamics of the FRW models that is valid in GR because of the local nature of GR. However,
the Newtonian model cannot describe the link between the constant in Eq. (2.39) and the
curvature of space. For this we need the GR solution (2.18).
More on the velocity field: Expand the velocity field about the origin in Cartesian
coordinates xi :
X ∂vi
vi (x) =
δxj + O(δxj )2 .
∂xj
i

The velocity gradient term is a 3 × 3 matrix which can be written as a diagonal
term (describing expansion), a traceless symmetric term, σij , (describing shear)
and an anti-symmetric term, Ωij , (describing vorticity):
∂vi
= Hi δij + σij + Ωij .
∂xj

(2.40)

The assumption of isotropy, i.e. no preferred direction, requires that the three
components Hi are identical and that σij = Ωij = 0. Homogeneity requires that
H(t) must be independent of the coordinates xi and so we recover Hubble’s law
v = H(t)r.

2.6
2.6.1

The Cosmic Microwave Background
Discovery and spectrum

The discovery of the cosmic microwave background (CMB) radiation in 1965 by Penzias and
Wilson [8] is one of the most important developments in the history of cosmology. Penzias
and Wilson found evidence for isotropic radiation with an effective temperature of about
3K that was extragalactic in origin. This was
quickly identified as the remant radiation from
a hot early phase in the history of our Universe,
which we now commonly refer to as the hot Big
Bang [9]. At early times, matter and radiation
would have been in thermal equilibrium and so Figure 2.8. The spectrum of the cosmic miwe would expect this radiation to have a black- crowave background as measured by the COBE
body spectrum. In 1990, the spectrum of the satellite [7].
background radiation was measured extremely accurately over a wide frequency range by the
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COBE satellite. The first results from COBE are shown in Fig. 2.8 and are fitted perfectly
with a blackbody spectrum. (In fact, the CMB spectrum is much closer to a blackbody
spectrum than any blackbody spectrum produced in the laboratory.) The temperature of the
CMB is measured to be [10],
Tγ = 2.7260 ± 0.0013 K.
(2.41)
Writing the blackbody spectrum as
ργ (ν, t)c2 dν =

1
8πhν 3 dν
h


i,
c3 exp hν − 1

(2.42)

kTγ

we can compute the mean energy density in the CMB by integrating over frequency:
Z
ν 3 dν
8πh ∞
2
h


i,
ργ c = 3
hν
c
0
exp kTγ − 1

 Z
8πh kTγ 4 ∞ x3 dx
= 3
.
c
h
[ex − 1]
0
The integral in this equation is,
Z
0

∞

x3 dx
π4
=
Γ(4)ζ(4)
=
,
[ex − 1]
15

(2.43)

where Γ and ζ are the gamma and zeta functions respectively. Thus the energy density of
the radiation is
ργ c2 = aTγ4 ,
(2.44)
where the radiation constant is

8π 5 k 4
.
15h3 c3
From elementary statistical mechanics, blackbody radiation generates an isotropic pressure
of
1
Pγ = ργ c2 .
3
(We will see later that the equation-of-state P = 13 ρc2 is satistfied for highly relativistic
particles, irrespective of whether they are bosons or fermions.) In Sect. 2.2 , we used the GR
expression for energy conservation of uniform components
a=

d(ρR3 )
P
= −3 2 R2 .
dR
c
For a component with an equation-of-state
P = wρc2 ,

(2.45)

with w = constant, energy conservation requires:
ρ ∝ R−3(1+w) .

(2.46)

For dust-like matter (w = 0), ρ ∝ R−3 , as expected since the comoving number density of
particles is conserved. For blackbody radiation w = 1/3 and so energy conservation requires
ργ ∝ 1/R4 ,
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which requires
Tγ ∝ 1/R,

(2.48)

8π
ν 2 dν

i.
h

c3 exp hν − 1

(2.49)

and since ν ∝ 1/R, the blackbody radiation retains its blackbody shape as the Universe
expands.
The number density of photons per unit frequency of the black-body radiation is
nγ (ν)dν =

kTγ

Integrating (2.49) over frequency, the photon mean number density is

 Z
8π kTγ 3 ∞ x2 dx
nγ = 3
,
c
h
[ex − 1]
0


3

kTγ 3
Tγ
= 16πζ(3)
= 410.6
cm−3 .
hc
2.726 K

(2.50)

The comoving mean photon number density therefore remains constant as the Universe expands.
Comparing the photon number density to the mean number density of baryons in the
Universe, we derive the baryon-to-photon ratio
nb
η=
= 2.75 × 10−8 (Ωb h2 ).
(2.51)
nγ
There are, therefore, many more photons compared to baryons in the universe and the fact
that 1/η is a large dimensionless number poses a fundamental problem in cosmology that
needs explaining.
The blackbody radiation makes a negligible contribution to the energy density of the
universe at the present day,
ργ
= 2.4 × 10−5 h−2 .
(2.52)
Ωγ (0) =
ρc
However, since ργ ∝ R−4 and ρm ∝ R−3 , the radiation density will dominate over the matter
density at early times. Matter and radiation have equal densities at a redshift:
(1 + zγequ ) = 42, 000 Ωm h2 ,

(2.53)

when the photon temperature was
Tequ = 1.1 × 105 (Ωm h2 ) K ≈ 10(Ωm h2 ) eV.

(2.54)

The discovery of the CMB had a profound effect on the development of cosmology. The
accuracy of the blackbody spectrum means that the Universe must have been hot, dense
and in thermal equilibrium at early times. In other words, the discovery of the CMB gave
compelling evidence in support of the hot big bang model. As we will see, in Sect. 4, this gives
a natural explanation of the origin of light elements and, in particular, the formation of helium
which comprises about 25% of the baryonic mass density of the Universe and cannot be made
by conventional stellar nucleosynthesis. As soon as the CMB was discovered, experimentalists
began searching for temperature irregularities (or anisotropies) in different directions in the
sky. The first anisotropy to be discovered was the dipole anisotropy. This is discussed in the
next section.
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2.6.2

Dipole anisotropy

The specific intensity is defined so that
Iν dνd cos θdφdA⊥ dt,

y

(2.55)

S

y’

S’
v

is the energy carried in time dt by photons
in the frequency range (ν, ν + dν) travelθ
θ’
ling along directions within the solid angle
x
x’
sin θdθdφ across an area dA⊥ normal to
z’
their direction. Suppose that an observer z
is at rest relative to the CMB in frame S
(as in the left hand diagram in Fig. 2.9).
Figure 2.9. The frame S is at rest with respect to
The energy detected per unit normal area
the CMB. Frame S 0 is moving at speed v along the
in time dt from photons moving in direc- x-axis relative to frame S.
tion θ is
dE = Iν dνd cos θdA⊥ dt,
where
Iν =

2hν 3
1

.

2
hν
c
exp kT − 1

In the same time interval the energy detected in time dt0 in direction θ0 by an observer in
frame S 0 moving with speed v along the x-axis is
dE 0 = Iν0 0 dν 0 d cos θ0 dA0⊥ dt0 .

(2.56)

The angles θ and θ0 are not equal. This is the aberration effect in special relativity:
cos θ0 = (cos θ + v/c)[1 + v/c cos θ]−1 ,
and the photons are Doppler shifted
ν 0 = ν[1 + v/c cos θ](1 − (v/c)2 )1/2 .
In addition
dt0 = dt[1 − (v/c)2 ]1/2 ,

dA0⊥ = dA⊥ [v + c cos θ]/ cos θ0 ,
and so
Iν0 0 = Iν (ν 0 /ν)3 .

(2.57)

Another way to see this is to note that the distribution function f = c2 Iν /(2hν 3 ) is Lorentz
invariant (see Sect. 4.1). In the frame S 0 we see a blackbody spectrum with a temperature
T 0 (θ0 ) = T0 (1 − v 2 /c2 )1/2 [1 − (v/c) cos θ0 ]−1 ,

(2.58)

and for v  c, we can approximate (2.58) as
T 0 (θ0 ) ≈ T0 [1 + (v/c) cos θ0 ].
The motion of an observer through the CMB therefore induces a dipole anisotropy.
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The dipole anisotropy was measureed
by several experiments in the 1970s and
confirmed at high significance in 1977 by
Smoot et al. [11]. Fig. 2.10 shows the
dipole anisotropy measured by the Planck
satellite. The amplitude and direction of
the Solar dipole in Galactic coordinates
are
∆T = 3362.08 ± 0.99 µK, (2.60a)

` = 264.021 ± 0.011 deg,(2.60b)

Figure 2.10. The CMB dipole anisotropy observed
by Planck.

b = 48.253 ± 0.005 deg, (2.60c)

corresponding to a speed of 369.82 ±
0.11 kms−1 . We also have to consider the motion of the Sun with respect to the Galaxy,
and the motion of the Galaxy with respect to the centre of mass of the Local Group. Correcting for these motions, the CMB dipole relative to the Local Group is
∆vLG/CMB = 620 ± 15 kms−1 ,
`LG/CMB = 271 ± 2 deg,

bLG/CMB = 29.6 ± 1.4 deg.

(2.61a)
(2.61b)
(2.61c)

One might ask whether the fact that the CMB defines a preferred reference frame violates
the principle of special relativity. The answer is no. In an FRW model there is a special
reference frame in which the Universe is homogeneous and isotropic. In this reference frame,
the dipole anisotropy vanishes. However, fluctuations will cause our Galaxy to move relative
to the Hubble flow, so it is not surprising that we detect a dipole anisotropy. The amplitude
of the dipole tells us something about the irregularities in the local matter distribution. It
should therefore be possible to identify the structures that cause the peculiar velocity of the
Local Group with respect to the CMB rest frame (see Sect. 11).
2.7

de Sitter Space**

I now want to discuss a very special cosmology, namely de Sitter space. This describes a maximally symmetric universe that is completely devoid of matter. As we will see, the de Sitter
solution is of fundamental importance in understanding the theory of inflation at early times
and also of ‘dark energy’ at late times. The spatial part of the FRW metric describes a maximally symmetric subspace with a curvature parameter K. The de Sitter solution describes
a maximally symmetric four dimensional spacetime, described by a curvature parameter K.
In such a geometry, the curvature tensor is
Rκνρσ = K(gνσ gκρ − gρν gκσ ),

(2.62)

Rνσ = g κρ Rκνρσ = K(N − 1)gνσ ,

(2.63)

and the Ricci tensor is
where N = 4 is the number of dimensions of the spacetime. The Einstein field equations in
the absence of matter are
Rµν = Λgµν ,
(2.64)
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(see Eq. (2.86)) and are satisfied if the curvature constant is K = Λ/3. This is the de Sitter
solution.
To get an idea of the geometry of the de Sitter spacetime, we can consider a constant
curvature hyperboloid embedded in Minkowski spacetime of (2+1) dimensions.7 The equation
defining the hyperboloid is
− z 2 + x2 + y 2 = H −2 ,
(2.65)
and the metric of the Minkowski space is
ds2 = dz 2 − dx2 − dy 2 .

(2.66)

As in our analysis of constant curvature three-dimensional spaces of Sect. 2.1, we can eliminate
the variable z and write down the metric of the hyperboloid:
ds2 =

(xdx + ydx)2
− dx2 − dy 2 ,
(x2 + y 2 − H −2 )

(2.67)

and transforming to the coordinates t and χ,
x = H −1 cosh(Ht) cos χ,

y = H −1 cosh(Ht) sin χ,

(2.68)

(2.67) becomes
ds2 = dt2 −

1
cosh2 (Ht)dχ2 .
H2

(2.69)

The coordinates extend over the range −∞ < t < ∞, 0 ≤ χ ≤ 2π and cover the entire
surface of the hyperboloid, as shown in Fig. 2.11a. Eq. (2.73) describes a closed universe
that collapses from, t = −∞ reaching a minimum radius at t = 0, and then expanding at
t > 0.

Figure 2.11. Different time slicings of de Sitter space. In (a) the time slicing is chosen so that the
spatial sections describe a closed universe. In (b) the time slicing is chosen so that the spatial sections
are infinite (either spatially flat or hyperbolic).
7

The presentation given here follows closely that given in [12].
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Now consider the coordinate transformation
H 2 Ht
ξ e ,
2
H
x = H −1 cosh(Ht) − ξ 2 eHt ,
2
Ht
y = ξe .
z = H −1 sinh(Ht) +

(2.70a)
(2.70b)
(2.70c)
(2.70d)

After some tedious algebra (2.67) becomes
ds2 = dt2 − H −2 e(2Ht) dξ 2 ,

(2.71)

which describes a spatially flat universe expanding exponentially. You can see from (2.70a)
and (2.70b) that the coordinates t and χ cover only half of the hyperboloid with x + z > 0 as
shown in Fig. 2.11b. This example shows that the geometry of the spatial sections depend
on the time-slicing. With the choice of coordinates (2.68) the spatial sections are closed, but
with the coordinates (2.70a)- (2.70c) the spatial sections are flat and infinite. The curvature
of the four-dimensional spacetime is given by (2.62) and is, of course, independent of the
choice of coordinates.
We can easily extend these constructions to five dimensional Minkowsi space
− u2 + x2 + y 2 + z 2 + w2 = H −2 ,
and with the variable changes
u = H −1 sinh(Ht),
w = H −1 cosh(Ht) cos χ,
x = H −1 cosh(Ht) sin χ cos θ,

(2.72a)

y =H

−1

cosh(Ht) sin χ sin θ cos φ,

(2.72b)

z =H

−1

cosh(Ht) sin χ sin θ sin φ,

(2.72c)

the metric on the hyperboloid is then
ds2 = dt2 − H −2 cosh2 (Ht)[dχ2 + sin2 χ(dθ2 + sin2 θdφ2 )],

(2.73)

which is just the four dimensional analogue of (2.73) and describes closed three-dimensional
spatial sections. You can see that although the algebra is more tedious, the extension to
three space dimensions introduces no new concepts. In analogy with Eqs. (2.70a), (2.70b)
and (2.71) we can choose time-slicings to produce flat spatial sections. The metric of de Sitter
space can then be written in the FRW form
ds2 = dt2 − R(t)2 (dr2 + r2 dθ2 + r2 sin2 θdφ2 ),

(2.74)

and you can use the results of Appendix 2.A for the components of the affine connection. The
non-zero components of the Ricci tensor for this metric are
R̈
R00 = 3 ,
R
R22
R33
R11 = 2 = 2 2 = −(RR̈ + 2R2 ),
r
r sin θ
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and since the spatial sections are flat,
R̃ij =

∂Γpip
∂xj

−

∂Γpij
∂xp

+ Γpil Γlpj − Γpij Γlpl = 0.

The Einstein equations (2.64) in the absence of matter are satisfied by (2.75) and (2.76) if
r
Λ
Ht
,
(2.77)
R∝e ,
H=
3
and (2.62) and (2.63) are satisfied with 4-dimensional spacetime curvature
K = H 2.

(2.78)

At this point, you may be wondering how it is possible to timeslice spacetime in many
different ways? What exactly do we mean if (as observations indicate) we say that the
Universe is very nearly spatially flat? The reason that we can timeslice de Sitter space in
many equivalent ways is because it is empty. Our Universe contains matter. Even if the
matter energy density is small compared to the cosmological constant term Λ, there is a
special timeslicing in which the matter density is homogeneous and isotropic. This is what we
mean when we say that the Universe is nearly spatially flat. The presence of matter makes
all the difference.
We should think of pure de Sitter spacetime as a ‘thing’ – it is a spacetime with constant
4-dimensional curvature that is homogneous and isotropic in both space and time possessing
the largest possible number of independent Killing vectors. In modern cosmology, the de
Sitter solution plays an important role in the inflationary model of the early universe and
in the interpretation of the (surprising) result that our Universe appears to be accelerating
at late times. The existence of matter, however, breaks the time-translation symmetry of de
Sitter space.
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2.A

Derivation of the Friedmann Equations

The Friedmann equations are central to this course. In this appendix, I give a complete
derivation, including many of the intermediate steps. If you have not gone through this
derivation as part of your GR course, then you should treat this appendix as an exercise and
go through the derivation step-by-step.
The FRW metric is diagonal with components:
g 00 = 1,

g00 = 1,

gθθ
gφφ

R2
= −R2 g̃rr ,
(1 − Kr2 )

(1 − Kr2 )
g̃ rr
=
−
,
R2
R2
1
g̃ θθ
= −R2 r2 = −R2 g̃θθ ,
g θθ = − 2 2 = − 2 ,
R r
R
g̃ φφ
1
= −R2 r2 sin2 θ = −R2 g̃φφ , g φφ = − 2 2 2 = − 2 .
R
R r sin θ

grr = −

g rr = −

Notice that I have written the metric as:
ds2 = c2 dt2 − R2 g̃ij dxi dxj ,

(2.79)

and as in the rest of these notes Greek indices run from 0−3 while Latin indices run from 1−3.
From (2.79) you can see that g̃ij is the metric of the spatial sections defined by hypersurfaces
of constant time. Henceforth I will set c = 1.
The affine connection is
Γαβγ

1
= g ακ
2



∂gβκ ∂gβγ
∂gκγ
−
+
∂xγ
∂xκ
∂xβ


,

(2.80)

and the only non-zero components are:
Γ0ij

1
= g 00
2



∂g0j
∂gi0 ∂gij
+
−
i
∂x
∂xj
∂x0


= RṘg̃ij ,

1 iκ ∂gjκ
Ṙ
= δji ,
g
0
2 ∂x
R

∂gjl ∂gjk
1 il ∂glk
−
= Γ̃ijk ,
= g
+
2
∂xj
∂xk
∂xl

(2.81a)

Γij0 =

(2.81b)

Γijk

(2.81c)

where Γ̃ijk is the affine connection of the spatial sections and dots denote differentiation with
respect to time.
The Ricci tensor is:

Rµκ =

∂Γλµλ
∂xκ

−

∂Γλµκ
+ Γηµλ Γληκ − Γηµκ Γληλ ,
∂xλ
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with components:
∂Γλ0λ ∂Γλ00
−
+ Γη0λ Γλη0 − Γη00 Γληλ ,
∂x0
∂xλ
!
!2
Ṙ
R̈
Ṙ
∂
=
3
+3
=3 ,
∂t
R
R
R

R00 =

R0i = 0,
Rij =

∂Γλiλ
∂xj

(2.83a)
(2.83b)

−

∂Γλij
∂xλ

+ Γηiλ Γληj − Γηij Γληλ ,

∂Γ0ij
∂Γlil ∂Γlij
−
+ Γ0il Γl0j + Γpil Γlpj + Γli0 Γ0lj − Γ0ij Γl0l − Γpij Γlpl ,
−
∂xj
∂x0
∂xl
∂(RṘg̃ij )
Ṙ
Ṙ
Ṙ
= −R̃ij −
+ RṘg̃il δjl − 3 RṘg̃ij + δil RṘg̃lj ,
∂t
R
R
R
= −R̃ij − (2R2 + RR̈)g̃ij .
=

(2.83c)

But, for a maximally symmetric 3-space R̃ij = 2K g̃ij (see Sect. 2.B). You can also verify
this by directly computing R̃ij . The algebra is quite tedious, but if you want to do this as an
exercise to help you along I list the non-zero components of the affine connection:
Kr
Γrφφ = −r(1 − Kr2 ) sin2 θ,
,
Γrθθ = −r(1 − Kr2 ),
(1 − Kr2 )
1
1
= ,
Γθφφ = − sin θ cos θ,
Γφrφ = ,
Γφθφ = cot θ.
r
r

Γrrr =

(2.84a)

Γθrθ

(2.84b)

Hence, we can rewrite (2.83c) as
Rij = −2K g̃ij − (2R2 + RR̈)g̃ij .
It is convenient to rewrite the Einstein field equations (2.11) in the form


1
σ
Rµν − Λgµν = −8πG Tµν − gµν Tσ ,
2

(2.85)

(2.86)

and so to find solutions to the field equations we need to make some assumptions concerning
the matter content of the universe and the evaluate the tensor
1
Sµν = Tµν − gµν Tµµ .
2

(2.87)

We will assume that the matter is described by a uniform and isotropic perfect fluid. From
your GR course, the energy-momentum tensor of a perfect fluid is
Tµν = (ρ + P )uµ uν − P gµν .

(2.88)

Since we are ignoring perturbations, the fluid is assumed to be at rest in the comoving
coordinate system, thus the components of the four-velocity are [uµ ] = (1, 0, 0, 0). From
(2.88)
Tνκ = (ρ + P )uκ uν − P δνκ ,

Tκκ = (ρ + P ) − 4P = ρ − 3P,
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and so the components of the tensor Sµν are
1
(ρ + 3P ),
2
= 0,
1
1
= P R2 g̃ij + g̃ij (ρ − 3P )R2 = (ρ − P )R2 g̃ij .
2
2

S00 =

(2.89a)

S0i

(2.89b)

Sij

(2.89c)

Comparing Eqs. (2.83a)-(2.83c) with (2.89a)- (2.89c) gives the Friedmann equations:
R̈
− Λ = −4πG(ρ + 3P ),
R
2K + (2Ṙ2 + RR̈) − ΛR2 = 4πG(ρ − P )R2 .
3

(2.90a)
(2.90b)

Eliminating R̈ from the second of these equations gives the more familiar equation:
Ṙ
R

!2
+

K
8πG
Λ
=
ρ+ .
2
R
3
3

(2.90c)

Equations (2.90c) and (2.90a) are the two Friedmann equations as given in Eqs. (2.14b) and
(2.14a) in Sect. 2.2. To these we must add energy conservation:
T µν;ν = 0,
and if we write this out
T µν;ν =

∂T µν
+ Γννλ T µλ + Γµνλ T νλ ,
∂xν

(2.91)

(2.92)

giving the following three terms
Ṙ
3P
∂ρ
+ 3 ρ + RṘ 2 = 0,
∂t
R
R

(2.93)

which we can write in the compact form given in Eq. (2.15)
d(ρR3 )
P
= −3 2 R2 ,
dR
c
(where I have reinstated the speed of light).
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2.B

Killing Vectors**

A metric gµν (x) is said to be form invariant8 if under a coordinate transformation x → x0 ,
0
gµν
(y) = gµν (y),

Since
gµν (x) =

for all y.

(2.95)

∂x0ρ ∂x0σ 0
g (x0 ),
∂xµ ∂xν ρσ

the form invariance of (2.95) requires
gµν (x) =

∂x0ρ ∂x0σ
gρσ (x0 ).
∂xµ ∂xν

(2.96)

Any transformation that satisfies (2.96) is called an isometry.
Consider an infinitessimal coordinate transformation
x0µ = xµ + ξ µ (x),

||  1,

then the condition (2.96) requires to first order in ,
gµν = gµν + 

∂gρσ
∂ξ σ ρ
∂ξ ρ σ
δ
g
+

δµ gρσ +  ν δµρ gρσ ,
ρσ
ν
µ
ν
∂x
∂x
∂x

which can be written in covariant form as
ξσ;ρ + ξρ;σ = 0.

(2.97)

Any four vector field that satisfies (2.97) is a Killing vector of the metric and the problem of
determining all infinitessimal isometries of the metric is reduced to the problem of determining
all independent Killing vectors. The physical interpretation of (2.97) is that metric is dragged
onto itself by the vector field ξµ and in more mathematical language (2.97) requires that the
Lie derivative of the metric with respect to the vector field ξµ is zero. Eq. (2.97) is highly
restrictive and it allows the entire function ξρ (x) to be determined from the values of ξλ and
ξλ;ν at a single point, X. Weinberg shows that any Killing vector can be written as
ξρ (x) = Aλρ (x; X)ξλ (X) + Bρν (x, X)ξλ;ν (X),

(2.98)

where Aλρ and Bρν are functions that depend on the metric and are therefore the same for
all Killing vectors. In N dimensions, there are at most N quantities ξλ (X) and N (N − 1)/2
quantities ξλ;ν (X) (since it is an antisymmetric rank 2 tensor), and so there are at most
N (N + 1)/2 independent Killing vectors. A maximally symmetric space has the maximum
number of N (N + 1)/2 Killing vectors. Such spaces are specfied by a curvature constant K
(and the number of positive an negative eigenvalues of the metric) and the curvature tensor
must be of the form
Rλρσν = K[gσρ gλν − gνρ gλσ ].
(2.99)

8

For a detailed discussion see [13] Chapter 13.
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Ages, Distances and Horizons

3

Our Universe is expanding and light travels at a finite speed c. The light emitted from a
distant object, say a quasar, takes time to reach us and during this time, physical distances
between objects have grown. Because of these effects, beginning students sometimes have
conceptual difficulties understanding cosmological distances. The primary purpose of this
Section is to guide you through these difficulties – and it really is quite simple. There are two
key conceptual points:
• You need to understand physically what the FRW metric is telling you;
• Pick a hypersurface of constant time, t, and calculate physical distances on that hypersurface.
If you understand these two points you should have no difficulties with distances.
We will begin with the FRW metric as given in Eq. (2.10):


dr2
2
2 2
2
2 2
2
2
2
ds = c dt − R (t)
+ r dθ + r sin θdφ .
(1 − Kr2 )
If we make the following coordinate transformation:
 1
1/2

 K 1/2 sin K χ,
r = χ,
1

 1 1 sinh |K| 2 χ,
|K| 2

K > 0,
K = 0,
K < 0,

(3.1)

(3.2)

the metric (2.10) can be written as


2
ds2 = c2 dt2 − R2 (t) dχ2 + SK
(χ)(dθ2 + sin2 θdφ2 ) ,

(3.3)

2 (χ) = r 2 and I have chosen to define this function so that only the coordinate
where SK
distance χ appears explicitly in (3.3).
Now look at the Friedmann equation (2.14b)
!2
Ṙ
K
8πG
Λ
+ 2 =
ρ+ ,
(3.4)
R
R
3
3

which we can rewrite in terms of cosmological density parameters9
!
Ṙ
= H0 E(z) = H0 [Ωm (1 + z)3 + ΩK (1 + z)2 + ΩΛ ]1/2 ,
R

(3.5)

where the density parameters are
Ωm =

8πGρ0
,
3H02

ΩK =

−K
,
R02 H02

ΩΛ =

Λ
,
3H02

(3.6)

and the subscript zero denotes values at the present day. By definition, the values of the
density parameters must sum to unity:
Ωm + ΩK + ΩΛ = 1.

(3.7)

Note that ΩK is positive for a negative curvature and negative for positive curvature.
9

I am assuming in this subsection that the matter density is dominated by a pressureless component so
we can neglect the small contribution from photons and neutrinos which only becomes important at high
redshifts (cf. Eq. 2.53).
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3.1

The age of the Universe

The age of the Universe can be written as
1
t0 =
H0

Z

R0

0

dR
.
RE(z)

If spatial curvature can be neglected, then using (3.5) we can write (3.8) as
Z 1
da
R
1
1
,
a≡
=
t0 =
,
1/2
−1
2
H0 0 [Ωm a + (1 − Ωm )a ]
R0
(1 + z)
which can be integrated analytically to give an age (for arbitrary redshift z) of
"
#
1
2
1
−
Ω
2
m
sinh−1
t(z) =
(1 + z)−3/2 .
Ωm
3H0 (1 − Ωm )1/2

(3.8)

(3.9)

(3.10)

We can write the inverse of the Hubble constant as
1
= 9.78 × 109 h−1 yrs,
H0
where h is the value of the Hubble constant in units of 100 kms−1 Mpc−1 . Inserting values
measured by the Planck satellite, H0 = 67.5 kms−1 Mpc−1 , Ωm = 0.31, we deduce an age of
t0 = 13.84 × 109 yrs.

(3.11)

At early times, we can neglect ΩK and ΩΛ , but we need to include radiation and neutrinos
since their energy density will dominate over that of non-relativistic matter. In Sect. 2.6 we
computed the energy density contributed by the CMB. As we will see in Sect. 4.3 we also need
to add the energy density of three (nearly) massless neutrino species to that of the photons.
Neutrinos and photons have the same density as non-relativistic matter at a redshift of
zequ = 25, 000 Ωm h2 ,

(3.12)

(since the neutrinos contribute 0.68 times the energy density of the photons) and so we can
approximate the function E(z) in (3.5) as

1/2
E(z) = Ωm 1/2 (1 + z)3 + (1 + z)4 /(1 + zequ )
.
After a bit of tedious algebra, we can write the age of the Universe to redshift z as


(1 + zequ )
1
1
2
4
3/2
1/2
t(z) =
(1 + t) − 2(1 + t) +
, t=
.
1/2 (1 + z
3/2
3
3
(1 + z)
equ )
H0 Ωm

(3.13)

(3.14)

The last scattering surface of the CMB occurs at a redshift of z∗ ≈ 1200, when the Universe
cools down to a temperature that is low enough that protons and electrons combine to form
neutral hydrogen10 . Inserting Planck parameters into (3.14), the age of the Universe at
z∗ ≈ 1200 was
t(z∗ ) ≈ 320, 000 yrs.
(3.15)
10

This is known as ‘recombination’ and will be discussed further in Sect. 4.8.
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Figure 3.1. The Planck map of temperature irregularities in the CMB.

The iconic Planck map of the temperature fluctuations of the CMB shown in Fig. 3.1
(which we will discuss in detail in Sect. 11) gives us a snapshot of structure in the Universe
at the last scattering surface. It is amazing to realize that in this picture, we are seeing the
Universe as it was when it was only 0.002% of its present age.
There would clearly be a major problem if we observed any object that was older than
the age of the Universe11 . Astronomers have tried to estimate the ages of metal-poor globular
clusters by fitting stellar evolution models to the stellar colour-magnitude diagrams. Recent
results [14] indicate ages within the range 11 − 12.5 Gyr, comfortably within the estimate
(3.11). There have also been attempts to use high redshift elliptical galaxies as ‘cosmic
chronometers’ by fitting theoretical stellar population synthesis models to their spectra (see
[15], for example). My own view is that the population synthesis models are still too uncertain
to allow cosmic chronometers to be used for accurate cosmological tests.
3.2

Distances

I was once asked if everything in the Universe is expanding, including us, then how do we
know that the Universe is expanding at all? Consider a hydrogen atom. It is held together
by the electromagnetic force and knows nothing about the expansion of the Universe. Even
our own Galaxy doesn’t know about the expansion of the Universe. The gravitational field
within the Milky Way is so strong that it is a good approximation to treat its dynamics using
Newtonian gravity in flat space. As small fluctuations in the matter distribution grow by
gravitational instability, they can become large enough to reverse the Hubble expansion and
collapse to form stable non-linear structures such as galaxies. (We will discuss this process
in Sect. 7.) A hydrogen atom (or a galaxy) gives us a standard of length. The FRW metric
(3.1) tells us how to relate these lengths to distances on the large scale.
When Hubble first discovered the expansion of the Universe, he estimated H0 ≈ 500 kms−1 Mpc−1 . This
caused a problem for GR models of cosmology because it implied that the Universe was younger than the age
of the Earth (≈ 4.5 billion years old), which even back in the 1920’s was reasonably well known. It turned
out (for very interesting reasons) that Hubble’s estimate of H0 was far too high.
11
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3.2.1

Angular diameter distance

Imagine that we have a standard rod of physical length
L at redshift z, as shown in Fig. 3.2. The rod will
subtend an angle, θ, which is in principle measureable
by an observer, O, here on Earth. We can now read
directly from the metric (3.3) that the angle θ must
satisfy

O

L = R(t)SK (χ)θ,
R0
SK (χ)θ,
=
(1 + z)

L

θ

DA(z)
Figure 3.2. A rod of length L at angu-

where R0 = R(t0 ) is the scale factor at the present day. lar diameter distance D subtending an
A
This equation allows us to define an angular diameter angle θ.
distance
R0
DA (z) =
SK (χ),
(3.16)
(1 + z)
in analogy with the Euclidean expression L = DA θ.
The light from a distant object follows a null path, ds = 0, so from the metric (3.3), the
coordinate distance χ satisfies
Z
χ=
t

t0

cdt
c
=
R(t)
H0

Z

R0

R(t)

dR0
.
E(z)(R0 )2

Converting this to an integral over redshift, and using the expression (3.5) for E(z), we get
Z z
c
dz 0
χ=
.
(3.17)
H0 R0 0 [Ωm (1 + z 0 )3 + ΩK (1 + z 0 )2 + ΩΛ ]1/2
Let us evaluate DA (z) for a simple cosmology. We will choose the EdS model in which
ΩK = ΩΛ = 0 and Ωm = 1. For this model:


2c
1
1
DA (z) =
1−
.
(3.18)
H0 (1 + z)
(1 + z)1/2
For z  1, DA ≈ cz/H0 , and so a standard rod will subtain a smaller and smaller angle the
further away it is (as we would expect intuitively). However, from (3.18) the angular diameter
distance in this model has a maximum at a redshift of zm = 5/4. Starting from z = 0, as
we move the rod to higher redshift its angular size will shrink until we reach redshift zm . At
higher redshifts, the angular size of the rod will increase with distance. In this model, a very
high redshift galaxy would appear as large (but very dim) object hovering over us!
3.2.2

Luminosity distance

Consider an object at redshift z that emits an isotropic pulse of light of duration δte containing
N photons. By the time the light reaches us on Earth, the metric (3.3) tells us that photons
are spread out over a sphere of surface area
2
4πR2 (t0 )SK
(χ),
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so the number of photons collected per unit area is
δN =

N
2 .
4πR02 SK

Each photon is redshifted, ν0 = νe /(1 + z) (as discussed in Sect. 2.4) and the time over which
the pulse is received is dilated, since
Z t0
Z t0 +δt0
dt
dt
=
,
R(t)
R(t)
te
te +δte
requires δt0 = δte (1 + z). The observed flux is therefore
F0 =

hν0 δN
hνe N
L
=
2 (χ)(1 + z)2 = 4πR2 S 2 (χ)(1 + z)2 ,
δt0
δte 4πR02 SK
0 K

where L is the proper luminosity of the source. This expression allows us to define a luminosity
distance, DL (z),
L
,
F0 =
4πDL (z)2
where
DL (z) = R0 SK (χ)(1 + z).

(3.19)

Comparing with Eq. (3.16) we see that
DL (z)
= (1 + z)2 .
DA (z)

(3.20)

Suppose a source at redshift z has a proper area A perpendicular to the line-of-sight.
The solid angle Ω of the source as seen on Earth is given by the metric (3.3)
2
A = R2 (te )SK
(χ)Ω =

2 (χ)Ω
R02 SK
.
(1 + z)2

So the observed surface brightness of a source of luminosity L at redshift z is
I0 =

F0
L
Is
=
=
,
4
Ω
4πA(1 + z)
(1 + z)4

(3.21)

where Is = L/(4πA) is the rest-frame surface brightness of the source. The observed brightness of a source is therefore a strong function of redshift. Notice that the relations (3.20) and
(3.21) do not involve the geometry (i.e. SK (χ)) and are not a curvature effect but simply
consequences of the relativistic version of Liouville’s theorem.
3.3

An example: Type Ia Supernovae and the discovery of dark energy

Some students find these discussions of cosmological distances quite tedious. If you feel like
this, you should persevere because distances are central to modern cosmology. I will try
to enthuse you by discussing one of the most surprising discoveries in modern science – the
discovery that our Universe is accelerating [16, 17].
Supernovae (SN) are powerful and luminous stellar explosions. They come in different
types classified according to their spectra:
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• Type I: No hydrogen lines
Type Ia : strong silicon features
Type Ib : no silicon but have He lines
Type Ic : no silicon and no He lines
• Type II: Strong hydrogen lines
The Type II SN are the core collapsed explosion of a massive star (> 8M ) with an
extended red supergiant envelope (which is why they show strong hydrogen absorption lines).
The supernovae of interest to us in this section are the Type Ia SN. These are believed to be
explosions of carbon-oxygen white dwarfs that are accreting matter from stellar companion.
The explosion occurs when the white dwarf has accreted enough matter to exceed the Chandrasekhar limit (1.44M for a non-rotating star) at which point the white dwarf collapses
leading to a SN explosion and the formation of a neutron star. From low redshift observations,
Type Ia SN are known to have very nearly the same intrinsic luminosity. In other words they
are accurate standard candles. Many astronomers realized that distant Type Ia supernovae
could be used to measure the luminosity distance DL (z) and so test cosmological models.
However, SN are rare events. For example, recent estimates give a volumetric
Type Ia SN rate of only (0.301 ± 0.062) ×
10−4 SN Mpc−3 yr−1 [19]. This means that
one has to survey large areas of the sky to faint
magnitudes to find a distant Type Ia. It required the development of large-format CCD
cameras before this became feasible. A discovery image is shown in Fig. 3.3. The chain of
observations is as follows: large fields of sky are
imaged frequently to search for differences in
the images of faint galaxies indicating a SN exFigure 3.3. Before and after images of three plosion. Once a candidate supernova is found,
distant galaxies showing the explosion of Type large telescopes are used to measure the specIa supernovae [18].
trum to confirm that it is actually a Type Ia.
The picture in Fig. 3.3 shows Hubble space telescope images before and after the explosions
of three distant supernovae. The supernovae light curves are then measured to determine
the peak brightness. In addition, it has been found that Type Ia SN follow a decline rateluminosity relation; the light curves of more luminous SN decline more slowly than fainter
SN, so by measuring the light curves one can derive a correction to the peak luminosity to
give a more accurate standard candle. In addition, the magnitudes of supernova at different
redshifts z have to be corrected to a standard passband (this is called the K-correction) and
corrected for extinction by dust in our own Galaxy and in the SN host galaxy. There are,
therefore, a number of complicated steps involved in applying this test which, in the interests
of brevity, I will not discuss in any detail in this section.
For each supernova, we end up with a peak magnitude mi and redshift zi . If the SN are
standard candles with a fixed absolute magnitude MB , the expected apparent magnitude is
mpred
= MB + 25 + 5log10 [DL (zi , Ωm , ΩΛ )],
i
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where DL (z, Ωm , ΩΛ ) (in Mpc) is the luminosity distance of Eq. (3.19). Recall that ΩK =
1 − Ωm − ΩΛ , so mpred
depends on three parameters: MB , Ωm , ΩΛ . The absolute value of
i
MB depends on the assumed value of the Hubble constant, H0 , and is not of any interest to
us in this section (though it will be of central importance in the next section).
Given a sample of N SN, we can form a likelihood (in simplified form):
N
Y

(
)
(mi − mpred
)2
1
i
exp −
,
L=
2
2 )1/2
2σ
(2πσ
i
i
i=1
where σi is the error on mi . Marginalising12 over MB , this likelihood gives constraints on Ωm
and ΩΛ .
Results from one of the discovery papers [17],
based on a sample of 42 high redshift SN (mostly
in the redshift range 0.4 − 0.8) are shown in Fig.
3.4. The results are quite degenerate in the Ωm −
ΩΛ plane, but the data were good enough to lead
to the astonishing result that ΩΛ was non-zero. In
fact, for spatially flat Universes13 the best fit value
of ΩΛ was found to be ΩΛ = 0.72 ± 0.10. In terms
of magnitudes, the measured magnitudes of the
high redshift SN are about 0.5 magnitudes fainter
than expected in an EdeS universe.
This result caused a paradigm shift in cosmology. Almost all cosmologists thought that the
gravity of matter would be causing the Universe
to decelerate at the present day. Instead, the Universe appears to be accelerating with R̈ > 0 at late
times. According to (2.14a), this requires a positive cosmological constant, or some form of dark
energy that behaves like a cosmological constant.
This observational result raises a number of
Figure 3.4. Constraints on Ωm and ΩΛ from
profound questions for cosmology. For example,
Type Ia SN (from [17]).
what is the nature of the dark energy – is it really
a cosmological constant? What fixes its value? These problems will be discussed in more
detail in Sect. 6 though, depressingly, twenty years after the first high redshift SN results, we
understand very little about dark energy.
In this section, we have described a simple test using standard candles. There are two
important geometrical tests based on a standard ruler. These are: (i) measuring the angular
location of the acoustic peak scale of the CMB; (ii) measuring the acoustic peak structure
in the spatial distribution of galaxies (baryon acoustic oscillations, or BAO). These effects
measure the angular diameter distance, DA , and in the case of BAO also constrain H(z).
These tests will be discussed in Sects. 9 and 11. As we will see in Sect. 11, the CMB
12
I hope that students will have had a basic understanding of statistics. If we have N parameters θ , the
X ) ∝ L(θθ|X
X )π(θθ), where L is
posterior probability distribution of parameters given a set of data X , is p(θθ|X
the likelihood and π(θθ) is the prior distribution of the parameters θ . Marginalising over a parameter, say θk ,
X ) over θk .
means that we integrate p(θθ|X
13
Which are strongly favoured by inflationary models, see Sect. 10 .
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and BAO measurements constrain the Universe to be very accurately spatially flat. The
most powerful constraints that we have on the equation of state of dark energy come from
combining CMB, BAO and Type Ia SN measurements.
3.4

The distance scale and measurement of H0

Ever since Hubble’s discovery of the expansion of the Universe, astronomers have been struggling to measure the value of the Hubble constant. For an observational astronomer, initiating
a programme to measure H0 is the equivalent of a mathematician deciding to solve Fermat’s
last theorem – it is a true ‘grand challenge’ problem and formidably difficult. The reason that
it is so difficult is because measuring absolute distances on cosmological scales is difficult. The
most reliable way of measuring distances is to use geometry. The GAIA satellite, launched
in December 2013, is measuring parallax angles of stars in our Galaxy with an accuracy of
π ∼ 10 µas. Even with this phenomenal accuracy, parallax distance measurements will be
limited to distances d ∼ π −1 ∼ 100 kpc, i.e. within our own Galaxy. To measure the Hubble constant, we need absolute distances to galaxies that are far enough away that they are
moving with the Hubble flow, i.e. peculiar velocities cause a negligible perturbation to the
> 0.1. How
Hubble flow. In practice this requires absolute distances to galaxies at redshifts z ∼
can this be done?
The traditional answer is to construct a distance ladder as shown in
Fig. 3.5. I will focus in this section on
the SH0ES14 programme [20] as a specific example of the distance ladder
approach. The SH0ES project uses
Cepheid variable stars to tie together
the different rungs of the distance indicator. Classical Cepheids are massive stars (with masses in the range
4 − 20 M ) that lie in the instability strip of the Hertzbrung-Russell diagram. The Cepheids pulsate with
periods in the range 1 − 100 days
and are relatively bright (up to 105
times brighter than the Sun). The
periods of Cepheid stars tightly correlate with their luminosity15 making them very useful standard candles. (In fact, Hubble used Cepheids
as a distance indicator in his discovery of the expansion of the Uni- Figure 3.5. The distance ladder approach used in the
verse.) The essential idea underlying SH0ES programme. The first block uses geometric disthe SH0ES project is to measure the tances to nearby Cepheid variables. The middle block uses
Cepheid period-luminosity relation in Hubble Space Telescope observations of Cepheids in galaxies that hosted a Type Ia SN. The final block calibrates the
very nearby systems (known as anabsolute magnitudes of more distant Type Ia SN. (From
chors that have a geometric distance [20].)
14
15

Supernova, H0 , for the Equation of State of Dark Energy.
A relation discovered in 1908 by Henrietta Leavitt, and sometimes referred to as the ‘Leavitt law’.
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measurement. In the next rung, the SH0ES team have taken near-IR images using the Hubble
Space Telescope (HST) of Cepheids in nearby galaxies that hosted a Type Ia SN. This provides an absolute calibration of the SN magnitude-redshift relation of more distant galaxies
which match smoothly onto the Hubble flow. Conceptually, the distance ladder technique is
straightforward, but as in many aspects of observational astronomy, the devil is in the detail,
in particular whether systematic errors are under control. I will not give a detailed account
here of all of the intricacies involved, but instead give a short summary of the key points.
(i) Distance anchors:
To begin, it is worth noting that observational astronomers often refer to the ‘distance
modulus’ of an object rather than the distance. The distance modulus, µ, is defined as
µ = m − M = 25 + 5 log10 DL ,

(3.23)

where m is the apparent magnitude, M is the absolute magnitude and DL is the distance in
Mpc. There have been some significant developments in recent years in determining geometric
distances to nearby objects. The principal distance anchors are the Large Magellanic Cloud
(LMC) and the maser galaxy NGC 4258. For the LMC, the analysis of 20 detached eclipsing
binaries16 [21] determine a distance modulus of
µLMC = 18.477 ± 0.026 mag,

(3.24)

(in good agreement, but with a much lower error than historical measurements of the distance
to the LMC).
The galaxy NGC 4258 is special
because it displays water vapor megamaser emission from clouds within
the accretion disc around the supermassive black hole at its centre. The
megamaser emission can be observed
with Very Long Baseline Interferometry (VLBI) to construct a kinematic
model of the warped accretion disc
leading to a geometrical distance. In
a recent analysis, [22] find
Figure 3.6. The Cepheid period luminosity relations for
µN4258 = 29.397 ± 0.033 mag. (3.25) the LMC (blue points) and NGC 4258 (red points). The
green line shows the best-fit linear relation (3.26) with a
In addition, there are parallax mea- slope of −3.3.

surements for a handful of Cepheids
in the Milky Way measured with Hipparcos and HST, which I will not discuss here. The
GAIA parallaxes for Milky Way Cepheids are not yet accurate enough to compete with the
distance estimates of (3.24) and (3.25) [23], though the situation should improve substantially
within the next few years.
Fig. 3.6 shows the Cepheid period-luminosity (PL) relation for the LMC and NGC 4258.
The line shows a power law fit
mW
(3.26)
H = a + b log10 P,
16

Briefly, the light curves of these systems give estimates of the radii and flux ratio of the stars. Comparison
with the fluxes predicted from stellar atmosphere models then give a geometric estimate of the distance.
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where P is the period. The magnitude mW
H is an extinction corrected near-IR magnitude
in the HST photometric system. The photometry and Cepheid periods come from [20] and
[24]. One can see that the LMC Cepheids define a very tight PL relation with a slope of
b = −3.32 ± 0.06 and internal scatter of only 0.083 mag. In contrast, PL relation for NGC
4258 is less well defined and the scatter is much larger at 0.35 mag.
Why is the scatter for NGC 4258
so much larger? The answer is that
the observations are very hard. Even
though NGC 4258 is nearby, at a distance of 7.6 Mpc (Eq. (3.25)), the
Cepheids are faint. Even with the resolution provided by the HST, the images of the Cepheids are blended with
those of nearby stars. This is illustrated in Fig. 3.7 which shows images
of two SH0ES galaxies together with
examples of how well the deblending
image analysis software works for individual Cepheids.
The latest results from the
SH0ES project [24], based on the
LMC, NGC 4258 and Milky Way parallax distance anchors, give
Figure 3.7. The upper panels show the fields of two
galaxies used in the SH0ES programme. The red dots
show the positions of the Cepheids and the boxes show the
(2.70 × 2.70 ) field of view of the Wide Field Camera 3 on
HST that was used to image the Cepheids. The lower panels show examples of Cepheid ‘scenes’ in the F160W band.
Each box shows a 100 × 100 region around the Cepheid and
the four figures show: (i) the raw scene; (ii) the model of
contaminating sources with the Cepheid removed, (iii) the
model of all sources, (iv) the model residuals.

H0 = 74.03 ± 1.43 kms−1 Mpc−1 ,
SH0ES.

(3.27)

This result is discrepant with the
value of H0 = 67.44±0.58 kms−1 Mpc−1
determined from the Planck observations of the CMB (see Sect 11) by
about 4.3σ. The CMB determination
depends on a theoretical model, and
so this discrepancy has generated a
huge amount of interest recently in
possible new physics that might resolve the Hubble tension. The distance ladder measurements are, however, difficult and so there is a pressing need for other independent checks of
the local value of H0 . The scope for such checks is limited because of the lack of standard
candles. Recently, [25] have applied a traditional distance ladder using the tip of the red giant
branch (TRGB)17 as a standard candle in place of Cepheids, finding
H0 = 69.8 ± 1.9 kms−1 Mpc−1 ,

TRGB,

(3.28)

i.e. in between the Planck and SH0ES values.
There has also been interest in non-traditional methods of measuring H0 . The most
mature of these approaches involves measuring the time delays of strongly lensed quasar
17

This technique uses the luminosity of the brightest red giant branch stars as a standard candle.
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images. It is beyond the scope of these lectures to describe the technique in detail, so I
will just quote the result based on the analysis of six gravitationally lensed quasars from the
H0LiCOW project,
H0 = 73.3 ± 1.8 kms−1 Mpc−1 ,

H0LiCOW,

(3.29)

closer to the SH0ES than the Planck value. Much less mature, but exciting given the novelty
and potential for the future, is the idea of using gravitational wave inspirals as standard
sirens. So far, this technique has been applied to one system [26], the binary neutron star
−1
−1
merger GW170817, with the result H0 = 70+12
−8 kms Mpc . This determination is in the
right ballpark, but is not yet precise enough to help resolve the Hubble tension.
The Hubble constant tension is an area of very active research at the moment, both
on the observational and theoretical sides. However, it is not yet clear whether the solution
involves new physics or whether there are unidentified systematics lurking somewhere in the
data.18
3.5
3.5.1

Horizons
The particle horizon

Imagine a uniformly distributed set of particles which emit photons isotropically at t = 0.
The photons received by us today lie on a surface which defines a particle horizon. We are
only in causal contact with particles that lie within the particle horizon.
Since photons propagate along
null rays, ds = 0, the coordinate distance χph travelled by the photons is
Z t
dt0
χph = c
,
0
0 R(t )
so the proper size of the particle horizon at time t is
Z t
dt0
dph (t) = cR(t)
.
(3.30)
0
0 R(t )
For an Einstein-de Sitter universe,
R(t) ∝ t2/3 , so

Figure 3.8. Temperature irregularities in the CMB observed by the COBE satellite. The blue (yellow) regions
show temperatures that are slightly cooler (hotter) than
and the mass contained within the the mean temperature. The typical amplitude of these
fluctuations is ∆T /T ∼ 10−5 .
particle horizon scales as

dph (t) = 3ct,

4
Mph (t) = πρm (t)dph (t)3 ∝ R−3 dph (t)3 ∝ t.
3
As we go back in time, less and less mass was in causal contact – in FRW models causality
becomes worse in the past. We see from (3.30) that if R(t) can be approximated as a powerlaw, R(t) ∝ t , then dph (t) = ct/(1 − ) and so is always of order ct, as we would expect
intuitively.
18

The Hubble constant tension challenges the ΛCDM paradigm which has become our standard model of
cosmology. It is worth mentioning the following quote from Francis Crick, co-discoverer of the structure of
DNA: ‘A theory should not attempt to explain all the facts, because some of the facts are wrong.’
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Why then is the Universe observed to be so nearly homogeneous and isotropic? The
CMB is observed to have (almost) the same temperature in opposite directions of the sky.
Yet according to the FRW models considered so far, these regions of the Universe were not
causally connected at early times. We could, perhaps, argue that there is some important
principle (or boundary condition) that we don’t yet understand that forces the Universe to
be strictly homogeneous and isotropic. Maybe, but even so there are puzzling aspects of our
Universe that challenge our notions of causality. Consider Fig. 3.8. This shows a picture of
temperature anisotropies in the CMB which were first discovered by NASA’s COBE satellite
[27]. In this picture, the dipole anisotropy caused by our motion through the CMB (see
Sect. 2.6.2) has been removed and emission from our own Galaxy (primarily synchrotron
and free-free emission at low Galactic latitudes) has also been subtracted. The picture shows
small temperature fluctuations that are clearly correlated over large regions of the sky. (The
eagle-eyed amongst you should be able to see the strong correlation between the COBE and
the Planck map of Fig. 3.1.)
Now we have already computed the age of the Universe at the time of last scattering
(3.15), and so from (3.30), the particle horizon at z∗ is 2ct(z∗ ) ≈ 200 kpc. The angular
diameter distance to z∗ can be computed from Eq. (3.16) and for Planck parameters we find
DA (z∗ ) ≈ 12.2 Mpc. This means that causally connected patches at z∗ subtend an angular
scale of about a degree. The problem is that we see correlated structure in Fig. 3.8 on much
greater angular scales. (In fact, the COBE satellite had a resolution of only about 7 degrees.)
If we are to come up with a theoretical mechanism designed to generate these fluctuations in
the early Universe, then it seems as though it must violate causality!
There is, however, a loophole in this argument. The lower limit in the integral (3.30)
is t = 0. The expectation that dph ∼ ct only applies if R(t) is power-law like all the way
to t = 0. If this is violated at early times, the particle horizon could actually be very much
greater than ct. In fact, it is possible that a region many orders of magnitude (perhaps
10100 ) larger than the present Hubble radius, ct, could once have been in causal contact. This
loophole is exploited in inflationary cosmology, which I will discuss in detail in Sect. 10.
At this point, I want to discuss nomenclature. You will see in many text books and
research papers, the distance ct referred to loosely as the ‘particle horizon’. I will (usually) use
more rigorous terminology in these lectures, so I will call ct the ‘Hubble radius’ to distinguish
it from the particle horizon, which may be much larger.
3.5.2

The event horizon

There may also exist events which we will never see. Suppose we send out signals at time t0 .
The region that can be influenced by time t2 lies within a sphere of proper radius
t2

Z
d(t0 ) = cR(t0 )

t0

dt0
.
R(t0 )

If this integral converges as t2 → ∞, then we have an event horizon at proper distance
Z
deh (t0 ) = cR(t0 )

∞

t0

dt0
.
R(t0 )

(3.31)

The results of Sect. 3.3 show that the energy density of the Universe at the present day
is dominated by dark energy. Let us, for the moment, assume that the dark energy is a
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cosmological constant. From Eq. 3.3, we can see that as t → ∞, the cosmological constant
term dominates the dynamics compared to matter and curvature, and so
! r
Λ
Ṙ
≈
,
R
3
with the solution
r
R(t) ∝ exp

!
Λ
t .
3

This is the de-Sitter solution discussed in Sect. 2.7. Evaluating (3.31) we get
r
c
3
,
deh (t) = c
=
Λ
H0

(3.32)

(3.33)

so in such a universe, every ‘observer’ is surrounded by an event horizon with a proper
size that is fixed by the value of Λ. In our Universe, the dark energy is just beginning to
dominate the energy density of matter. Eventually, exponential expansion will take over and
the billions of distant galaxies visible to us today will recede from us faster than the speed of
light. Eventually they will cross the event horizon never to be seen again. The Milky Way
will merge with Andromeda and with galaxies in the Virgo cluster to create a giant galaxy
in splendid isolation in an otherwise empty cavity. The stars will die, and the baryons will
decay, and nothing will be left within this cavity except for thermal radiation associated with
the event horizon!
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Thermal History

4

We have seen that the Universe is bathed in the microwave background radiation with a
present temperature of 2.73 K. Since the energy density of radiation scales as ργ ∝ 1/R4 ,
whereas the energy density of pressureless non-relativistic matter scales as ρm ∝ 1/R3 , the
energy density of radiation will come to dominate at redshifts z > zequ (cf. Eq. 2.53). Since
the temperature of radiation scales as T ∝ R−1 , we conclude that the early Universe was hot
and dense. The subject of this section is to figure out what happens in this interacting sea of
hot particles.
Figure 4.1 shows a sketch of key events in the history of the Universe. We will discuss
some of these in greater detail, but briefly the key events are as follows: When the temperature
of the Universe reaches T ∼ 1000 K, hydrogen becomes highly ionized. The matter and
radiation are strongly coupled via Thomson scattering and the Universe becomes opaque to
radiation. When we make a map of the cosmic microwave background radiation, we see the
radiation as it was at this time (sometimes referred to as the ‘last scattering surface’). At
early times, various interactions keep the matter in thermal equilibrium with the radiation.
At high enough temperatures, nuclear reactions lead to the formation of light elements. Most
of the helium observed in the present Universe was formed within 3 minutes of the big bang.
Other light elements are also formed, the most important of these is deuterium (since, as we
will see, the primordial deuterium abundance can be measured accurately from high resolution
quasar spectra). The abundance of light elements provide an important test of the thermal
history of our Universe and can be used to test new physics, for example, the existence of
< 10−32 s) there is evidence
new types of neutrino-like particles. At the very earliest times (t ∼
that the Universe went through an inflationary phase of superluminal expansion. This is
discussed in detail in Sect. 10. The particles of the hot big bang were created at the end of
this inflationary phase (if inflation actually happened).
The basic physics is well understood back to the epoch of primordial nucleosynthesis
corresponding to a temperature of ∼ 1010 K (E ∼ 1 MeV), but rapidly becomes more speculative as we extrapolate to earlier times. By the time we get to an inflationary phase (perhaps
T ∼ 1028 K, E ∼ 1015 GeV) we are dealing with physics that is well beyond the standard
model of particle physics, and is about 1012 times higher than the energy achievable at the
Large Hadron Collider. This is what makes cosmology so exciting. We will see that physics
at these ultra-high energies and ultra-early times can actually be tested observationally.
Before we get into exotic physics, there are some basic concepts that we need to cover.
What do we mean by thermal equilibrium? How do we describe departures from thermal
equilibrium? How do light elements form? It is essential that you understand these basic
concepts otherwise you will not be able to appreciate more complex problems such as the
nature of dark matter, origin of baryon asymmetry, and inflation.19
4.1

The distribution function

The distribution function f gives the number of particles in an element of phase space:
δN = f (xi , pi , t)δx1 δx2 δx3 δp1 δp2 δp3 .

(4.1)

It is therefore a function of the three spatial coordinates xi , particle momenta pi and time t.
19

As in most of these notes, I will set c = 1 and reinsert factors of c at the end of calculations to get results
with the correct dimensions.
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Figure 4.1. The major events in the history of the Universe.

The phase space volume element
δx1 δx2 δx3 δp1 δp2 δp3 ,

(4.2)

is an invariant under coordinate transformations. In the absence of collisions, particle numbers
are conserved and so from (4.1) the distribution function f is a constant along the path of a
particle. This is known as Liouville’s theorem.
The stress-energy tensor of a gas of particles with distribution functions f and rest mass
m is
Z
d4 p
µν
T =
2δ(g µν pµ pν − m2 )pµ pν f.
(4.3)
(−g)1/2
The distribution function and the argument of the delta function are scalars, the determinant
makes d4 p/(−g)1/2 a scalar, so the integral in (4.3) is a tensor. If we choose locally Minkowski
coordinates, the argument of the delta function is just p20 − p2 − m2 , and so (4.3) is
Z
pν
µν
T =
dp20 dp1 dp2 dp3 δ(p20 − p2 − m2 )pµ f,
p0
Z
=
dp1 dp2 dp3 pµ v ν f,
(4.4)
where v ν = ẋν = pν /p0 is the coordinate velocity (see Appendix 4.A). Note that Eq. (4.4)
applies to both massless and massive particles.
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If the distribution function is isotropic, we can write the components of the stress-energy
tensor as
Z
00
ρ = T = 4π Ef p2 dp,
(4.5a)
Z
1
4π
f 4
P = T ii =
p dp,
(4.5b)
3
3
E
where E = p0 .
In Sect. 2.6 we defined an equation of state parameter, w,
P = wρc2 .

(4.6)

For ultra-relativistic matter, E ≈ p, hence from (4.3) and (4.4) the equation of state is
necessarily of the form
1
P = ρc2 ,
(4.7)
3
√
and the effective sound speed is cs = c/ 3 (since c2s = dP/dρ). Ultra-relativistic matter
therefore has an equation of state parameter w = 1/3, just like photons. It is theoretically
possible to have a gas of particles with a ‘stiffer’ equation of state, i.e. w > 1/3, for example
by invoking strong interactions between the particles, but w must be less than or equal to
unity to ensure that the sound speed does not exceed the speed of light. In these lectures I
will assume w = 1/3 for highly relativistic matter.
For particles of species i in thermal equilibrium at temperature T , statistical mechanics
tells us that the distribution function is
ni (p)dp =

4π
gi p2 dp
h


i,
h3 exp E−µi ± 1

(4.8)

kT

where E 2 = p2 + m2 , gi is the number of spin states, and
+1 for fermions (Fermi − Dirac distribution),
−1 for bosons

(Bose − Einstein distribution).

The quantities µi are the chemical potentials and are fixed by conserved quantum numbers
(as we will discuss in detail below). When we say that particles are in thermal equilibrium at
a temperature T , we mean that their distribution function is of the form (4.8).
In this subsection, I will set the chemical potentials to zero, deferring a more detailed
discussion to the next subsection. Eq. (4.5a) then gives us the energy density in ultrarelativistic particles:
Z
4π
p3 dp
.
ρ = 3 gi 
(4.9)
p 
h
exp kT
±1
Using the relations
Z
0

∞

xν−1 dx
= Γ(ν)ζ(ν),
ex − 1

Z
0

∞

xν−1 dx
= (1 − 21−ν )Γ(ν)ζ(ν),
ex + 1
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where Γ and ζ are the gamma and zeta functions, Eq. (4.9) integrates to give20
g 
i
ρ = aT 4
,
(bosons),
2
g 
7
i
ρ = aT 4
,
(fermions),
8
2

(4.11a)
(4.11b)

where

π2 k4
,
15~3 c3
is the radiation constant. This generalises the calculation of the energy density of blackbody
radiation described in Sect. 2.6 to relativistic bosons and fermions in thermal equilibrium at
temperature T (provided the chemical potentials can be ignored).
We can define therefore an effective statistical weight for relativistic particles:
 4
X
X 7  Ti 4
Ti
geff (Tγ ) =
gi
+
,
(4.12)
gi
Tγ
8
Tγ
a=

bosons

fermions

and so depends on the entire particle content of the Universe. Equation (4.12) accounts
for the possibility that a particle species is described by the distributions (4.8) but with a
temperature that differs from the photon temperature Tγ . We will give a specific example of
how this can arise in Sect. 4.3, but if all of the particle species are in thermal equilibrium we
can set Ti = Tγ = T defining a unique temperature for the thermal bath.
If the particles are non-relativistic, their number density is


Z
4π
E
n ≈ 3 gi p2 exp −
dp,
h
kT
and writing
E = (p2 + m2 )1/2 ≈ m +

p2
,
2m

the number density is21
n≈

 m
4π
g
exp
−
i
h3
kT

=

π 3/2 gi
(2mkT )3/2
h3



p2
dp,
p2 exp −
2mkT
 m
exp −
.
kT

Z

(4.13)

The distribution function in the non-relativistic limit is the classical Boltzmann distribution,
and you can see from (4.13) that if mc2  kT , the number density of particles is exponentially
suppressed. The energy density of the non-relativistic gas is ρ = mc2 n and we can compute
the pressure from Eq. (4.5b)


 m Z
4π gi
p2
4
P ≈
exp −
p exp −
dp,
3h3 m
kT
2mkT
 m
π 3/2 gi
5/2
=
(2mkT
)
exp
−
.
(4.14)
2h3 m
kT
20
21

Noting that Γ(4)ζ(4) = π 4 /15, see also
q Eq. (2.43).
R∞
2
π
Note that 0 x2n e−px dx = (2n−1)!!
.
2(2p)n
p
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Figure 4.2. The evolution of the effective number of degrees of freedom in the Standard Model.

and comparing (4.13) and (4.14) we see that the equation of state of non-relativistic matter
is
P = nkT,
(4.15)
i.e. the equation of state of an ideal gas at temperature T .
As the Universe expands and the temperature decreases, the effective number of degrees
of freedom will decrease as massive particles become non-relativistic and their contribution
to the energy density is exponentially suppressed. Figure 4.2 shows how geff varies in the
Standard Model.
(i) T  1 MeV: The only relativistic particles in the Standard Model are photons (bosons
with 2 polarization states) and 3 neutrino species (fermions each with two degrees of freedom,
see the discussion in the box). In addition, at low energies the neutrinos are thermally
decoupled from the photons and their temperature differs from the photon temperature with
Tν = (4/11)1/3 Tγ (for reasons that will be discussed in more detail in Sect. 4.3). The effective
number of degrees of freedoms is therefore
geff

7
=2+ ×6×
8



4
11

4/3
= 3.36

(4.16)

< T < 100 MeV: Electrons and positrons (which have rest masses of 0.511 MeV)
(ii) 1 MeV ∼
∼
are relativistic and in thermal equilibrium with neutrinos via weak interactions. Electromagnetic interactions couple the electrons and positrons with the photons and hence all of these
components are in thermal equilibrium with a unique temperature T . The effective number
of states is
7
geff = 2 + × (6 + 4) = 10.75.
(4.17)
8
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More on Neutrinos:
In the Standard Model, neutrinos are massless
spin 1/2 particles.
Neutrinos and antineutrinos have opposite signs of
lepton number and opposite helicity.
For massless neutrinos, the helicity H = σ .pp/|pp| defines handedness and is −1 (left-handed) for neutrinos,
νL and +1 (right-handed) for antineutrinos ν R , as sketched in the Figure.
However, we now know that neutrinos have a
small rest mass. Particles with a finite mass
cannot exist in pure helicity eigenstates because
it is possible to transform into a Lorentz frame
which will turn a left-handed neutrino into a
right-handed neutrino. For massive neutrinos,
the concept of left- or right- handedness is encoded in their chirality. Massive neutrinos
can be either Majorana or Dirac particles. A right-handed neutrino νR could be the
same particle as the antiparticle ν R , in which case the neutrino is a Majorana particle.
If not, the neutrino is a Dirac particle and there are four distinct states νL , ν R , νR , ν L .
If neutrinos are Majorana particles, lepton number violating processes such as neutrinoless double beta decay are allowed. Right handed Dirac neutrinos may never have
been in thermal equilibrium. However, it is also possible that they behave as a sterile
neutrino, contributing to the energy density of the Universe but not participating in the
weak interaction.
> 300GeV: This is above the energy scale of electroweak unification. All of the particles
(iii) T ∼
in the Standard Model are relativistic and

geff ≈ 106.75.

(4.18)

The behaviour at higher temperature depends on the validity of the Standard Model. In
supersymmetry models, the number of degrees of freedom is about twice this value.
4.2

Chemical potentials

In the standard statistical mechanical derivation of the distributions (4.8), the chemical potential is introduced via a Lagrange multiplier imposing a constraint on the particle number.
If particle number is not conserved, then the chemical potential is zero. For example, the
number of photons is not conserved (or protected by conserved quantum numbers) since photons can be produced in annihilations such as e− + e+ ↔ γ + γ and processes such as double
Compton scattering, e− + γ ↔ e− + γ + γ. The chemical potential for photons is therefore
µγ = 0. Since particles and antiparticles can annihilate into photons, the chemical potentials
of particles and antiparticles must be equal and opposite.
If we have several species of particles in thermal (and chemical) equilibrium, then the
entropy must remain constant22
X ∂S
X µi
dS =
dNi = −
dNi = 0.
(4.19)
∂Ni
T
i

i

22

In the standard textbook derivation of the Fermi-Dirac and Bose-Einstein distributions, the entropy is
maximised subject to the constraints of fixed particle number and total internal energy. The P
constraints are
imposed
by
adding
the
Lagrange
multipliers
α
and
β
and
maximising
S/k
=
log
W
−
α(N
−
ni ) − β(U −
P
i ni ) with respect to the level occupation number ni , where W is the total number of microstates. The
identification β = 1/(kT ) defines the temperature T of the system and in our notation α = µ/(kT ). In (4.73),
the particle number of individual species is not conserved, but the sum over species is subject to constraints
reflecting conserved quantum numbers.
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If we have equilibrium reactions such as A + B ↔ C + D, the chemical potentials must satisfy
the conservation rule µA + µB = µC + µD . The chemical potentials therefore tell us about
conserved quantities that must be satisfied in interactions. To guarantee the conservation of
electric charge, baryon number and the three lepton numbers we need to fix five chemical
potentials µe− , µn , µνe , µνµ , µντ . All other chemical potentials can be expressed as linear
combinations of these five quantities.
To see the impact of non-zero chemical potentials, I will consider the limiting case of
ultra-relativistic and non-relativistic fermions, for example protons p and antiprotons p with
non-zero chemical potentials µp = −µp 23 . If µp  kT we can expand the distribution function
in powers of µp /(kT ). In the ultra-relativistic limit this gives
Z
p 
4π 2µp ∞ exp kT p2 dp
np − np ≈ 3 gi


2 ,
h
kT 0
exp p + 1
kT

=

2π 3
3h3

gi µp (kT )2 ,

(4.20)

and we see that a non-zero chemical potential enforces an asymmetry between the number
densities of particles and antiparticles.
In the non-relativistic limit, then we can see by inspection that Eq. (4.13) is modified
to




(m − µp )
(m + µp )
π 3/2 gi
π 3/2 gi
3/2
3/2
(2mkT )
exp −
, np =
(2mkT )
exp −
.
np =
h3
kT
h3
kT
(4.21)
A positive value of µp therefore leads to a suppression of the anti-proton abundance compared
to protons by a factor of e2µp /kT . If µp were zero, the Universe would be matter-antimatter
symmetric in violent disagreement with observations. There must, therefore, have been some
mechanism to generate a net baryon number and therefore a non-zero µp to enforce an asymmetry between matter and anti-matter. The origin of baryon asymmetry is not understood
(and is a major hole in our understanding of cosmology). Some ideas are mentioned briefly
in Sect. 4.9.
4.3

The neutrino temperature

Energy conservation in an FRW universe requires
d(ρR3 )
= −3P R2 .
dR

(4.22)

(see Eq. (2.15)). We can rewrite this equation
d((ρ + P )R3 ) = R3 dP,
and we can now compare this to the thermodynamic relation
T dS = dU + P dV,
T dS = d(ρR3 ) + P dR3 = d[(ρ + P )R3 ] − R3 dP = 0.
23

In terms of our five chemical potentials, µp = µn + µνe − µe− .
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Conservation of energy is therefore equivalent to conservation of entropy within a comoving volume element. If ρ(T ), P (T ), then it is straightforward to show that
dS =

R3
1
d[(ρ + P )R3 ] − 2 (ρ + P )dT,
T
T

(4.24)

hence the entropy in a volume R3 must be of the form
S=

R3
(ρ + P ) + constant.
T

(4.25)

I will now illustrate how this relation can be used to calculate the neutrino temperature at
the present day.
> 1010 K the relativistic species are
At T ∼
γ, e± , νe , ν e , νµ , ν µ , ντ , ν τ ,

(4.26)

and the neutrinos are in thermal equilibrium via the weak reactions
e+ + e− ←→ νi + ν i .

(4.27)

5
t−1
coll ∼ ne σw c ∝ T ,

(4.28)

The collision timescale is
where σw is the cross-section for weak interactions (which scale as T 2 ). The expansion
timescale varies as
Ṙ
t−1
∝ T 2,
(4.29)
exp ∼
R
(since R ∝ t1/2 and T ∝ R−1 in the radiation era). At early times tcoll  texp and the
neutrinos are in thermal equilibrium via weak interactions. One can see from the temperature
scalings in (4.28) and (4.29) that there will come a point at which tcoll = texp after which weak
interactions will become ineffective. Electrons and neutrinos will then decouple. Neutrino
decoupling occurs at a temperature of kT ∼ 3MeV, when electrons and positrons were highly
relativistic. The electrons and positrons then annihilate when the temperature drops to
kT ∼ 1MeV which boosts the radiation density and temperature.
Thus before e+ e− annihilation, the energy density is
7
ρ = aT 4 + aT 4 + ρν (T ),
4

(4.30)

ρ = aTγ4 + ρν (T ).

(4.31)

and after e+ e− annihilation

What we now require is to calculate the boost to the photon temperature after e+ e− annihilation. The entropy density (4.25) (setting P = ρ/3) for the particles in thermal equilibrium
must be constant before and after annihilations, i.e.
1
7
1
(aTν4 + aTν4 ) =
(aTγ4 ).
Tν
4
Tγ
Hence

Tν =

4
11

1/3
Tγ = 1.945 K.
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4.4

The collisionless Boltzmann equation

For homogeneous components, the distribution function is a function of E (E ≡ p0 ) and t,
f (E, t). The collisionless Boltzmann equation is then
∂f
dp0 ∂f
= 0.
+
∂t
dt ∂p0

(4.33)

From the equations of motion of a freely falling particle,
dp0
Ṙ p2
,
=−
dt
R p0
(see Appendix 4.A) and so we can write (4.33) as
∂f
Ṙ p2 ∂f
= 0.
−
∂t
R p0 ∂p0

(4.34)

Now integrate (4.34) over p2 dp
Z
4π

∂f 2
Ṙ
p dp − 4π
∂t
R

Z

p4 ∂f
dp = 0,
p0 ∂p0

(4.35)

i.e.
Ṙ
∂n
− 4π
∂t
R

Z

p3 dp

∂f
= 0,
∂p

p0 dp0 = pdp.

Integrating the second term by parts
Z
Z
 3 ∞
3 df
p
dp = p f 0 − 3 p2 f dp,
dp
we finally get,
dn
Ṙ
+ 3 n = 0.
(4.36)
dt
R
This equation tells us that in the absence of collisions, the comoving number density of
particles is preserved (n ∝ R−3 ). This result is, of course self-evident. However, the solutions
of the Boltzmann equation are more interesting if we include collisions (as discussed in the
next subsection), and even more interesting if we include perturbations (see Sect. 9).
4.5

The collisional Boltzmann equation and abundances of relic particles

Consider, for example, particle-antiparticle annihilations
X + X ←→ Y + Y .

(4.37)

To simplify the problem, assume that Y and Y are in thermal equilibrium, that CP invariance
holds and that there are no constraints from conserved quantum numbers. Then nX = nX
and if we include collisions, the rate equation (4.36) is modified to
dnX
Ṙ
+ 3 nX = hσvi(n2Xequ − n2X ),
dt
R
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where
hσvinX nX

1
≈ 6
h

Z

σ(p, p)vf f d3 pd3 p,

(4.39)

v is the relative velocity between the particles and nXequ is the local thermodynamic equilibrium abundance of X and X at temperature T . Equation (4.38) is deceptively simple, but
the derivation is quite subtle and is presented in Appendix 4.C.
It is easy to see what the solutions of (4.38) look like without the need for detailed
mathematics. The relevant timescales are the collision timescale, tcoll , and the expansion
timescale, texp :
Ṙ
t−1
t−1
.
exp ∼
coll ∼ nX hσvi,
R
• If tcoll  texp , then the rate equation is very
stiff24 and the solution is
nX = nXequ (T ).

(4.40)

This simily tells us that if the collision rate is
high, the particles are in thermal equilibrium.
• If tcoll  texp , the source term can be
neglected and the particle number density
obeys the collisionless equation (4.36). In this
regime, the comoving particle number density
is constant, so
nX ∝ R−3 .

(4.41)
Figure 4.3. Solutions of the collisional Boltz-

The relic abundance of the X particles mann equation using temperature as the time
variable. In this example, the particles are nonis therefore
R3 (tf )
nX (t) ≈ nXequ (tf ) 3
,
R (t)

relativistic at freeze-out and so the relic abundance
is exponentially suppressed as described by Eq.
(4.42)
(4.44). The degree of suppression depends on the
strength of the interactions fixed by hσvi.

where tf is the ‘freeze-out’ time defined by

tf = tcoll = texp .

(4.43)

If the particles X are massive at tf , then from Eq. (4.43) density
nX

R3 (tf )
≈ gi 3
R (t)



mkTf
2π~2

3/2


exp

−mc2
kTf


,

(4.44)

and the residual number density is suppressed by a Boltzmann factor. The general behaviour
of this solution is illustrated in Fig. 4.3. We will apply this formula in the next section to
calculate the helium abundance.
24

A differential equation such as (4.38) is said to be stiff if the derivative dnX /dt is very sensitive to small
changes in the source term. Eq. (4.38) is very stiff if tcoll  texp . The derivative R−3 d(R3 nX )/dt can only
be small if the source term is very nearly zero. Thus the solution in the stiff regime is nX = nXequ . We will
meet other examples of stiff differential equations in Sect. 9.
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4.6

Primordial nucleosynthesis

The theory of stellar nucleosynthesis is one of the great achievements of astrophysics. The
element helium is the second most abundant element in nature after hydrogen comprising
about 25% of the mass in baryons. Such a high abundance of helium cannot be explained by
stellar nucleosynthesis and so some other fusion reactor is needed. The idea that helium and
other light elements were formed in the early Universe was originally explored by Gammow
and collaborators [28, 29] and worked out in detail by Peebles [30] and Wagoner, Fowler and
Hoyle [31].
The principle nuclear reactions involved in the production of light elements are listed in
Fig. 4.4. To compute the final abundances of heavy elements, we need to numerically solve
a reaction network involving the rates for all of the two-body reactions shown in the figure.
The result of a numerical computation of Big Bang nucleosynthesis (BBN) is shown in the
lower plot in Fig. 4.4. The numerical solution has three key stages:
• Stage 1: T  1 MeV
The weak interactions
n + νe ←→ p + e− ,

e+ + n ←→ p + ν e ,

n ←→ p + e− + ν e ,

and electromagnetic interactions
e− + e+ ←→ γ + γ,
maintain all components in thermal equilibrium. At MeV scales, neutrons and protons are
highly non-relativistic and so the neutron-proton ratio in thermodynamic equilibrium is given
by the Boltzmann distributions (4.21)
n
=
p



mn
mp

3/2


exp

(µn − µp )
kT





Q
exp −
,
kT

(4.45a)

where
Q = (mn − mp )c2 = 1.29 MeV,

mn = 939.6 MeV,

(4.45b)

mp = 938.3 MeV.

The chemical potentials appearing in (4.45a) satisfy µn + µνe = µp + µe− in chemical equilibrium, expressing conservation of baryon number, charge and electron lepton number. These
chemical potentials are often ignored in textbooks, but it is important to understand exactly
what it means if they are ignored. The factor µn − µp in (4.45a) is equal to µe− − µνe . It
seems a reasonable assumption to assume that µe− /(kT )  1, to ensure charge neutrality.
However, there is no compelling reason to set µνe equal to zero and really we should treat
it as a free parameter. The observations, however, are compatible with µνe = 0 and we will
adopt this assumption in the rest of this section.
• Stage 2: T ≈ 0.8 MeV, freeze-out:
The neutron-proton ratio satisfies (4.45a) until weak interactions become ineffective.
Following the discussion of Sect. 4.5 this occurs when the collision timescale tcoll becomes
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Figure 4.4. The upper figure lists the sequence of two body reactions involved in the production of
deuterium, tritium and helium. The lower figure shows a numerical solution of the reaction network.

longer than the Hubble timescale. Adopting the weak interacting cross-section
−47

σw = 10



kT
1MeV

2

m2

np σw c ≈ H when kTf ≈ 0.8MeV and the age of the Universe is about one second.
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The neutron-proton ratio will therefore freeze out at value


 
1
n
1.29
≈ .
= exp −
p f
0.8
5

(4.46)

This behaviour can be see in the numerical solution shown in Fig. 4.4, where you can see
a stable excess of protons over neutrons from 10 s to about 130 s. It is one of the amazing
coincidences of nature that the freeze-out energy scale for weak interactions is about the same
as the mass difference between protons and neutrons.
Free neutrons decay with a lifetime of about 880.3s, so some neutrons will be lost via
free decays. Almost all of the neutrons left over by the time the Universe was around 300s
old end up bound into helium. The neutron to proton ratio available for helium formation is
therefore about (n/p) = (n/p)f exp(−300/880) ≈ 0.14. This gives us the helium abundance
by mass
4mp nHe
2(n/p)
YHe =
=
≈ 0.25.
(4.47)
mp nH + 4mp nHe
1 + n/p
• Stage 3: T ≈ 0.7 − 0.05 MeV:

Fusion begins, but one can see from
Fig. 4.4 that deuterium needs to be produced before heavier elements such as tritium and 4 He are formed. Deuterium
has a low binding energy of 2.2 MeV and
is easily dissociated by the blackbody radiation. Because the number of photons
is very much larger than the number of
baryons (nγ /nb = 1/η ∼ 1.6 × 109 , see
Eq (2.51)) one has to wait until the temperature has dropped to about 0.08 MeV
before deuterium is produced25 . This is
known as the deuterium bottleneck. BBN
stops at 7 Li because no stable nuclei of
Figure 4.5. Theoretical calculations of BBN (from
mass number 5 or 8 exists and so no new [32]) plotted as a function of η ≡ n /n and Ω h2 .
b
γ
b
nuclei can be formed in collisions of two The widths of the curves show theoretical uncerHe nuclei or a proton with a He nucleus. tainties arising from uncertainties in nuclear reaction
(Collisions between three nuclei are far too rates. The helium abundance is expressed as the
abundance by mass (as in Eq. 4.47). The abundances
rare to be important.)
3
7
Fig. 4.5 shows a BBN computation of deuterium, He and Li relative to hydrogen are
from [32]. The key features are as follows: by number.
• Almost all of the neutrons end up in 4 He and so the dependence of YHe on η is relatively
weak. For larger η, the balance between deuterium formation and photo-dissociation shifts to
higher temperatures (reducing the length of the deuterium bottleneck). The earlier deuterium
can form, the fewer neutrons have decayed and so YHe is slightly larger.
• Similarly, for higher η, deuterium is converted more efficiently into 4 He. This leads to
quite a steep dependence of (D/H) with η. The dependence of 3 He on η is shallower because
it has a higher binding energy (7.72 MeV) than deuterium.
25

As discussed in Sect. 4.8, the high photon-baryon ratio delays recombination.
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• The abundance of 7 Li has a minimum because there are two ways in which it can be
formed, via T + 4 He → 7 Li + γ and 7 Be + n → 7 Li + p. The first of these is favoured at
low values of η and the second at high values.
4.7

Comparison of BBN with experiment and implications

The theory of BBN makes very definite predictions for the abundances of light elements as
a function of Ωb h2 (with the assumption µνe = 0). In addition, we will see in Sect. 11 that
observations of the CMB give a very precise measurement of Ωb h2 . The standard theory of
BBN therefore makes a unique set of predictions for the abundances of light elements, limited
only by uncertainties in nuclear reaction rates. The question then arises as to whether we
can measure these abundances observationally.
This is not straightforward. Once stars form, they produce elements via stellar nucleosynthesis. Some fraction of these elements are returned to the interstellar medium and
into successive generations of stars of progressively higher metallicity26 . To ensure that astronomers are measuring primordial abundances, they have to identify extremely low metallicity systems. We will concentrate on abundance measurements of 4 He and deuterium,
though we will discuss 7 Li briefly at the end of this subsection.
4.7.1

Primordial abundance of

4 He

4 He is measured
The abundance of
from the emission line spectra of HII regions, which are volumes of the interstellar
medium that are ionized by the ultraviolet light from massive stars. In the local
Universe, there is a well established relationship between the mass of a galaxy and
its metallicity (for reasons that will be discussed in Sect. 14) and so measurements
of the primordial value of YHe have concentrated on measuring the helium abundance from the emission lines of HII regions in low mass dwarf galaxies.
Figure 4.6. The abundance of 4 He by mass in low
Results from a recent study [33] are metallicity dwarf galaxies plotted as a function of the
shown in Fig. 4.6. These authors find a oxygen abundance. The line shows a regression of Y
weak dependence of YHe on the metallicity against (O/H) with a slope of dY /d(O/H) of 79 ± 43.
of the parent dwarf galaxy (see the linear (From [33]).
fit in the figure). Extrapolating to zero metallicity, they deduce a primordial abundance of

YHe = 0.245 ± 0.004.

(4.48)

This value is in excellent agreement with the BBN prediction of YHe = 0.2470 ± 0.0002 based
on the Planck determination of Ωb h2 .
There are, however, a number of systematic effects that have plagued helium abundance determinations. One obvious issue is whether it is valid to extrapolate the measured
abundances to zero metallicity assuming a linear relation, but there are other effects such as
interstellar redenning, stellar absorption, optical depth and collisional corrections that can
26

Astronomers refer to all elements with atomic number of 6 (carbon) and greater as metals.
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affect the measurements. As a result, one can find different values in the literature; for example [34] find YHe = 0.2551 ± 0.0022, higher by 2.2σ from the value of (4.48) and with an
error that, in all likelihood, is an underestimate of the true error.
4.7.2

Primordial deuterium abundance

The most accurate observation test of BBN comes from measurements of deuterium, even
though it is much less abundant than helium. Unlike helium, deuterium is burnt in the late
stages of stellar evolution and so the deuterium abundant anti-correlates with metallicity.
The deuterium abundance measured in the interstellar medium of the Milky Way therefore
provides an upper limit on Ωb h2 .
D
H
To get closer to primordial abundances, observers have concentrated on
low metallicity absorption systems seen in
quasar spectra (so called Lyman limit and
damped Lyman α systems, see Sect. 13).
These absorption systems are gas clouds
300
400
-200 -100
0
100 200
at high redshifts with metallicities that
velocity rela2ve to zabs= 3.049840 (km s-1)
< 10−2 Z . Each hydrogen absorption
are ∼
Figure 4.7. Portion of an absorption line spectrum line has a component associated with deuof the quasar J1419+0829 (from [35]). The D1 com- terium, but blueshifted by 82 kms−1 as a
ponent is clearly resolved and displaced by −82 kms−1
result of the slightly higher energy levels
from the n = 1 to n = 7 level of HI. The tick marks
show the positions of the velocity components used to of deuterium compared to hydrogen. By
model the spectrum: green ticks for DI and red ticks carefully choosing ‘clean’ low metallicity
absorption systems, where the deuterium
for HI.
lines can be clearly separated from hydrogen lines, Max Pettini, Ryan Cooke and collaborators have made high precision measurements
of the deuterium abundance. Fig. 4.7 shows an example of the separation of DI ad HI absorption in one of their spectra.
Deuterium abundances measurements for seven systems [36]
are shown in Fig. 4.8. There
is no obvious trend of the deuterium abundance with metallicity, supporting the idea that these
are measurements of the primordial abundance. Averaging over
the seven systems, [36] conclude
(D/H) = (2.527 ± 0.030) × 10−5 .
Figure 4.8. Seven high precision measurements of (D/H)
(4.49)
from quasar absorption line spectroscopy (from [36]). The
The expectation of standard BBN dashed lines show the 1 and 2σ error ranges on the mean value.
using the Planck value of Ωb h2 is The grey bands show the 1 and 2σ error ranges determined
illustrated by the grey bands in from Planck and standard BBN (but see text).
Fig. 4.8. This Planck +BBN predictions lie systematically low by about 2σ. However, a
more detailed analysis presented in [37] shows that the theoretical predictions are quite sensitive to uncertainties in nuclear reaction rates, particularly for the radiative capture process
d(p, γ) 3 He which is poorly known (and for which there are discrepant values in the liter-
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ature). The errors in the measurements of the deuterium abundance have now become so
small that uncertainties in the nuclear physics dominate the error budget.
4.7.3

Primordial lithium abundance

The evolution of the lithium abundance in galaxies is complex. 7 Li
is produced and destroyed during
stellar evolution and it can be produced via the interaction of high
energy cosmic rays with atoms
in the interstellar medium. Astronomers have traditianally measured the lithium abundance of
the oldest stars in our Galaxy27
with the hope of finding a plateau,
perhaps indicative of a primordial
value. In fact, such a floor exists
over the metallicity range −3 <
< − 1.5 (and is called
[F e/H] ∼
the Spite plateau) but measureFigure 4.9. Summary of observational constraints on light
ments of the lithium abundance element abundances (shaded boxes) compared to the predicin stars with even lower metallic- tions of standard BBN. The Planck 1σ range on Ωb h2 is shown
ities fall below the plateau value. by the vertical dashed lines.
At present, observed abundances
of 7 Li/H lie in the range (1 − 4) × 10−10 [38, 39], where the higher values are based on
corrections for how much lithium is transported deep into stars by diffusion. These values lie
below the predictions of standard BBN for values of Ωb h2 that fit the deuterium abundance
(see Fig. 4.9). The problem with the lithium abundance and BBN predictions has plagued
the field for many years. It is very likely an astrophysical problem, requiring an improved
understanding of stellar interiors, but it could also be an indication of new physics [40].
4.7.4

Number of relativistic species

The neutrino sector is poorly understood. From oscillation experiments (see Sect. 5.4), we
now know that neutrinos have finite rest mass, though we do not yet know the absolute values
of the neutrino masses. It is also possible that there are other neutrino-like particles, sterile
neutrinos, that do not interact with matter in the same way as the three known neutrinos.
Cosmology can provide important tests of the neutrino sector. The three known neutrino
flavours contribute Neff = 3.046 to the total energy density of relavistic matter, where Neff is
defined in terms of the photon energy density at Tγ  1MeV,
7
ρ = Neff
8



4
11

4/3
ργ .

(4.50)

With this definition, Neff differs slightly from 3 because neutrinos are not completely decoupled at electron-positron annihilation.
27

The abundance of
6707.76 and 6707.91Å.

7

Li can be determined from a pair of weak absorption lines of LiI at wavelengths of
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Additional neutrino like particles would boost the relativistic energy density at the time
of nucleosynthesis, reducing the expansion timescale and increasing the freeze-out temperature
Tf . From Eq. (4.45a) increasing Tf increases the neutron-proton ratio, which in turn leads
to an increase in the helium and deuterium abundances. A fit to numerical results gives,
YHe = 0.2311 + 0.9502ωb − 11.27ωb2


+∆Neff 0.01356 + 0.008581ωb − 0.1810ωb2


2
+∆Neff
−0.0009795 − 0.001370ωb + 0.01746ωb2 ;
D
105
= 18.754 − 1534.4ωb + 48656ωb2 − 552670ωb3
H


+∆Neff 2.4914 − 208.11ωb + 6760.9ωb2 − 78007ωb3


2
+∆Neff
0.012907 − 1.3653ωb + 37.388ωb2 − 267.78ωb3 ,

(4.51a)

(4.51b)

where ωb ≡ Ωb h2 and ∆Neff = Neff − 3.046.
The deuterium abundance measurements described in Sect. 4.7.2 have
now become so precise that BBN leads
to interesting constraints on Neff . This
is illustrated in Fig. 4.10 from [36]. By
combining the deuterium abundance
measurements with the Planck observations of the CMB, [36] conclude
Neff = 3.41 ± 0.45.

(4.52)

A more recent analysis by the Planck
team, including Planck polarization,
helium abundance measurements and Figure 4.10. The blue bands show constraints in the
constraints from baryon acoustic oscil- Neff − Ωb h2 plane assuming BBN and the deuterium
abundance measurements discussed in Sect. 4.7.2. The
lation surveys, gives
Neff = 3.06 ± 0.22.

Planck CMB observations also set constraints on Neff
2
(4.53) and Ωb h as shown by the grey contours. The joint constraints are shown by the red contours. (From [36]).

This is consistent with the Standard
Model value of 3.046 and disfavours any significant contribution to the energy density of
the early Universe from relativistic neutrino-like particles.
4.8

Recombination

We have already mentioned that the Universe ‘recombined’ at a redshift of z ∼ 1000. In this
subsection, we will discuss recombination in a little more detail. As the Universe expands
and cools, it becomes thermodynamically favourable for ions (protons and He2+ nuclei) and
electrons to combine and form neutral atoms. For simplicity, we will consider only hydrogen,
H, which has an ionization potential of 13.6 eV.
Prior to recombination, the reaction
H + γ ←→ p + e− ,
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is in statistical equilibrium. Since recombination occurs at energies of ∼ eV, well below the
proton and electron rest masses, we can use the non-relativistic Maxwell-Boltzmann formula
of Eq. (4.44) to compute the number densities of each particle

nx = gx

3/2

mx kT
2π~2

(µx − mx c2 )
kT


exp


,

where µx is the chemical potential for particle
P x. As discussed in Sect. 4.2 in chemical
equilibrium, the specific Gibbs function G = nx µx , must satisfy δG = 0 as the abundances
change. Since δnp = δne− = −δnH , the chemical potentials satisfy
µe− + µp − µH = 0.
Thus, in statistical equilibrium
nH
gH
=
np ne
gp ge



mH
mp me

3/2 

kT
2π~2

−3/2


exp

(mp + me − mH )c2
kT


.

(4.55)

The electrons and protons have g = 2 spin states, but the hydrogen atom has four spin states
in the ground energy levels of the hyperfine structure (see Fig. 13.2 in Sect. 13). Writing
(4.55) is terms of the ionization potential of hydrogen, Q = (mp + me − mH )c2 and defining
the ionization fraction x as
np
x=
,
(4.56)
np + nH
we find
1−x
= np
x



me kT
2π~2

−3/2


exp

Q
kT


.

(4.57)

In terms of the baryon-to-photon ratio η,
η = nb /nγ = 2.75 × 10−8 (Ωb h2 ),

(4.58)

and using the expression for nγ (see Eq. (4.31) below), we can rewrite (4.57) as
1−x
= 3.84η
x2



kT
me c2

3/2


exp

Q
kT


.

(4.59)

We might have expected recombination to start when kT ∼ Q, but notice that η and
kT /me c2 are both very small numbers. This means that the temperature needs to drop well
below Q/k for the exponential term to dominate over these small numbers. We can easily
solve (4.59) numerically. Adopting Ωb h2 = 0.022, we find x = 0.5 when T = 3760 K, and
thus recombination is well underway by a redshift
zrec ∼ 1380.

(4.60)

Notice that at this redshift, Q/kT ∼ 42 and so the temperature has dropped well below the
binding energy of hydrogen.
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ioniza/on frac/on x

The model of recombination
described by Eq. (4.59) is called the
Saha model. It gives a rough approximation to the process of recombination but fails dramatically once
recombination is underway. The
two level H atom
reason for this failure is because the
equilibrium conditions under which
Saha equa/on
the Saha equation is derived do
not apply in practice. In reality,
when an electron is captured directly to the ground state of hydrogen, it emits a photon which has a
high probability of ionizing another
atom. If the electron is captured
to an excited state, the subsequent Figure 4.11. Comparison of recombination history prerapid decay to the ground state pro- dicted by the Saha formula Eq. (4.59) with the more accuduces a resonant Lyman series pho- rate two level model of the hydrogen atom.
ton which is promptly captured by
a hydrogen atom putting it into an excited state which is easily ionized again. A much better
approximation to recombination can be developed using a two-level model of hydrogen. In
this model, most of the recombinations occur by two photon decay from the metastable 2s
level to the ground state [41]. The result is that recombination occurs much more slowly than
given by the Saha formula, as shown in Fig. 4.11. In fact, for the analysis of modern CMB
experiments such as Planck, the two-level model is not accurate enough and has required the
development of multi-level models of recombination.
4.9

Generating a baryon asymmetry**

Antimatter is extremely rare in our experience.
B1
r
In fact we need to build large particle accelerX
ators to create antimatter in any appreciable
quantities. For some reason, that is currently
not fully understood, our Universe is asymmet1-r
ric between matter and antimatter. The baryon
B2
to photon ratio η (Eq. 2.51) is very small but
-B1
not exactly zero, so there must have been a small
r
X
excess of quarks over antiquarks in the early
Universe and a small excess of electrons over
positrons to ensure charge neutrality.
It would be a triumph for theoretical cos1-r
-B2
mology to come up with a natural mechanism to
explain the creation of a net baryon (or lepton)
number starting from a baryon (or lepton) sym- Figure 4.12. Decay of X and X gauge partimetric universe28 . Unfortunately, no compelling cles.
mechanism has yet been found. I will therefore
28

Although I will focus on baryon number in this section, the same general ideas apply to generating lepton
number. Some GUT theories have a global U(1) symmetry which preserves B − L.
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use a schematic model designed to illustrate general principles. The model is motivated by
grand unified theories (GUTs) in which we imagine that there is a GUT scale gauge boson X
that can decay into modes with baryon numbers B1 and B2 with branching ratios r and 1 − r.
The antiparticle X decays into modes with baryon numbers −B1 and −B2 with branching
ratios r and 1 − r, as depicted in Fig. 4.12. This picture is motivated by GUT theories such
as SU(5) in which an X boson can decay into either a qq or a ql pair with B1 = 2/3 and
B2 = −1/3. The conditions required to generate a baryon asymmetry were first outlined by
Sakharov [42] and have become known as the Sakharov criteria. The three requirements are
as follows:
• A physical process that violates baryon number conservation;
• A physical process that violates invariance under C and CP;
• A departure from thermal equilibrium.

Now let us see how these criteria apply to our idealized model. First, CPT invariance
requires that the decay rates of X and X are equal. The decay of a single X particle generates
a baryon number rB1 + (r − 1)B2 and if B1 6= B2 this clearly violates baryon number
conservation (though the decays can respect conservation of B − L if this is a symmetry of
the theory). The decay of an XX pair generates a baryon number
∆B = (r − r)(B1 − B2 ).

(4.61)

Even if B1 6= B2 , we require r 6= r to generate a net baryon number. The requirement that
r 6= r requires violation of C and CP invariance. C conjugation replaces particles with their
antiparticles, and must be violated if the decay rate of X → qq is to differ from X → qq.
However, violation of C invariance is not enough. This is quite a subtle point and is discussed
in more detail by Kolb and Turner [43], but I will give you the following argument which is
not strictly correct: divide the branching ratio into decay to a left-handed state X → (qq)L
and to a right-handed state X → (qq)R . If CP is conserved then the rates for these decays
satisfy
Γ(X → (qq)L ) + Γ(X → (qq)R ) = Γ(X → (qq)R ) + Γ(X → (qq)L ),
(4.62)
and so r = r.
By CPT invariance, particles and antiparticles have equal mass. If baryon number is
not conserved, the chemical potentials for X and X must be zero and in thermal equilibrium
they are described by the same distribution function. If, however, the particles go out of
thermal equilibrium (as described in Sect. 4.5 and freeze out at a density n∗X = n∗X . Decays
then lead to a net baryon to photon ratio of
η∼

n∗X
(r − r)(B1 − B2 ).
nγ

(4.63)

In this model, a baryon asymmetry is generated from out of equilibrium decays of GUT
gauge bosons. Although it is possible to find parameters that can generate the observed
value η ∼ 10−10 (Eq. 2.51) the model cannot be realized in inflationary models, in which
the reheating temperature must be less than the GUT scale of ∼ 1016 GeV (see Sect. 10). A
number of other models of baryogenesis and leptogenesis have been proposed, for example,
the Affleck-Dine mechanism motivated by supersymmetric theories [44]. These are beyond
the scope of these lecture notes, but interested readers can consult the review by Cline [45].
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4.A

Motion of a free particle in a gravitational field**

We can derive the equations of motion of a free particle moving in a gravitational field from
the Lagrangian:


Z
Z
dxµ dxν 1/2
dt.
(4.64)
L = m(gµν ẋµ ẋν )1/2 , δ mds = δ m gµν
dt dt
You should have covered this material in the GR course, but since we will use these results
in several later sections it is useful to summarize the key formulae in this appendix.
The equations of motion of a free particle are
dpα
1
= gµν,α pµ ẋν ,
dt
2

(4.65)

(valid for any gravitational field). The conjugate momenta are
pα =

dxα
mgαν ẋν
=m
.
1/2
µ
ν
dτ
(gµν ẋ ẋ )

(4.66)

Note that ẋν = (1, ẋi ), and so we can write the coordinate velocity as
ẋα =

pα
.
p0

(4.67)

In addition
g µν pµ pν = m2 .

(4.68)

For a freely falling particle in an FRW universe
dpi
= 0,
dt
dp0
1
= gjk,0 pj ẋk = −RṘpj ẋj ,
dt
2
pj pj
.
= −RṘ
p0
Hence we can write

dp0
Ṙ p2
=−
,
dt
R p0

(4.69)

where

pi pi
.
R2
From the normalization condition g µν pµ pν = m2 ,
p2 =

p20 −

pi pi
= p20 − p2 = m2 .
R2

(4.70)

(4.71)

Hence:
p0

dp0
dp
Ṙ
=p
= − p2 .
dt
dt
R

(4.72)

So p ∝ R−1 , consistent with (4.70).
So, the equations of motion simply tell us that the (proper) momentum of a particle
decays adiabatically as the Universe expands, independent of the mass of the particle.
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4.B

Derivation of Eq. (4.24)

I will first ignore chemical potentials. The distribution function in thermal equilibrium is
f=

1
exp

E
kT



,
±1

(4.73)

Now note that
 
df
E
1
E
,
= 
exp

2
2
E
dT
kT
kT
exp kT ± 1
 
df
1
1
E
.
= −
exp


2
dE
kT
exp E ± 1 kT

(4.74a)
(4.74b)

kT

Hence

df
E df
=−
.
dT
T dE

(4.75)

Remeber that

Z 4
4π
p
Ep f dp, P = 3 gi
f dp,
3h
E
so
Z 4
Z 4
4π
p df
4π
p df
dP
= 3 gi
dp = − 3 gi
dp.
dT
3h
E dT
3h
T dE
Note that EdE = pdp, so we can write (4.76) as
Z
dP
4π
df
T
= − 3 gi Ep3 dp.
dT
3h
dp
4π
ρ = 3 gi
h

Z

2

(4.76)

(4.77)

and integrating by parts
T

Z
Z
dP
4π
4π
dE
2
=
g
3
Ep
f
dp
+
g
p3 f
dp,
i
i
3
3
dT
3h
3h
dp
Z
Z 4
4π
4π
p
2
= 3 gi Ep f dp + 3 gi
f dp,
h
3h
E
= (ρ + P ).

(4.78)

Thus we get Eq. (4.24) and Eq. (4.25)

dS = d


R3
(ρ + P ) = 0.
T

(4.79)

It is also interesting to repeat this calculation, but now including a non-zero chemical potential. Instead of Eq. (4.75) we get
df
E df
df
=−
− T d(µ/T )
.
dT
T dE
dE

(4.80)

and instead of (4.78) we get
dP
1
d(µ/T )
= (ρ + P ) + nT
,
dT
T
dT
where n is the number density of particles. Equation (4.81) becomes
 3

R
dS = d
(ρ + P − nµ) = (µ/T )d(nR3 ).
T
The chemical potential can usually be safely ignored.
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4.C

The source term in the Boltzmann equation**

Assume a reaction such as:
XX −→ Y Y ,

(4.83)

where the particles Y and Y are in thermal equilibrium with other particles. The particles
XandX may, however, go out of thermal equilibrium if the timescale for the interactions
(4.83) become longer than the age of the Universe. For simplicity we will assume MaxwellBoltzmann statistics (and ignore phase-space suppression factors). The net production rate
of particles X and X is
Z
− dΠX dΠX dΠY dΠY (|M|2XX→Y Y fX fX − |M|2Y Y →XX fY fY )δ 4 (pX +pX −pY −pY ), (4.84)
where dΠ = gd3 p/(2h3 E) and Mij→kl is the matrix element for the process i + j → k + l. If
CP is conserved (i.e. T invariance) then
|M|2XX→Y Y = |M|2Y Y →XX = |M|2 ,

(4.85)

and if Y Y are in thermal equilibrium








EY
EX
EY
EX
exp −
= exp −
exp −
,
fY fY = exp −
kT
kT
kT
kT
since energy conservation requires EY + EY = EX + EX . So, the net production rate is
Z
equ equ
fX ).
− dΠX dΠX |M|2 (fX fX − fX
If the cross-section varies slowly with momentum, we can pull the factor |M|2 out of the
integrals giving Eq. (4.38) in Sect. 4.5:
hσvi(n2equ − n2 ),
(which also defines the term hσvi).
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5

Dark Matter in the Universe

When I was an undergraduate in the 1970s, I
read about Fritz Zwicky’s 1933 application [46]
of the virial theorem to the Coma cluster (see
Fig. 5.1). Zwicky concluded:
‘In order to receive an average
Doppler effect of 1000 km/s or more,
which is what we have observed, the
average density of the Coma system
would have to be at least 400 times
greater than that of visible matter.
If this can be shown to be the case,
then it would have the surprising result that dark matter is present in the
Universe in far greater density than
visible matter.’

Figure 5.1. A Sloan Digital Sky Survey image
of the Coma cluster of galaxies.

Admittedly Zwicky had measured redshifts for only 8 galaxies, but by the 1970s many
more redshifts had been measured confirming Zwicky’s result. There was compelling evidence
for a dark matter dominated Universe extending back to the 1930s, but for some reason the
idea did not become widely accepted until the 1980s. I have no idea why it took so long.
There are two ways of measuring masses of objects in the Universe: (i) we can make
dynamical measurements (for example, applying the virial theorem to bound systems, or
measuring galaxy rotation curves); (ii) using gravitational lensing and measuring the bending
of light rays. We will consider both techniques in this section.
Gravitational lensing: Recall that according to GR, light is bent by an angle ∆θ
by a point mass M :
∆θ =

5.1

4GM
bc2

Mass measurements

Dynamical methods for measuring masses are
covered in much more detail in the course on
stellar dynamics, so I will give only a very brief
overview in this section. The rotation curves of
spiral galaxies offer a simple and direct way of
measuring masses. Fig. 5.2 shows a picture of
the Andromeda galaxy (M31) which is our nearest neighbour of comparable mass and is a fairly
typical spiral galaxy. The stars and gas in the
Figure 5.2. The Andromeda galaxy, the near- discs of spirals move on nearly circular orbits.
est large galaxy to the Milky Way.
The velocities can be measured using stellar absorption lines, emission lines such as Hα from HII regions and (to larger radial distances) by
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observing the 21cm line of neutral hydrogen. The luminosity profiles of the disc components
of spiral galaxies are well approximated by an exponential


r
L(r) = L0 exp −
.
(5.1)
rd
If we assume a constant mass-to-light ratio (M/L)d , and that stars/gas move on circular
orbits, it is a straightforward exercise to show that the circular speed of an exponential disc
is given by



  





r 2
r
r
r
r
2
I0
K0
− I1
K1
.
(5.2)
vc (r) = 4πGΣ0 rd
2rd
2rd
2rd
2rd
2rd
where Σ0 = (M/L)d L0 and In , Kn are modified Bessel functions of the first and second
kinds.29
At large distances, r  rd , (5.3)
gives
2πGΣ0 rd2
v 2 (r) =
,
(5.3)
r
and we would expect the rotation curves to
display a Keplerian fall-off v 2 = GMd /r,
where Md = 2πΣ0 rd2 . This is not what
is observed. The upper panel in Fig. 5.3
shows a number of rotation curves for Satype spiral galaxies. These rotation curves
are flat, v 2 (r) ≈ constant out to distances
of r ∼ 30 kpc, well beyond the scale length
of a typical luminous galaxy rd ∼ 3 kpc.
halo
This suggests that spiral galaxies are surdisc
rounded by dark halos with a mass distribulge
bution that varies linearly with radius:
Mh (r) =

v2r
.
G

(5.4)

The lower panel shows a composite rotation curve that has been fitted to subcomponents: a spherical bulge component,
a thin exponential disc, and a spherical
dark halo described by the Navarro-FrenkWhite profile (see Sect. 12.2). From
these fits, the ratio of halo to disc mass
is Mh (r)/Md (r) = 2.3, 6.7, 12.8 at r =
10, 20, 30 kpc. There is strong experimental evidence from rotation curves for the existence of dark halos. However, the ratio of
Mh (r)/Md (r) continues to rise at the outermost radii at which the rotation curves have been
measured. We therefore need other techniques to measure dark matter on even larger scales
to determine its contribution to the mean mass density.

Figure 5.3. The upper figure shows rotation curves
for a number of Sa galaxies. The lower figure shows a
composite rotation curve averaged over a large number of galaxies. The four curves show the best fit average bulge, disc, halo components and the total rotation curve. The dashed lines show the mean rotation
curve for galaxies with asympototic circular speeds
> 250 kms−1 and < 200 kms−1 . (Figures from [47].)

29

For large x Iν (x)Kν (x) ≈

1
2x

h

1−

1 4ν 2 −1
2 (2x2 )

i
+ ... .
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Clusters of galaxies are the most massive virialized objects in the Universe. I mentioned Zwicky’s
results at the start of this section which suggested
copious amounts of dark matter in the Universe.
These were based on galaxy velocities and application of the virial theorem. This method has been
refined over the years but has been superseded by
other, more accurate, techniques. A spherically
symmetric sphere of gas in hydrostatic equilibrium
must satisfy
1 dPgas
dφ
GMtot
=−
=−
,
ρgas dr
dr
r2

(5.5)

M/M200

M (solar masses)

where ρgas and Pgas are the gas density and pres- Figure 5.4. An X-ray image of Coma clussure and Mtot is the total mass. Rich clusters of ter in the 0.5 − 2 keV band taken with the
galaxies contain an atmosphere of hot gas that is ROSAT satellite. (See Fig. 5.1 for the opapproximately in hydrostatic equilibrium. The X- tical image.)
rays emission from this hot gas (see Fig. 5.4) can be used to estimate the gas density, pressure
and temperature.

R (kpc)

R/R200

Figure 5.5. X-ray derived mass profiles, assuming hydrostatic equilibrium, for a sample of clusters
of galaxies. The figure to the left shows the masses in units of M . The figure to the right has scaled
the masses and radii to the values at which the clusters have a spherical overdensity 200 times the
mean mass density. A cosmology with H0 = 70 km s−1 Mpc−1 , Ωm = 0.3 and ΩΛ = 0.7 has been
assumed. (From [48]).

Writing the gas pressure as
Pgas = ρgas

kTgas
= ngas kTgas ,
µmp

(5.6)

where mp is the proton mass and µ is the mean molecular weight, (5.5) can be rewritten as


kTgas r dTgas dngas
Mtot (r) = −
+
.
(5.7)
µmp G
dr
dr
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The X-ray emission (dominated by thermal bremsstrahlung) gives an estimate of the
gas density profile ngas , while X-ray spectra provide an estimate of the gas temperature. Eq.
(5.7) then gives an estimate of the total mass (galaxies + gas + dark matter) enclosed within
radius r. Figure 5.5 shows an example of this method. A remarkable feature of X-ray clusters
is that their mass, density and pressure profiles follow ‘universal’ scaling laws (at least to
first order). In the plot to the right in Fig. 5.5 we see that the mass profiles line up when
masses and radii are scaled to the values M200 and R200 at which the clusters have a mean
overdensity of 200 times the mean mass density. From these estimates, we can infer that
rich clusters have (typically) masses that are ∼ 40 times greater than the mass contained in
stars. There is therefore incontrovertible evidence for large quantities of dark matter in the
Universe.
Before closing this subsection there are two additional points worth mentioning.
• The X-ray measurements give an estimate of the
electron density of the intracluster gas and can
therefore be used to infer the fraction of the total
mass in clusters that is in baryonic form. Figure
5.6 shows examples of the gas fraction as a function of the overdensity for 12 nearby clusters. The
gas fraction does not converge to a ‘universal’ value
at large radii (low overdensities), mainly because
the measurements become difficult and uncertain
> 500. However, it is clear that
at overdensities ∆ ∼
gas fractions of ∼ 0.15 are typical at overdensities
of a few hundred. This means that there is almost
Figure 5.6. The mass in hot gas divided an order of magnitude more gas in clusters than
by the total mass for 12 clusters of galax- mass in ordinary stars. Only a small fraction of
ies plotted as a function of the overdensity. the baryonic material in the Universe is converted
into stars; most of the rest is in uncondensed gas.
(From a talk by Steve Allen.)
Galaxy formation must therefore be an inherently
inefficient process, as discussed further in Sect. 14.
• In the last few years it has become possible to measure the masses of clusters using weak
gravitational lensing. A full account of gravitational lensing would require a dedicated lecture
course, so in these lectures I have decided to limit the disucssion of lensing to microlensing
(Sect. 5.3) and weak galaxy lensing (Sect. 11.4) so I will not discuss lensing by clusters in
detail here. The lensing mass measurements generally agree with the X-ray measurements,
but there are indications that the assumption of hydrostatic equilibrium fails at overdensities
> 500, in the sense that the true cluster masses are higher than the X-ray estimates. This
∆∼
is currently a topic of very active research.
5.2

The mean luminosity density

From galaxy redshift surveys we can estimate the galaxy luminosity function, φ(L)dL, which
gives the mean number of galaxies with luminosities in the range L → L + dL. It is well
approximated by the so-called Schechter function:
 α


L
L dL
φ(L)dL = φ∗
exp
−
,
(5.8)
L∗
L∗ L∗
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[49]. Fig. 5.7 shows an example (computed from the 2dF Galaxy Redshift Survey, which is
described in Sect. 8.2). At high luminosities, L  L∗ , the number density falls off exponentially; very luminous galaxies are very rare. At low luminosities, L  L∗ , the function is well
approximated by a power law; faint galaxies dominate by numbers, though they contribute
very little to the mean luminosity density. The exact parameters depend on the passband used
to measure luminosity, but for ‘blue’ magnitudes (as used in Fig. 5.7) the best-fit parameters
are
φ∗ ≈ 1.4 × 10−2 h3 Mpc−3 ,

L∗ ≈ 1.3 × 1010 h−2 L ,
α ≈ −1.

Hence we can compute the mean luminosity
density in the Universe by integrating (5.8)
Z ∞
hLi =
Lφ(L)dL ≈ (1.7±0.2)×108 hL Mpc−3 .
0

(5.9)
We can express the critical density of the
Einstein-de Sitter model as:
ρc = 2.8 × 1011 h2 M Mpc−3 ,

(5.10)

and so if the matter in the Universe has the critFigure 5.7. The galaxy luminosity func- ical density, the mean mass-to-light30 must be:
tion (in the bJ band) measured from the 2dF
 
 
Galaxy redshift survey.
M
M

L

crit

≈ (1580 ± 190)h

L

,

(5.11)

where (M/L) is the mass-to-light ratio of the Sun (a G-type main sequence star). The mean
mass-to-light ratio of a galaxy depends on the mix of stars in the galaxy, or what astronomers
refer to as the stellar poulation of the system. Since the mass-to-light ratios of main sequence
stars vary with mass roughly as:
M
≈
L



M
M

3 

M
L


,

the mean mass-to-light ratio is a strong function of the age of the stellar population. However,
we can make dynamical measurements in the inner regions of galaxies to deduce that for
typical stellar populations:
 
M
M
≈ 2 − 10h
.
L
L
Spiral galaxies with ongoing star formation have mass-to-light ratios that lie at the lower end
of this range (because they have massive stars that have not yet moved off the main sequence).
Elliptical galaxies containing old stellar populations have mass-to-light ratios that lie at the
30

This is actually a mass-to-luminosity ratio, but is usually called the ‘mass-to-light’ ratio in astronomical
jargon.
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upper end of this range. Notwithstanding this uncertainty, the conclusion is unambigous normal stellar populations contribute only about
Ω∗ ≈ 0.001 − 0.006.

(5.12)

Clearly, if the mean mass density in the Universe is anywhere close to the critical density,
most of the matter in the Universe must be dark, and unlike normal stars.
5.3

Massive Compact Halo Objects (MACHOS)

A low mass star with mass (M < 0.08M ) cannot initiate nuclear burning of hydrogen to
helium. Any such object would be planetary-like and intrinsically very faint (and so such
objects are called ’Jupiters’). Perhaps, for some unknown reason, most of the matter in the
Universe is locked up in Jupiter-like objects, rather than normal stars. There are more exotic
possibilities. Hawking showed that black holes evaporate by emitting thermal radiation and
so are not stable objects. A black hole of mass M will evaporate on a timescale of
tevap

5120πG2 M 3
=
= 8.4 × 10−17
~c4



M
kg

3
s,

and by equating this number with the age of the Universe, we see that black holes with masses
> 1.7 × 1011 kg would not yet have decayed. Dark matter could therefore be made up of
M∼
primordial black holes formed in the early universe.
Jupiter type objects and primordial black holes are two examples of Massive Compact
Halo Objects or MACHOS. Amazingly, it is possible to detect such objects using gravitational
lensing.
According to GR, light is bent by a point
mass as shown in Fig. 5.8. Geometrical optics
requires that the light rays satisfy:
αDLS + θ s DS = θ DS ,

(5.13)

where the distances Ds , DLS , DS are angular
diameter distances. This gives us the lensing Figure 5.8. Deflection of light by a point mass.
equation:
DS
α=
(θθ − θ s ).
(5.14)
DLS
For a point mass lens, we can define the Einstein angle
r
4GM DLS
θE =
,
c2 DS DL

(5.15)

and so we can write the lens equation as
2
θE

θ
= (θθ − θ S ).
|θθ|2

(5.16)

This equation describes a mapping from the image to the source plane – lensing alters the
paths of light rays so we see a distorted image of the source plane. For a point mass lens,
these distortions can be computed from Eq. (5.16).
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If we define

θ
θS
, x=
,
θE
θE
the lensing equation is evidently a quadratic equation
y=

y =x−
with two solutions

x
,
|x|2

p
1
y
x = (|y| ± 4 + |y|2 ) .
2
|y|

(5.17)

(5.18)

(5.19)

We can easily understand the solutions of
this equation. If y = 0, i.e. the source is directly behind the lens along the line-of-sight,
the solution is |x| = 1. The light from the
source is deflected to form a perfect Einstein
Ring at |θθ| = θE as shown in right hand picture
in Fig. 5.9. If the source is slightly off-axis, the
ring will split into two arcs, so we will see two
Figure 5.9. Solutions of the lensing equation.
images as shown in the left hand picture.
Gravitational lensing preserves surface brightness31 and so the two images will be magnified by the lens. We can easily calculate the magnifications by computing the Jacobian of
the transformation from the source plane to the image plane:
µ=

∂θθ
.
∂θθS

(5.20)

For a point mass lens and a ‘small’ source, we can apply the solution (11.20) to compute this
Jacobian. In terms of two-dimensional Cartesian coordinates x = (x1 , x2 ), y = (y1 , y2 ),
µ=

∂x1 /∂y1 ∂x1 /∂y2
,
∂x2 /∂y1 ∂x2 /∂y2

and after a bit of algebra, we find
1
µ± =
4

!
p
y2 + 4
p
+
±2 ,
y
y2 + 4
y

(5.21)

and so µ+ > 1 for all source positions, whereas µ− can be greater or less than unity depending
on the position of the source. For these formulae to be valid, the source must be small enough
that its angular size can be neglected in comparison to the typical √
deflection angles (∼ θE ).
This translates to a limit on the linear size of the source of L  Rs DL , where Rs is the
Schwarzschild radius of the lens. Notice that in the limit y → ∞, µ+ → 1 and µ− → 0, so
the faint image disappears and we see a single image at its undistorted position in the image
plane. Notice also that the sum of the magnifications is
y2 + 2
,
µ = µ+ + µ− = p
y (y 2 + 4)
31

This is a consequence of Liouville’s theorem. Gravitational lensing does not affect either the number
density or energy of deflected photons. For a detailed discussion see Sect. 22.5 of [50].
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and is always greater than unity.
Let’s now look at some numbers. Consider lensing caused by a point mass M located in
our Galaxy (at a typical distance DL = 10 kpc). The Einstein radius is
 




DL −1/2
DL 1/2
M 1/2
1−
mas,
(5.22)
θE = 0.9
M
10kpc
DS
and so the image separation is unobservably small. However, the magnification is observable.
If the lensing point mass has a transverse velocity of 200 kms−1 (typical of a star in our
Galaxy) then

  D −1
v
v
L
θ̇ =
= 4.2
mas/y,
(5.23)
DL
200kms−1
10kpc
then the lensed background star will vary on a timescale:

 
 

−1
θE
M 1/2
DL 1/2
DL 1/2 
v
tE =
= 0.2
1−
y.
(5.24)
M
10kpc
DS
200kms−1
θ̇
We can therefore search for
microlensing events by imaging
dense stellar fields and searching
for stars which show an achromatic variation in brightness. A
number of such surveys have been
carried out, for example the MACHO, EROS and OGLE surveys,
which have surveyed the bulge of
our Galaxy and the Magellanic Figure 5.10. Two microlensing events observed towards the
Clouds.
Examples of two mi- Small Magellanic Cloud by the OGLE collaboration [51]. The
crolensing events are shown in Fig. black points show light curves in the I-band and blue points
5.10. The candidate SMC-02 is show light curves in the V-band.
particularly interesting because it is well fitted by a model in which the lens is a binary
black hole with a total mass of about 10M 32 . We would expect to see microlensing events
caused by ordinary stars in our own Galaxy and ‘self-lensing’ events from stars within the
Magellanic cloud. A detailed analysis therefore requires building models of the frequency
and duration of the microlensing events to assess whether there is any excess that could be
attributed to MACHOS in the Galactic halo.
Fig. 5.11 shows an example of an exclusion diagram setting 95% upper limits on the
fraction of mass in a ‘standard’ model of the Galactic halo that could be in MACHOS of mass
M . The microlensing data disfavours models in which MACHOS in the range 10−7 – 10M
dominate the mass density of the halo of our Galaxy. However, MACHOS in this mass range
could make up a small fraction of the dark matter.
Following the LIGO discovery of gravitational waves from merging black holes [54], there
has been renewed interest in the possibility that some of the dark matter may be made up
of primordial black holes (see e.g. [55]) . The detection of even one binary black hole merger
with a combined mass below, say, a stellar mass (and hence with no conventional stellar
evolutionary route to their formation) would provide powerful evidence for the existence of
primordial black holes.
32

Microlensing has also led to the discovery of 19 extrasolar planets, including multi-planetary systems, see
e.g. [52]
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Figure 5.11. Upper limits on the fraction of the Galactic halo that could be in MACHOS of mass
M . The thick solid line shows the combined results from several years of observation with EROS.
(From [53]).

5.4

Massive neutrinos
Table 1. Neutrino oscillation experiments

Experiment
Solar Oscillations
Reactor LBL (KamLAND)
Reactor MBL
Atmospheric
Accelerator νµ , ν µ (K2K, MINOS, T2K, NOνA)
Accelerator νe , ν e (MINOS, T2K, NOνA)

Dominant
θ12
∆m221
θ12 , ∆m231,32
θ23
∆m231,32
δCP

Important
∆m221 , θ13
θ12 , θ13
θ12
∆m231,32 , θ13 , δCP
θ23
θ13 , θ23

One of the most interesting developments in particle physics in recent years has been
the discovery that neutrinos have mass. The mass eigenstates |ν1 i, |ν2 i, |ν3 i, need not be
the same as the flavour eigenstates |νe i, |νµ i, |ντ i, which are related via a coupling matrix
|νf i = U |νi i:


c12 c13
s12 c13
s13 e−iδ
U =  −s12 c23 − c12 s23 s13 eiδ c12 c23 − s12 s23 s13 eiδ s23 c13  ,
s12 s23 − c12 c23 s13 eiδ −c12 s23 − s12 c23 s13 eiδ c23 c13
where sij = sin θij , cij = cos θij and δ is a CP violating phase33 . Non-zero neutrino masses
therefore lead to flavour oscillations which have been measured in a large number of exper33

This mixing matrix applies if neutrinos are Dirac particles. For Majorana neutrinos two additional phases
are required which do not show up in neutrino oscillations but affect processes which violate lepton number,
such as neutrinoless double beta decay.
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iments, including solar neutrino, atmospheric neutrino, reactor and accelerator experiments.
Table 1 (adapted from [56]) gives an indication of how different experiments contribute to
constraints on the parameters of the mixing matrix: The best fit parameters (with 3σ ranges)
are [56]
−5
−3
∆m221 = (7.55+0.59
eV2 , ∆m231 = (2.50+0.10
eV2 ,
−0.50 ) × 10
−0.09 ) × 10
s221 = 0.320+0.059
−0.047 ,

s223 = 0.547+0.052
−0.102 ,

s213 = 0.0216+0.0025
−0.0020 .

(5.25)

(So far CP violation has been observed only in kaons. Testing for CP violation in the neutrino
sector is one of the main goals of the next generation of neutrino experiments.)
Oscillation experiments constrain
mass differences but do not determine
the absolute mass scale. Tritium βdecay experiments limit mνe < 2.2 eV,
but as we will see astrophysical measurements lead to tighter constraints
and may eventually measure the neutrino mass. Since the absolute mass
scale has not yet been established, the
oscillation experiments allow the two
possibilities shown in Fig. 5.12. In Figure 5.12. Arrangments of neutrino masses in the
normal and inverted hierarchies.
the normal hierarchy, m3 > m2 > m1 ,
whereas in the inverted hierarchy m1 ∼ m2 > m3 . We can see that in the normal hierarchy,
the sum of the neutrino masses must be at least 0.06 eV as shown in Fig. 5.13 and twice
this in the inverted hierarchy. For high masses, the neutrino masses become degenerate for
both the normal and inverted hierarchies. Interestingly, neutrino masses in the eV range have
important consequences for cosmology.
In Sect. 4.3 we showed that neutrinos decoupled at kT ∼ 3 MeV. This
is much greater than the ∼ eV neutrino masses allowed by experiment, so
neutrinos were highly relativistic at the
time of decoupling. We also showed
that collisionless particles satisfy the
Boltzmann equation
∂f
Ṙ ∂f
− p
= 0,
∂t
R ∂p

(5.26)

Figure 5.13. Experimental constraints on the sum of
neutrino masses as a function of the lightest neutrino (see Eq. (9.2), noting that p0 dp0 =
mass for the normal (orange) and inverted (green) hier- pdp), which we can write as
archies. The dashed lines show current and projected cos 
∂f
mological constraints on the sum of the neutrino masses.
= 0,
(5.27)

∂t

q

in terms of the comoving momentum q = pR. Prior to decoupling, the neutrino distribution
function has the Fermi-Dirac thermal distribution function, which for relativistic particles is
f (p, t) = h

1
exp



pc
kTν
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i,
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where Tν is the neutrino temperature. Equation (5.27) tells us that after decoupling, when
neutrinos are collisionless, the neutrino distribution function retains its relativistic shape (5.28)
with Tν ∝ 1/R, even if neutrinos have a finite rest mass. There is therefore no Boltzmann
suppression of the neutrino number density when the neutrinos become non-relativistic; Boltzmann suppression only occurs if the particles are in thermal equilibrium, but in this case the
neutrinos have decoupled and are collisionless.
We have already computed the neutrino temperature (Eq. 4.32) in terms of the photon
temperature
 1/3
4
Tν =
Tγ .
(5.29)
11
and so we can calculate the neutrino and photon number densities:
4πgν
nν =
h3

Z

p2 dp
4πg
h


i = 3ν
pc
h
exp kTν + 1



kTν
c

3

4πgγ
nγ =
h3

Z

4πg
p2 dp

i = 3γ
h

pc
h
exp kTγ − 1



kTγ
c

3

3
Γ(3)ζ(3),
4
Γ(3)ζ(3),

where Γ and ζ are the gamma and zeta functions (Γ(3) = 2, ζ(3) = 1.202). Hence, since
gγ = 2 (two photon spin states) and gν = 6 (one for each neutrino and antineutrino flavour)
the neutrino and photon number densities at the present day are:
 
9 Tν 3
9
nν =
nγ , nν = nγ , nγ ≈ 409 cm−3 .
(5.30)
4 Tγ
11
If one mass eigenstate carries most of the neutrino mass with mass mν , (corresponding to the
non-degenerate normal hierarchy shown in Fig. 5.13), then the contribution of neutrinos to
the mean density is
1
ρν = mν nν ,
3
and so from the numbers in Eq. (5.30), the contribution to the critical density is (conveniently)
 m 
ν
Ων h2 = 1.06
.
(5.31)
100 eV
There was interest in the 1970s and early 1980s in the possibility that massive neutrinos might
contribute a substantial fraction of the critical density. Since they are weakly interacting particles, neutrinos were perceived as possible candidates for the elusive dark matter. However,
this possibility is excluded by the formation of large scale structure (see Eq. 5.33 and the
associated discussion below). The oscillation experiments tell us, however, that neutrinos
must make some contribution to the dark matter density. If we adopt mν ≈ 0.06 eV as the
most likely possibility (non-degenerate normal hierarchy), then
Ων = 0.0006h−2 .

(5.32)

If this is true, then (by complete coincidence) neutrinos contribute about the same mass as
ordinary stars, Ων ≈ Ω∗ (cf. Eq. 5.12). There are several important points to make about
these results. Firstly, although the neutrino density in (5.32) is small, it is non-negligible.
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Observations of the CMB are now so precise that neutrino masses of this order need to be
taken into account. Secondly, observations cannot yet distinguish between the normal and
inverted hierarchies and it is still possible (though unlikely, see Sect. 11) that neutrinos have
degenerate masses and make a larger contribution to Ων . Although neutrinos cannot make
up most of the dark matter, they do contribute to the ‘dark sector’. One should be aware of
the possibility that the dark sector may be complex and composed of several types of dark
matter.
Although we argued above that direct mass limits disfavour neutrinos as the dominant
source of dark matter, this possibility was already excluded in the 1980s because of the way
that massive neutrinos affect the formation of structure [57, 58]. If neutrinos are massive, we
can define a characterstic length scale
λν ∼ ctnr ,

kTν (tnr ) = mν c2 .

(5.33)

This is the Hubble radius at the time that neutrinos become non-relativistic. Relativistic
collisionless neutrinos cannot sustain small fluctuations because they are damped by freestreaming since the neutrinos move in random directions at the speed of light. Neutrino
< λ ). (Note that velocities decay as 1/R at
fluctuations are strongly damped on scales λ ∼
ν
t > tnr (see Appendix 4.A so almost all of the damping occurs when the neutrinos are
relativistic). The present physical scale of the neutrino damping length is



−1
R0
Ων h2
λν ∼ ctnr
∼ 14
Mpc,
(5.34)
R(tnr )
0.3
which is an enormous scale, larger than the scales of galaxies and clusters. If neutrinos dominated the dark matter density, galaxies and clusters could not have formed by gravitational
instability. In fact, the way in which cosmologists hope to constrain the neutrino mass is
by measuring a small suppression of the matter power spectrum on large scales caused by
neutrino free-streaming.
5.5

Cold dark matter

A much more attractive candidate for the dark matter would be a new type of weakly interacting elementary particle that is effectively cold, i.e. the particle is massive with negligible
random motions so that the free-streaming damping scale is negligibly small. Fluctuations
in the dark matter distribution can then be sustained on small scales allowing structure to
grow by gravitational instability. Fortunately, such particles (often referred to as WIMPS weakly interacting massive particles) are thought to exist in supersymmetric extensions of
the standard model of particle physics.
The most attractive cold dark matter candidate is a relic supersymmetric (SUSY) particle. SUSY particles are expected to be created in pairs with opposite values of R-parity.
Heavier SUSY particles decay to lighter ones in R-conserving processes ending up with a lightest stable SUSY particle (LSP). To explain the dark matter, the LSP must be electrically
neutral.
There is a huge literature on WIMPS. For the purposes of these lectures, the only aspects
of cold dark matter that are relevant for us are: (i) the particles interact with other matter via
gravity (other interactions are negligible); (ii) random velocities are negligible, so the matter
behaves like dust; (iii) the particles are stable.
These particles are, however, theoretical. We know very little about physics beyond
the standard model (for example, there have been no indications of supersymmetry from the
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Large Hadron Collider) and so it is difficult to make reliable theoretical predictions. A large
number of experiments have been performed to detect dark matter, but these have so far
failed to find anything. We therefore have no guidelines from experiment on either the nature
of such particles or their interactions. Despite our lack of knowledge, there is an interesting
argument in favour of SUSY particles. Let us assume that the particles have mass M and
that they are non-relativistic and in thermal equilibrium at temperature T (M c2  kT ). The
number density is Boltzmann suppressed and is given by Eq. (4.44)

n≈

M kT
2π~2

3/2


exp

−M c2
kT


,

Following the discussion in Sect. 4.5, freeze-out occurs when
nhσvi ∼ H.

(5.35)

If the cross section is of order the weak interaction cross section, Eq. (5.35) is satisfied if
M c2 /kT ∼ 20 for masses in the range ∼ 1 − 100 GeV and the contribution of WIMPS to the
critical density is of order
ΩWIMP ∼ (σ/10−35 ) cm2 .
(5.36)

supersymmetry breaking mass

It is remarkable that a cross-section of order a few picobarns, characteristic of weak interactions, leads to a relic density comparable to the critical density. This is sometimes referred
to as the ‘WIMP miracle’.
A more detailed analysis requires a particle physics model and since there is no
definitive theory, there are many possible
models. There has been quite a lot of
work on the minimal supersymmetric stancorrect density
dard model (MSSM) which introduces superof DM
symmetry with a minimum number of new
parameters. An example is shown in Fig.
5.14 which shows calculations based on the
charged relic
constrained MSSM (from [59]). In this model,
the stable neutral dark matter particle is a
neutralino, which is a linear combination of
the bino, zino and two higgsinos. The model
gaugino mass
depends on the parameters θW and mZ of the
standard model and on four additional pa- Figure 5.14. Constrained MSSM model predicrameters (gaugino mass m1/2 ; squark/slepton tions from [59]. The grey sliver shows regions of
mass m0 ; ratio of vacuum expectation val- parameter space in which the dark matter density
ues of the higgsinos tan β; mass parameter of matches observations. The pink region is allowed
higgsinos µ). The observed dark matter den- by measurements of the muon magnetic dipole mosity lies within the thin grey shaded bands of ment. The green regions are excluded by b → sγ.
the model parametres. The brown region is excluded because the lightest SUSY particle is
charged. Predictions such as those in Fig. 5.14 are sensitive to theoretical assumptions, but
serve to illustrate that it is possible to create an acceptable relic abundance of WIMPS. This
type of calculation is just a more sophisticated versions of the WIMP miracle calculation
sketched above. SUSY particles have not been discovered at the LHC and MSSM-type models are disfavoured by experiment. However, the parameter space of supersymmetry is huge

– 75 –

c G. Efstathiou

and the idea that the dark matter is a supersymmetric relic remains a viable possibility. A
post LHC assessment of supersymmetric dark matter is given in [60].
5.6

Axions**

In quantum chromodynamics (QCD) the Lagrangian can include a CP violating term
g 2 µν
G G̃µν .
(5.37)
16π
where Gµν is the gluon field strength. In particle physics, we need to have some special symmetry or some other fundamental reason to exclude a term from the Lagrangian. The problem
with (5.37), however, is that there are very stringent observational limits on CP violation in
strong interactions. For example, the experimental limit on the neutron magnetic moment
< 10−9 . Such an unnaturally small number requires an explanation.
leads to the limit |θ| ∼
This is known as the strong CP problem.
A possible solution to this problem was suggested by Peccei and Quinn [61]. They introduced a new U (1) symmetry as shown schematt< tQCD
ically by the mexican hat potential in the upper panel of Fig. 5.15. The degree of freedom
around the minimum of the potential is a massless pseudo-Goldstone boson, which has been
named the axion. At the QCD phase transition, non-perturbative effects (mixing with pseudoscalar mesons) cause the potential to develop
a minimum (as shown schematically in the lower
panel of the figure), which exactly cancels the
t> tQCD
CP violating term (5.37). The axion rolls down
to the minimim and oscillates, so after the QCD
phase transition, the axion has a small mass:
 7

Λ2QCD
10 Gev
ma ∼
∼ 0.6
eV,
(5.38)
Figure 5.15. A mexican hat potential. At
fP Q
fP Q
L=θ

the QCD phase transition, the potential tilts

where ΛQCD ∼ 200 MeV is the energy scale of and develops a minimum. The axion oscillates
the quark-hadron phase transition and fP Q is rapidly around this minimum.
the Peccei-Quinn symmetry breaking scale. At
first sight, you might think that a particle with such a small mass would behave like a neutrino,
but unlike neutrinos, the axion is a coherently oscillating scalar field that obeys the equation
of motion
3Ṙ
∂V (φ)
φ̈ +
φ̇ +
= 0.
(5.39)
R
∂φ
Approximating the potential around the minimum as V (φ) = (m2a /2)φ2 , and neglecting the
Hubble expansion (fast oscillations) the solution to (5.39) is simple harmonic motion with
angular frequency ma . The time averaged density and pressure of the oscillating field is
therefore:
1
hρi = hφ̇2 i + hV (φ)i = hφ̇2 i,
2
1
hP i = hφ̇2 i − hV (φ)i = 0.
2
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The oscillating scalar field therefore behaves like cold dark matter, even if the mass, ma , is
small.
The Peccei-Quinn axion can oscillate into a photon of energy ma in the presence of a
magnetic field. This possibility has led to a large number of laboratory experiments designed
to detect axions. Astrophysical arguments also strongly constrain Peccei-Quinn axions (for
example, axion with mass greater than ∼ 1 eV would drastically shorten stellar lifetimes via
axion emission). Axion-like fields seem to be prevelant in string theory and so the possibility
that the dark matter is a coherently oscillating scalar field is an intriguing possibility (see e.g.
[62]).
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The Cosmological Constant Problem

6

We have already covered the discovery of the accelerated expansion of the Universe in Sec.
3.3. The possibility that the cosmological constant is not exactly zero came as a big shock to
theorists. I will explain why in this section and also consider whether there are other ways to
explain the accelerated expansion.
6.1

The problem

Let’s begin by writing down the Einstein field equations:
1
Rµν − gµν R + Λgµν = −8πGTµν .
2

(6.1)

The cosmological constant term Λ was not included in Einstein’s original 1915 version of the
field equations. The Λ term was introduced by Einstein as an ‘add-on’ in 1917. At that
time the extra-Galactic nature of faint nebulae, what we now call galaxies, had not yet been
established. The prevailing wisdom was that the Universe comprised the stars of the Milky
Way and hence Einstein thought that an acceptable cosmology should be static. If we look at
the Friedmann equations, (2.14a) and (2.14b) we see that we can get a static solution, R̈ = 0
if we have a cosmological constant
Λ = 4πGρ,
(6.2)
(assuming pressureless matter, P = 0). Such a universe must necessarily be closed since
Ṙ = 0 requires
K
= Λ.
(6.3)
R2
Following Hubble’s discovery of the expansion of the Universe, Einstein reportedly said that
the introduction of the cosmological constant was his ‘biggest blunder’ ! The static universe is
an unattractive model for another reason. The Λ term is a new constant of nature and is precariously balanced against the mean density of the universe. A slight change in the equation
of state will cause expansion or contraction. The Einstein model is therefore unstable.
Following the discovery of the expansion of the Universe, the Λ term became unfashionable and was largely ignored in cosmology. This was unjustified. If we can add a term
to the field equations without spoiling the general covariance of the theory, then we should
include it unless there is a compelling theoretical reason for why it should be zero34 . A small
cosmological constant has negligible impact on laboratory or Solar System tests of GR, but if
we go to cosmological scales it becomes possible to detect the effects of Λ. This is, of course,
what happened when astronomers measured the magnitude-redshift relation of distant Type
Ia supernovae (Sect. 3.3).
In Newtonian theory, the equation of motion of a test mass around a point mass
M is modified by the presence of Λ to:
r̈ = −

GM
Λ
r + r.
r3
3

The possibility of a linear term, in addition to the inverse-square law was recognised by Newton in his Principia (proposition LXXVII, theorem XXXVII).
34

We have already encountered a similar situation in Sect. 5.6 concerning the strong CP problem.
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Why did the experimental evidence for a non-zero Λ come as such a surprise to theorists?
In quantum field theory, the zero-point vacuum energy of each field is of order:
Z ∞ 3
d k 1p 2
k4
2 ∼ max .
k
+
m
(6.4)
hρvac i =
(2π)3 2
16π 2
0
This makes a Lorentz invariant contribution to the energy momentum tensor
Tµν = hρvac igµν ,
and so will contribute a cosmological constant
Λvac ∼

4
kmax
(8πG).
16π 2

(6.5)

The integral in Eq. (6.4) diverges and so I have cut it off at some high momentum kmax . It
would seem reasonable to set this cut-off at the Planck scale, kmax ∼ MP (with 8πG = 1/MP2 ),
on the grounds that quantum gravity will become important at higher energies preventing
the divergence. With this assumption,
Λvac ∼ Mp2 .

(6.6)

Λ ∼ H02 ∼ (10−42 GeV)2 ,

(6.7)

However, observationally we know that:

(since the cosmological constant has become important dynamically only at recent epochs).
Hence
Λ ∼ 10−122 MP2 ,
(6.8)
which is an extremely small (and therefore unnatural) number. Prior to the discovery of an
accelerating Universe, the prevailing theoretical prejudice was that there must be some unknown principle that requires Λ to be exactly zero. This seemed aesthetically more likely than
finding a mechanism that could explain the very small number in (6.8). However, the observational evidence for a small Λ is compelling, so theorists have had to cast aside theoretical
prejudice and confront the problem of explaining a very small cosmological constant. Unfortunately, there has been very little theoretical progress in this area (apart from ‘anthropic’
speculations [63, 64]35 ).
In supersymmetry the vacuum energy contributions of particles and their supersymmetric partners cancel. However, the real world is not supersymmetric at low energies. If we
assume that supersymmetry breaking occurs at an energy of, say, ∼ TeV, then we could
perhaps lower the cut-off scale from the Planck scale of 1019 GeV, reducing the fine tuning
35
The anthropic argument is most clearly stated in [64]. This reference imagines an ensemble of universes
with different values of Λ, each of which has a nearly scale-invariant spectrum of fluctuations as predicted
by inflation (see Sect. 10). In a universe with a high value of Λ, no structure (and therefore no observers)
can form. If the amplitude of the fluctuation spectrum is fixed at about the observed value, the most likely
value of Λ is then quite close to the observed value. Even though I wrote this paper, my view is that this
speculation is a long way from being a theoretical explanation. It assumes an ensemble of ‘vacuum states’ and
makes quite specific assumptions concerning which parameters ‘scan’ across the ensemble in order to define
a measure. Yet I believe that if we understood the physics better it is possible that Λ does actually have an
anthropic explanation.
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of (6.8) by ∼ 64 orders of magnitude. This is an improvement, but still leaves fine tuning at
the level of one part in ∼ 1058 !
There is, however, another more fundamental problem. People sometimes ask where
does Λ go – is it on the left hand side of the field equations (6.1), or on the right hand side?
The answer is both. The vacuum energy associated with particle fields give a cosmological
constant contribution to the energy-momentum tensor. This appears on the right hand side
of the field equations (6.1). The field equations of GR can be derived from the action
Z
√
1
S=
d4 x −g(R − 2Λ).
(6.9)
16π
The constant Λ in this equation is just something that we can add to the gravity sector of
the theory. It is a purely gravitational quantity that we can think of as a ‘bare’ cosmological
constant36 . This ‘bare’ cosmological constant appears on the left hand side of (6.1). The
point is that the observed small value of the cosmological constant requires a cancellation of
the terms on the left and right side of the field equations to extremely high precision. This is
very hard to arrange (see, for example, the review by Burgess [65]). (Another way of phrasing
this problem is that GR does not allow a symmetry under the shift Tµν → Tµν − Λgµν .)
6.2

Scalar Fields in Cosmology**

Although the cosmological constant is not understood, we can ask another question. Do we
need a cosmological constant to explain the observations, or is there some other way in which
we can realize an accelerating Universe? We have given a partial answer to this question
in our discussion of Eq. (2.29), where we pointed out that acceleration can be realized if
the Universe is full of ‘stuff’ with an equation of state P < −ρ/3. ‘Stuff’ with this type of
equation of state has become known as dark energy. In this subsection, I will discuss how
such an equation of state can be realized.
The Lagrangian of a scalar field φ with potential V (φ) is
1
L = ∂µ φ∂ µ φ − V (φ),
2
and the action is

Z
S=

The variation

Z
δS = δ

√
d4 x −gL.
√
d4 x −g L = 0,

(6.10)

(6.11)

(6.12)

with respect to the field φ gives the Euler-Lagrange equations of motion
(∂ µ φ);ν = −

∂V
.
∂φ

(6.13)

The covariant derivative in (6.13) is
(∂ µ φ);ν = ∂ν ∂ µ φ + Γµνκ ∂ κ φ,

(6.14)

and to simplify the discussion, I will assume an FRW background cosmology and set spatial
gradients to zero. In other words, the scalar field φ is assumed to be a function of time t and
36

Perhaps one day we will have a quantum gravity theory that can explain its value.
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is spatially uniform. From Appendix 2.A Eq. (2.81b), Γij0 = (Ṙ/R)δji and so the equation of
motion of φ is
φ̈ + 3H φ̇ + V 0 (φ) = 0,
(6.15)
where H = Ṙ/R and primes denote differentiation with respect to the scalar field φ. This is
an important equation, which is central to the theory of inflation (see Sect. 10) in addition
to models of dark energy.
The variation of the action (6.11) with respect to the metric defines the energy-momentum
tensor:
Z
√
1 4
δS =
d xδg µν −gTµν = 0,
2
(see, for example, [66] Eq. (10.30)). This gives
1
Tµν = ∂µ φ∂ν φ − gµν ∂ κ φ∂κ φ + gµν V (φ).
2
6.3

(6.16)

Equation of state of dark energy

If we ignore spatial gradients, then the expression (6.16) for the energy-momentum tensor of
a scalar field gives
1
ρφ = T00 = φ̇2 + V (φ),
2
1
1
Pφ = Tii = φ̇2 − V (φ).
3
2

(6.17a)
(6.17b)

(where there is no summation over the double subscript ii in (6.17b)). Hence, the equation
of state of the scalar field is
1 2
φ̇ − V (φ)
Pφ
w=
= 21
.
(6.18)
2 + V (φ)
ρφ
φ̇
2
If the field is moving slowly φ̇  V (φ), then
w ≈ −1,
and the scalar field behaves just like a cosmological constant, with a value
Λ = 8πGV (φ).

(6.19)

With this type of construction, the dark energy can be made dynamical since the equation of
state parameter can vary with time. Such models are sometimes referred to as quintessence
models of dark energy.
All such models are phenomenological. There are no compelling theoretical arguments
that we can apply to fix either the potential or the initial conditions of the scalar field. There
are no natural choices and these models do not solve the cosmological constant problem. (This
is easy to see because we can simply add a constant to the potential V (φ).) Nevertheless, the
models are useful because they demonstrate that w need not necessarily be equal to −1. It
is then a formidably difficult challenge to try to constrain a time varying equation of state
observationally. I will consider three types of models to illustrate some key ideas:
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• Pure phenomenology
Since we know very little about dark energy, we can just pick a convenient parametric form for w(z) and try to constrain the parameters. As long as the observations that we
are comparing to involve tests of the smooth
background cosmology, rather than fluctuations,
there is no need to relate w(z) to any particular
potential or scalar field. A common parameterization is


R
w(z) = w0 + wa 1 −
R0
z
= w0 + wa
,
(6.20)
(1 + z)

phantom	
  
	
  at	
  z=0	
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in	
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Figure 6.1. Constraints on (w0 , wa ) derived
by combining Planck, baryon acoustic oscillation and supernova data. The points show
samples from the Monte-Carlo Markov Chains,
colour coded by the value of H0 . The theoretical model is exactly as in the ΛCDM model,
but with the cosmological constant replaced
by a dark energy component with the equation of state (6.20). The plot shows 68 and
95 percentile contours. The shaded areas show
regions of the parameter space which have a
over much of the parameter space, either at the phantom equation of state, either at z = 0, or
present day or at some time in the past (shown at some time in the past.

where w0 and wa are assumed to be constant.
Observational constraints on w0 and wa are
shown in Fig. 6.1. In my view, this type of model
can be very misleading because it ‘hides’ very
significant physics. If we look at the favoured
regions in Fig. 6.1 the equation of state is
phantom-like
P < −ρ,

by the shaded regions). To see how strange this
is, consider conservation of energy with a constant w. From Eq. (2.46), ρ ∝ R−3(1+w) and
increases as the universe expands if w < −1. The scale factor R(t) blows up in a finite time and
the universe ends in a ‘big rip’ [67] (even gravitationally bound objects will be ripped apart
by the phantom energy). Field theories that display phantom-like behaviour are (usually)
plagued by instabilities and/or violations of unitarity that render the theories unphysical.
It is therefore not straightforward to devise consistent theories that display phantom-like
behaviour. An alternative way of realising an effective phantom-like equation of state is to fill
the universe with ‘stuff’ which has a more normal equation of state P > −ρ, but to modify
the theory of gravity. I will briefly touch on modified theories of gravity in Sect. 6.4. As I
said at the start of this paragraph, parameterizations such as (6.20) hide a lot of physics! If
we restrict to non-phantom parameters, then we can see from Fig. 6.1 that the observations
already constrain the equation of state to be very close to a cosmological constant.
Instead of specifying an equation of state, we can guess a form for the potential and
solve the equation of motion of the scalar field (6.15) with suitable boundary conditions. In
many cases the solutions fall into one or other of the following two classes:
• ‘Thawing’ models: the field φ stays constant until late times and then starts to evolve. The
linear potential,
V (φ) = V0 + V 0 φ,
(6.21)
with V0 and V 0 as constants is a simple example of a thawing model.
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freezing model

thawing model

Figure 6.2. Observational constraints (in Planck units) on the models of Eqs. (6.21) and (6.24).
The shaded regions in the left hand plot delineate unphysical regions of parameter space. Contours
show 68%, 95% and 99% confidence intervals. (From [68].)

• ’Freezing’ models: the field φ evolves at early times but slows down at late times. The
potential
V (φ) =

M 4+α
,
φα

(6.22)

with M and α as parameters is a simple example of a thawing model.
Figure 6.2 shows constraints on these two models from a paper that I wrote in 2008 [68]
using CMB and Type 1a supernova data. (The constraints would be somewhat tighter using
more modern data). The interpretation of both plots is basically the same, but it is easier to
see if we focus on the thawing model (6.21). In this model, V 0 = 0 is exactly the same as a
cosmological constant and we can see that this is where the likelihood peaks. The data allow
a non-zero value of V 0 , and therefore a small devation from w = −1 (see Eq. (6.24) below).
This is consistent with the constraints shown in Fig. 6.1.
If we allow scalar fields with arbitrary potentials, the parameter space for dynamical dark
energy becomes very large. The parameter space becomes even larger if we allow departures
from GR. Yet the observational data favour a cosmological constant. Should we therefore
reject more complex models? This (Occam’s razor) line of reasoning is quite dangerous. We
know next to nothing about dark energy theoretically and so it should be treated as an
empirical question. The discovery of dark energy came as a surprise given the prevailing
theoretical prejudices and so it is important to keep improving the observations; maybe there
will be more surprises in the future.
Before closing this subsection, I want to make three additional points.
• Quintessence type models do not solve the cosmological constant problem. For example,
in the model of Eq. (6.21) we would need an explanation for why the constant V0 has the
small number of Eq. (6.8) and in the model of Eq. (6.22) we need an explanation for why
the cosmological constant has been set to zero.
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• If the field is to show interesting dynamical behaviour, it must be nearly massless:

mφ ∼

V 00
2

1/2

∼ H0 ∼ (10−33 eV).

(6.23)

Such a light scalar field must be extremely weakly coupled to ordinary matter, otherwise
it can lead to long-range forces and/or variations in physical constants. Also, such a small
mass needs to be protected against radiative corrections, requiring some new type of shift
symmetry.
• If φ̇2 /V  1, the equation of motion imposes a constraint on the first derivative of the
potential (in Planck units):


√
1 + wφ,0 1/2
V0
≈ 3
.
(6.24)
V
Ωφ,0
The fact that observations favour w ≈ −1 already tells us that the first derivative must
be quite small. However, if future observations continue to tighten up around w = −1,
quintessence models will have another fine tuning problem (in addition to explaining the
small value of Λ) because we will need an explanation for why |V 0 /V | is much less than unity.
6.4

Modified gravity**

There is a huge literature on modifications to GR and explorations of whether such theories
can explain the acceleration of the Universe. It is well beyond this lecture course to go into
any detail of such theories, so I will give just a very brief account to show what is involved.
One of the simplest modifications of GR
is f (R) gravity, for which the action is
Z
√
1
d4 x −gf (R) + Sm (gµν , φm ),
S=
16π
and Sm is the matter action with fields φm .
GR is given by f (R) = R − 2Λ , but we can
choose other forms of f (R) that can lead to
late time acceleration, e.g.
f (R) = R −

α
.
Rn

The challenge for this type of theory
is to find a model that passes the stringent
laboratory and Solar System constraints on
GR and is also compatible with observations
Figure 6.3. Artists impression of the Euclid satelon cosmological scales (e.g. from the CMB,
lite. This is a 1.2m telescope that will perform
growth rate of structure, etc.). Testing theo- a deep imaging survey in the visible and near-IR
ries of modified gravity on cosmological scales bands together with a low resolution spectroscopic
is, for example, one of the main science goals survey. The primary science goals are to measure
of the European Space Agency Euclid mission the amplitude of fluctuations via weak galaxy lensing and to measure the baryon acoustic oscillation
scheduled for launch in 2022 (see Fig. 6.3).
Unexpected events can, however, have features in the galaxy distribution.
very important consequences for modified theories of gravity. A good example is the detection of gravitational waves from the merger of a neutron star binary [26]. A gamma ray
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burst was observed by two instruments within 1.7 seconds of the gravitational wave event.
Subsequently an optical counterpart was discovered [69] establishing an association between
the gravitational wave event and the nearby galaxy NGC 4493 at redshift z = 0.0098.
In vacuum, Lorentz symmetry implies that all massless waves propagate at this speed of
light. However, this is not necessarily true in scalar-tensor and vector-tensor theories in which
additional fields provide a medium. In such theories, the speed of propagation of gravitational
waves, cT , can differ from the speed of light, c:
c2T = c2 (1 + αT ).

(6.25)

The small time delay between the gravitational wave event and the gamma ray burst sets an
< 1 × 10−15 [70]. Negative values of α are constrained (coincidentally) to
upper limit of αT ∼
T
about the same limit by a lack of gravitational Cerenkov radiation from the highest energy
< 10−15 , placing very stringent restrictions on modified theories
cosmic rays [71]. Thus |αT | ∼
of gravity. The key message from this example is that if we want to investigate modified
gravity, we need to consider laboratory, Solar System and now multi-messenger constraints
in additional to cosmological information from experiments such as Euclid.
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7
7.1

Fluctuations
Newtonian theory of gravitational instability

We will begin by writing down the equations that describe the evolution of a pressureless
fluid. These are respectively the equation of continuity (describing mass conservation), Euler’s
equation (the equation of motion of the fluid) and Poisson’s equation (describing Newtonian
gravity):
∂ρ
+ ∇.(ρv) = 0,
∂t
∂v
∇)v = −∇
∇φ,
+ (v.∇
∂t
∇2 φ = 4πGρ,

continuity,

(7.1a)

Euler,

(7.1b)

Poisson.

(7.1c)

Following our discussion on Newtonian cosmology in Sect. 2.5, if we consider a patch of the
FRW model that is much smaller than the Hubble radius, ct, then we can apply Newtonian
theory in flat space to model the evolution of the patch. In this section, we will use Newtonian
theory to describe the evolution of small fluctuations.
We write the matter density as
ρ(x, t) = ρ(t)(1 + δ(x, t)).

(7.2)

Here, ρ(t) is the mean density of the background cosmology and δ(x, t) is a perturbation
around this background. The coordinates x are the comoving coordinates introduced in Sect.
2.5, which are related to physical coordinates, r, by
r = R(t)x.
The spatial derivatives in Eqs. (7.1a) - (7.1c) are derivatives with respect to the physical
coordinates r. We write the velocity as
v = Ṙ(t)x + Rẋ = Ṙ(t)x + Ru
and we will call u the comoving peculiar velocity.
We now do some tedious algebra to transform Eqs. (7.1a) - (7.1c) from physical to
comoving coordinates. The exact equations (i.e. without restricting to small perturbations)
are
∂δ
+ ∇x · (u) + ∇x · (uδ) = 0,
(7.3a)
∂t
∂u
Ṙ
∇x φ̂/R2 ,
+ 2 u + (u · ∇x )u = −∇
(7.3b)
∂t
R
∇2x φ̂/R2 = 4πGρδ,
(7.3c)
where the notation ∇x denotes gradients with respect to the comoving coordinates x.
Now let us Fourier transform Eqs. (7.3a) - (7.3c) assuming that the perturbed quantities
(the fractional density perturbation δ, the three components of the comoving peculiar velocity
ui and the potential perturbation φ̂) are periodic in a large box of volume V , e.g.
X
δ(x, t) =
δk eik.x ,
(7.4a)
k

1
δk (t) =
V

Z

δe−ik.x d3 x.
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Notice that k is a comoving wavenumber. We can linearize the perturbation equations (7.3a) (7.3c), i.e. we assume that the perturbations are small so that we can neglect terms involving
products of u and δ. Fourier transforming, we get
dδk
= −ik.uk ,
dt
duk
Ṙ
k
+ 2 uk = −i 2 φ̂k ,
dt
R
R
φ̂k
δk
= −4πGρ 2 .
R2
|k|

(7.5a)
(7.5b)
(7.5c)

Taking the time derivative of (7.5a) and eliminating uk gives the second order differential
equation describing the growth of linear perturbations:
d2 δk
Ṙ dδk
+2
− 4πGρδk = 0.
2
dt
R dt
7.2

(7.6)

Characterising fluctuations

Before discussing specific solutions of Eq. (7.6), we will discuss first how to characterise the
statistical properties of the density field δ(x, t) at any instant of time. In general, we can
define an infinite hierarchy of correlation functions (and for simplicity of notation we drop
the time dependence):
hδ(x)δ(x0 )i,
0

00

0

00

two − point,

hδ(x)δ(x )δ(x )i,

000

hδ(x)δ(x )δ(x )δ(x )i,

three − point,
four − point,

(7.7a)
(7.7b)
(7.7c)

and so on. The angle brackets denote averages over an ensemble of universes with the same
background properties and statistically equivalent perturbations37 . In these lectures, we will
focus on two-point statistics for reasons that will shortly become clear.
We will denote the two-point correlation function (7.7a) by the symbol ξ. This is a
function of the two coordinates x and x0 , but if the fluctuations are statistically homogeneous
and isotropic, then the ensemble average can depend only on the separation |x − x0 |. In Sect.
7.1 we Fourier transformed the density field. The two point correlation function is related to
the Fourier coefficients δk as follows:
ξ(x) = hδ(x0 + x)δ(x0 )i,
Z XX
1
0
0
0
=
δk∗ 0 e−ik ·(x +x) δk eik·(x ) d3 x0 ,
V
k0 k
XX
0
=
δk∗ 0 δk e−ik ·x δ(k − k0 ),
k0

=

X
k

V
=
2π 2

k

|δk |2 e−ik·x ,
Z
0

∞

P (k)

sin kx 2
k dk.
kx

37

(7.8a)
(7.8b)

Throughout these lectures we will assume a ‘spatial ergodic’ hypothesis, i.e. that these ensemble averages
are equivalent to averaging over a large volume V within a given realisation from this ensemble.
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In the last line, we replaced the summation over k by an integral:
X
k


→

L
2π

3 Z

d3 k,

where L is the length of the periodic box (V = L3 ). The quantity P (k) in (7.11) is called the
power spectrum and is related to the correlation function via a Fourier transform (7.9) (and
vice-versa).
Gaussian random fields are particularly important in cosmology. The Fourier coefficients
δk are complex quantities and since their Fourier transform must return a real density field,
they satisfy δ−k = δk∗ (i.e. δk is Hermitian). If we write
δk = αk + iβk ,

(7.9)

then under the Gaussian assumption, the coefficients αk and βk are assumed to be independent
Gaussian random variates with zero mean and variance P (k)/2, where P (k) is the power
spectrum. We can see this by taking the expectation of |δk |2 ,
h|δk |2 ii = hαk2 i + hβk2 i = P (k).

(7.10)

Note that we can write (7.9) in terms of an amplitude and phase
δk = A(k)eiθk ,

0 < θk ≤ 2π.

(7.11)

where the amplitude A(k) is drawn from a Rayleigh distribution and the phase angle θk drawn
uniformly at random in the interval 0 − 2π. The proof of this result is given in the inset.
The Rayleigh Distribution: Consider two independent Gaussian random variates x
and y, then the probability distribution of x and y is separable




1
x2
y2
p(x, y)dxdy =
exp − 2 exp − 2 .
2πσ 2
2σ
2σ
Now transform to polar coordinates r and θ, r2 = x2 + y 2 ,


1
r2
p(r, θ)drdθ =
exp
−
rdrdθ.
2πσ 2
2σ 2
The distribution is separable in r and θ and one can see that θ has a uniform distribution
over the range 0 − 2π. The distribution


r2
2
p(r)dr = rσ exp − 2 ,
r > 0,
2σ
is known as the Rayleigh distribution. The expectation value of r2 (see Eq. (7.11) is


Z ∞
r2
2
3 2
hr i =
r σ exp − 2 dr = 2σ 2 .
2σ
0
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Figure 7.1. The figure to the left shows a snapshot of a slice from a numerical simulation of the
growth of large-scale structure, showing the development of the ‘cosmic web’. The picture to the right
shows the slice with the phases of the Fourier modes randomised. The power spectrum is identical in
both pictures (from [72]).

Since the density field is the sum over Fourier coefficients, the central limit theorem
then guarantees that the density fluctuation δ at any point obeys Gaussian statistics, i.e. the
probability distribution of δ at each point is gven by


δ2
1
exp − 2 dδ,
(7.12)
p(δ)dδ = √
2σ
2πσ
where σ 2 is the variance of the density field. Notice that Eq. (7.12) can only be true if σ 2  1
> 1)
since by definition δ cannot be less than −1. Once perturbations become non-linear (σ ∼
their statistical properties must necessarily become non-Gaussian.
Gaussian random fields are an extremely special class since their statistical properties
are completely specified by one function, the power spectrum (or equivalently the two point
correlation function). For a Gaussian random field, the entire hierarchy of N-point functions
can be specified in terms of the two-point correlation function. Many properties of Gaussian
random fields, such as the number density of peaks, and their clustering can be derived
analytically (see [73]). We will make use of some of these results in later lectures. It turns
out (particularly from observations with the Planck satellite [74]) that fluctuations on largescales are very accurately Gaussian. Thus, measurements of the power spectrum have special
importance in cosmology.
Before we go on to discuss observations and measurements of the power spectrum, I
would like to discuss the importance of phase information using a nice example from [72].
The plot to the left in Fig. 7.1 shows a projection from a numerical simulation of the growth
of structure in the universe. The density field in the initial conditions was Gaussian, but as
structure grows by gravitational instability, the density field on small scales becomes nonlinear. Filamentary structure forms (see Sect. 12) and phase correlations develop between
the Fourier modes. In the plot to the right, the phases have been randomised. The two distributions in Fig. 7.1 have identical power spectra but have a very different visual appearance.
The assumption of Gaussian statistics is commonplace in cosmology, but Gaussian density
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fields are very special. Fig. 7.1 shows that one needs to specify more than just a power
spectrum to describe the statistics of the figure to the left.
7.3

Solutions to the linear perturbation equation

In this section, we will look at solutions to the linear perturbation equation (7.6).
7.3.1

Einstein de-Sitter universe: Ωm = 1, ΩΛ = 0, ΩK = 0.

This is the Einstein-de Sitter (EdS) solution, for which R(t) ∝ t2/3 . Eq. (7.6) then reads
4 dδk
d2 δk
2
+
− 2 δk = 0,
2
dt
3t dt
3t

(7.13)

with growing and decaying mode solutions
δk = Ak t2/3 + Bk t−1 .

(7.14)

Linear perturbations in an expanding universe grow as a weak power law in time √
t. This
is not surprising because the timescale for the collapse of a perturbation (tcoll ∼
√ 1/ Gρ) is
almost identical to the expanson timescale of the background universe (texp ∼ 1 Gρ).
From Eq. (7.3b) we can see that any vorticity (ωij = 12 [∂ui /∂xj − ∂uj /∂xi ]) decays as
−2
R (as a consequence of conservation of angular momentum). Hence if the initial velocity
field is irrotational it will remain so. If the velocity field is irrotational, it can be written as
the gradient of a velocity potential ψ, thus uk ∝ k and the velocity field associated with the
growing mode of (7.14) is
2 ik
uk =
Ak t−1/3 .
(7.15)
3 |k|2
7.3.2

Open universe: ΩK > 0, ΩΛ = 0, Ωm  ΩK .

In an open universe with a low matter density, curvature will dominate the expansion at
redshifts zcurv  1/Ωm − 1 (see Eq. (3.5)). The Friedmann equation (2.14b) is then
Ṙ
R

!
≈

√

−K
,
R

and so R(t) ∝ t. The perturbation equation (7.6) then reads
d2 δk 2 dδk
+
≈ 0,
dt2
t dt

(7.16)

δk = Ak + Bk t−1 .

(7.17)

with solutions

In an open universe, perturbations grow when curvature is negligible compared to the matter density (z  zcurv ), but freeze to a constant amplitude when curvature dominates the
expansion.
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7.3.3

General solution for ΩK 6= 0, ΩΛ 6= 0 and negligible radiation density.

The solution (7.14) is a good approximation to the high redshift behaviour in our Universe
during the matter dominated phase. However, at lower redshifts, dark energy dominates and
the linear growth rate will be suppressed compared to (7.14). The solution to the perturbation
equation in the case of non-zero curvature and Λ is quite involved, and so I will quote the
result for the growing mode38 :
Z
5Ωm ∞ (1 + z 0 ) 0
δ ∝ D(z) = E(z)G(z),
G(z) =
dz ,
(7.18)
2
E 3 (z 0 )
z
where E(z) is the function defined in Eq. (3.5).
The growth function in (7.18) has been
normalized so that at early times, the function D(z) behaves as
DEdS (z) =

1
,
1+z

reproducing the growth rate of the EdS solution (Eq. (7.14)). The red line in Fig.
7.2 shows a numerical integration of Eq.
(7.18) for a cosmology with Planck parameters (Ωm = 0.31, ΩΛ = 0.69, ΩK = 0). The
growth rate follows the EdS solution (shown
by the dashed green line) up to z ≈ 1 when
the cosmological constant begins to dominate the dynamics. As z approaches zero,
the growth rate slows down. If we define a
‘suppression factor’, D(0)/DEdS (0), then for
ΩK = 0 it is accurately described by the following fitting formula:

Figure 7.2. The red line shows a numerical integration of (7.18) for a universe with Planck parameters. The dashed green line shows the EdS
growth rate D(z) = 1/(1 + z).




−1
D(0)
5
1
1
4/7
= Ωm Ωm − ΩΛ + 1 + Ωm
1 + ΩΛ
.
DEdS (0)
2
2
70
7.3.4

(7.19)

Matter fluctuations in a smooth relativistic background

Imagine a universe dominated by non-interacting relativistic particles (e.g. photons/neutrinos)
then we will see later that they will be smoothly distributed on scales λ  ct. What happens
if we have a perturbation in the matter density? Equation (7.6) is modified to
d2 δk
Ṙ dδk
+2
− 4πGρm δk = 0.
dt2
R dt

(7.20)

The relativistic component, with density ρR , contributes to the expansion rate of the universe
along with the matter:
!2
Ṙ
8
= πG(ρm + ρR ),
R
3
38

Those interested can see Sect. 13 of [66].
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but only the non-relativistic matter contributes to the gravitation source term in (7.20) since
we are assuming that the relativistic component is uniformly distributed. If we transform
from t to η = ρm /ρR (see Eq. 7.20) becomes
δk
d2 δk
(2 + 3η) dδk 3
+
−
= 0,
2
dη
2η(1 + η) dη
2 η(1 + η)

(7.21)

which has the solutions:
growing mode :
decaying mode :

3
δk ∝ 1 + η,
2
#

 "
3
(1 + η)1/2 + 1
− 3(1 + η)1/2 ,
δk ∝ 1 + η ln
2
(1 + η)1/2 − 1

(7.22a)
(7.22b)

and so we see that matter fluctuations cannot grow until the universe becomes matter dominated (η > 1).
There is an interesting consequence of this solution. Including neutrinos, our Universe
was radiation dominated at z > zequ = 25, 000Ωm h2 (Eq. (3.12)). From (7.22a) perturbations
> 1. On the other hand, perturbations in an open
on scales λ  ct cannot grow unless η ∼
universe stop growing when the universe becomes curvature dominated (Eq. (7.17)). To
> 0.006.
have any phase of linear growth therefore requires a minimum matter density Ωm h2 ∼
Coincidentally, this lower limit is about equal to the total density of ordinary visible stars in
the Universe. It is an interesting fact that dark matter is necessary to explain the growth of
structure in the Universe.
7.4

The Jeans length

So far, we have ignored pressure. If the matter is approximated as a perfect fluid with pressure
p and adiabatic sound speed
 
∂p
c2s =
,
∂ρ S
The equation of motion (7.1b) is modified to
∂v
1
∇)v = −∇
∇φ − ∇p,
+ (v.∇
∂t
ρ
in other words, we need to include pressure gradients in addition to gravitational forces. For
small perturbations, the linear perturbation equation (7.6) is modified to
"

 #
d2 δk
Ṙ dδk
cs k 2
+2
= 4πGρ −
δk ,
(7.23)
dt2
R dt
R
and we can see that the term in square brackets defines a characteristic length scale, λJ ,
which is called the ‘Jeans length’ [75]39 :
2πR
= cs
λJ =
k



39

π
Gρm

1/2
.

(7.24)

Jeans was thinking about star formation when he did his calculation. He considered perturbations in an
infinite static background, conveniently ignoring the fact that the Newtonian gravitational potential is then
undefined. This mathematical looseness is sometimes referred to as the ‘Jeans swindle’.
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For perturbations with physical scales larger than the Jeans length (λ  λJ ), pressure gradients can be ignored and so the matter can be approximated as a pressureless fluid. However,
for perturbations that are smaller than the Jeans length (λ  λJ ) gravity can be ignored and
the fluctuations will oscillate as sound waves. We can see this easily from (7.23) since if the
oscillation frequency is high enough, we can neglect the expansion of the universe so (7.23)
becomes


d2 δk
cs k 2
=−
δk ,
(7.25)
dt2
R

log10 MJ/M¤

with solutions δ = exp(±ics kt/R).

Log (1+z)-1

Figure 7.3. The evolution of the Jeans
mass.

The Universe recombined at a redshift z∗ ∼
1000. Prior to recombination, the blackbody radiation and baryonic matter were tightly coupled by
Thomson scattering, so it is a good approximation
to treat the radiation and baryons as a single fluid,
with baryons contributing their inertia to the photons. At recombination, electrons and protons combine to form neutral hydrogen and the Universe becomes transparaent to radiation. It is interesting to
compare the Jeans lengths before and after recombination. Immediately after recombination, we will
assume that the sound speed is that of a monatomic
gas with temperature equal to that of the CMB
(T∗ ∼ 3000 K),

cs =

5kT
3mp

1/2
,

and so the Jeans length is
λJ (z∗ ) ≈ 3 × 1017 (Ωb h2 )−1/2 m,
with an associated Jeans mass40 of,
4
MJ (z∗ ) = πρb λ3J ≈ 1.3 × 106 (Ωb h2 )−1/2 M .
3

(7.26)

Prior to recombination, the matter and radiation act (almost, see Sect. 9 for a discussion
of when this approximation breaks down) a single fluid with an adiabatic sound speed of
c
cs = √
3



3
ρ /ρ + 1
4 b γ

−1/2

.

(7.27)

√
If ρb  rhoγ , then cs = c/ 3 as expected for radiation with an equation of state p = ρc2 /3.
Thus, just prior to recombination
cs ≈

c
(Ωb h2 )−1/2 ,
10

40

(7.28)

Shortly after the discovery of the CMB there was some speculation that this mass might be related in
some way to globular star clusters [76], but this idea has fallen out of favour.
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and the Jeans mass was
MJ ≈ 9 × 1016 (Ωb h2 )−2 M .

(7.29)

Comparing Eqs. (7.26) and (7.29) we see that at recombination, the Jeans mass suddenly
plummets by about 10 orders of magnitude! This behaviour is sketched in Fig. 7.3.
These results have important consequences for the evolution of structure in our Universe
as can be see from Fig. 7.3. Consider a perturbation with scale λG that will grow to make a
large galaxy (with typical mass of MG ∼ 1011 M ). At very early times, the perturbation
is
√
larger than the Hubble radius ct. The sound speed in the radiation dominated era is c/ 3 (i.e.
< ct,
almost the speed of light) and so the Jeans length is almost the Hubble radius. When λG ∼
the perturbation will oscillate like a sound wave during an ‘acoustic phase’ in which gravity
can be neglected. It is only after recombination, when the sound speed drops precipitously,
that the fluctuation can grow by gravitational instability.
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8

Measuring large-scale structure: galaxy surveys

I am conscious of the fact that the previous section is quite mathematical and that some
students might have found it a little dry. There is, however, quite a bit more theory to get
through if you are to understand the basics of structure formation in the Universe. To break
the monotony, I thought it might be a good idea to have an observational interlude. So in this
section, we will review ways of mapping structure in the Universe using galaxies as tracers.
This itself is quite a large and technical topic, so I will only cover the basics in this section.
Some more specific details are presented in Sect. 11.
8.1

Counting galaxies

How can one go about measuring the correlation
functions introduced in Sect. 7.2? Prior to the
discovery of CMB anisotropies, there was only
really one way to study large-scale structure in
the Universe – and that was to count galaxies.
Imagine that we survey some large volume of the
Universe, measuring the positions of all galaxies.
If the mean galaxy density is n, we can define a
two-point galaxy correlation function such that
the joint probability δP of finding a galaxy in
each of volume elements δV1 and δV2 separated
by distance r12 is
δP = n2 (1 + ξ(r12 ))δV1 δV2 .

δV1

r12

δV2

Figure 8.1. Two galaxies separated by dis-

(8.1) tance r .
12

I have assumed that the galaxy distribution is a stationary point process, so that ξ(r12 )
depends on the magnitude of the separation vector but not on its orientation. The definition
in Eq. (8.1) tells us that the correlation function measures a deviation from a Poisson point
process, since if galaxies were randomly distributed in space ξ = 0. What could be simpler?
We construct our catalogue and then count galaxy pairs as function of separation r12 .
This is easier said than done. Firstly, one has to construct a uniform large area catalogue of galaxies (separating stars from galaxies, establishing a uniform photometric system,
correcting for Galactic extinction etc.). Secondly, to cover a large volume the survey has to be
deep. Thirdly, to get a distance via the redshift requires spectroscopy of faint galaxies. This is
painfully slow, even on a big telescope, if you measure the spectra one at a time. Large galaxy
redshift surveys only became possible with the development of fibre-optic fed spectrographs,
which allowed observers to acquire spectra of a large number of galaxies simultaneously (we
will come to this shortly).
Fortunately, one can learn quite a lot from studying the clustering of galaxies in two
dimensions, i.e. by mapping the angular distribution of galaxies over the sky. This approach
was pioneered by Jim Peebles in an influential series of papers (which are summarized in
[77]). My students and I in the 1980s followed this approach and constructed the APM
Galaxy Survey shown in Fig. 8.2 [78]. This consisted of about 4 million galaxies brighter
than a (blue) magnitude of bJ = 22 covering 4300 square degrees in the Southern hemisphere.
From a survey such as this, one can estimate an angular correlation function w(θ) defined in
analogy with (8.2)
2
δP = N (1 + w(θ12 ))δΩ1 δΩ2 ,
(8.2)
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Figure 8.2. The galaxy distribution in the APM Galaxy Survey [78].

.
where N is the galaxy surface density, θ12 is the angular separation of a galaxy pair and δΩ1
and δΩ2 are elements of solid angle.
The question now is to relate the angular and spatial two point functions. If the survey
is magnitude limited (as in the case of the APM Galaxy Survey), then one will only see the
most luminous galaxies at large distances. The faint galaxies, will only be seen nearby. The
survey will therefore have a ‘selection function’, p(x), which is proportional to the probability
that a galaxy at distance41 x is seen in the catalogue. For a magnitude limited sample, we
can write this as in integral over the galaxy luminosity function:
Z ∞
p(x) =
φ(L)dL,
Lmin (x)

where Lmin (x) is the minimum galaxy luminosity observable at distance x, and the galaxy
surface density is
Z ∞
N =
p(x)x2 dx.
0

From the definitions of the correlation functions, and assuming that all galaxies cluster
in the same way, it follows that
,Z
2
Z ∞Z ∞
∞
2 2
2
w(θ) =
p(x1 )p(x2 )x1 x2 dx1 dx2 ξ(r12 )
x p(x)dx .
0
41

0

0

I will assume flat space in this section, ignoring relativistic effects.
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This relation is known as Limber’s equation [79]. If we assume that the separations between
galaxy pairs r12 are much smaller than their mean distance x, then we can make the small
angle approximation
2
2
r12
≈ y 2 + x2 θ12
,
and Limber’s formula simplifies to
,Z
Z ∞Z ∞
1
p2 (x)x4 ξ([y 2 + x2 θ2 ) 2 ]dxdy
w(θ) =
0

−∞

∞

2

2

x p(x)dx

.

(8.3)

0

If the spatial two-point function is a power law
 r γ
0
ξ(r) =
,
r

(8.4)

then from (8.3) the angular two point function is also a power law
w(θ) =

A
θγ−1

,

(8.5a)

with amplitude
√ Γ
A = r0γ π


Γ

γ−1
2
γ
2


Z

∞

2

p (x)x

5−γ

0

,Z
dx

∞

2

x p(x)dx

2
.

(8.5b)

0

The early work by Peebles and collaborators (e.g. [80]) established that the two point
correlation function was well approximated by a power law with γ = 1.8, r0 ≈ 5h−1 Mpc.
< r ,
The scale r0 sets a characteristic scale of non-linearity in our Universe; on scales r ∼
0
fluctuations in the galaxy distribution (and presumably the underlying matter distribution)
are greater than unity. On larger scales, the fluctuations in the galaxy distribution are smaller
than unity, so on these scales we might expect that the fluctuations in the matter density
grow according to linear theory.
Unfortunately, it is very difficult to measure galaxy clustering on linear scales from
angular catalogues (though see [81] for a reconstruction of P (k) from the APM catalogue).
To do this accurately requires large redshift surveys.
8.2

Galaxy redshift surveys

Large galaxy redshift surveys became possible with the
development of multi-object spectroscopy. Fig. 8.3
shows the 2dF instrument at the Anglo-Australian Telescope. This instrument used a robot arm to position 392
optical fibres which were then fed to two spectrographs.
This enabled simultaneous spectra to be taken over a
field with a diameter of two degrees. A similar project,
but using manual positioning of optical fibres, was done Figure 8.3. The 2dF robotic fibre
as part of the Sloan Digital Sky Survey (SDSS). These positioning instrument on the Anglo
two projects were the first of the modern large galaxy Australian Telescope.
surveys. The 2dF survey ended up getting spectra of
over 200,000 galaxies. The latest BOSS42 survey (an extension of the SDSS programme, see
Sect. 11.2) consists of spectra of 1.5 million luminous red galaxies.
42

Baryon Oscillation Spectroscopic Survey.
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Figure 8.4. Slices showing the spatial distribution of galaxies in the 2dF Galaxy Redshift Survey.

Fig. 8.4 shows slices through the 2dF
Galaxy Redshift Survey. In this plot, the redshift is used as a measure of the radial coordi- real space
nate. You can see filamentary structure in the
galaxy distribution, which has become known
as the ‘cosmic web’. The galaxy distribution
is clearly very strongly clustered on scales of
∼ 10h−1 Mpc. The other noticeable feature in
this figure is the strong variation of the galaxy redshi, space
density with redshift. This is just a reflection of
the selection function p(x) of the survey. We see
faint as well as luminous nearby galaxies, but
as we go further and further out, we see only
the more luminous galaxies. The galaxies samline of sight
pled nearby are therefore intrinsically different
to those sampled at large distances and so we
Figure 8.5. Schematic depiction of the distorshould worry about what exactly it is that we
tion of a cluster of galaxies in mapping between
are measuring: are luminous galaxies sampling real space and redshift space.
the matter density field in the same way as intrinsically faint galaxies?
There is another noteable feature that you can see in Fig. 8.4. If you look carefully,
you can see that the galaxy distribution is anisotropic – there are linear structures pointing
towards the origin. These structures are called fingers of god and come about because of the
mapping between real-space and redshift-space. Fig. 8.4 is using redshift as a distance, but
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recall that the actual recession velocity of a galaxy includes a peculiar velocity term:
v = Hr + vp ,

(8.6)

(we will discuss the relativistic version of this equation in later lectures). In the core of a
rich cluster of galaxies, these peculiar velocities can exceed ∼ 1000 kms−1 and so interpreting
redshift as distance will smear these galaxies by ∼ 10 Mpc along the line-of-sight, i.e. over
a distance that is much greater than the ∼ 200 − 500 kpc region of the cluster core. The
result of this distortion is to smear the cores of clusters into fingers, oriented along the lineof-sight. There is another important effect, however, (which is not visually apparent in Fig.
8.4, but can be measured statistically). Away from the core, there will be a characteristic
radius at which the Hubble flow is reversed. For an exactly spherical cluster, all galaxies at
this radius will have the same redshift, so will appear to lie at the same distance in redshift
space. These distortions flatten the outer parts of clusters perpendicular to the line-of-sight,
as schematically depicted in Fig. 8.5. These redshift space distortions are an important
cosmological probe in their own right, as will be discussed in Sect. 11.3.
It may seem simple, at first sight, to
measure the galaxy power spectrum from
a large galaxy survey, but in practice the
analysis is quite complex. One has to account for the varying density of the galaxy
sample and construct optimal weights to
minimise the errors in the power spectrum
(and in addition correct for the finite size
and incompleteness in the sample). Then
to interpret the results, one needs to model
the effects of redshift space distortions and
make a model that relates galaxies to the
underlying mass distribution. The current state-of-the art is shown in Fig. 8.6
[82]. In this plot, the black points labelled
‘monopole’ show the isotropic power specFigure 8.6. Measurements of the galaxy power spectrum of galaxies in the redshift range 0.2 < trum from the BOSS DR12 sample as described in the
z < 0.5 measured from the BOSS DR12 text. (From [82].)
data in the northern Galactic cap. The
lines and blue bands show power spectra from the MultiDark set of numerical simulations
which are designed to match the BOSS data. The points labelled ‘quadrupole’ measure a
quadrupolar distortion of the power spectrum caused by redshift space anisotropies. If you
look carefully, you can see ‘oscillatory’ features in the monopole spectrum at wavenumbers
k ∼ 0.07h Mpc−1 and k ∼ 0.14h Mpc−1 . These are caused by baryon acoustic oscillations
as matter and radiation oscillate like sound waves prior to recombination (cf. Fig. 7.3). To
understand these oscillations, and the general features of fluctuations in the CMB, we will
have to do some more theory as discussed in the next section.
8.3

The amplitude of fluctuations

Before we end this interlude and continue our discussion of cosmological perturbations, I will
discuss how cosmologists characterise the amplitude of the fluctuation spectrum. One would
have thought that this was straightforward; we could simply define an amplitude As at some
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fiducial wavenumber kf (this is what we do when we analyse CMB fluctuations), but if you
look at the literature you will see the amplitude characterised by the quantity σ8 . What is
σ8 ? I will explain in this subsection.
Suppose we convolve the density field δ(x) with a ‘top hat’ window function W (x, rf ):
(4/3πrf3 )−1 , |x| ≤ rf ,
(8.7)
0,
otherwise,
R
where the normalisation is chosen so that W (x, rf )d3 x = 1. The convolved density field is
Z
δ̃(x) = δ(x0 )W (x0 − x, rf )d3 x0 ,


W (x, rf ) =

and so the mean square value averaged over x is
X
|δk |2 W̃ 2 (krf ),
σr2f = hδ̃ 2 i =
k

V
=
2π 2

Z

∞

P (k)W̃ 2 (krf )k 2 dk,

(8.8a)

0

and W̃ (krf ) is the Fourier transform of the window function
W̃ (krf ) =

3
[sin krf − krf cos krf ].
(krf )3

(8.8b)

From the observed power law galaxy correlation function (8.4), σrf is about unity for a window
radius of rf ≈ 8h−1 Mpc (denoted as σ8 in the literature). To be more precise, when you see
values quoted for σ8 they denote the value computed from Eq. (8.8a) using the linear theory
matter power spectrum P (k, t0 ) evaluated at the present day. This is not the most obvious
way of expressing an amplitude, but it has taken hold in the literature.

– 100 –

c G. Efstathiou

Fluctuations prior to recombination

9

Following our brief observational interlude, we return to the topic of the evolution of linear
fluctuations. In this section, I want to consider the evolution of fluctuations during the
‘acoustic’ phase of Fig. 7.3. In this phase, the baryons are highly ionized and so the photons
and baryons act almost as though they are a single fluid. Our goal here is to give you an
understanding of what I mean by almost in the preceding sentence.
To do this, I will adopt the following assumptions (with provisos given in brackets):
• I will consider a system composed only of photons and baryons which are tightly coupled
by Thomson scattering. (This neglects cold dark matter and neutrinos).
• I assume that Thomson scattering is isotropic in an electron’s rest frame. (In fact, Thomson
scattering is anisotropic. The anisotropy generates a small linear polarization in the CMB,
as discussed further in Sect. 9.6)
• I will neglect gravity. (This may seem quite a radical assumption, but is accurate for
fluctuations with scales much smaller than the Hubble radius λ  ct since the dynamics on
small scales are dominated by pressure, not gravity.)
• I will neglect the expansion of the Universe. (This considerably simplifies the analysis and
is partially justified because recombination is reasonably fast as shown in Fig. 4.11, with a
width of ∆z ∼ 200 at z ∼ 1000.)
With these assumptions, the problem is analytically tractable and you will be able to
understand the main features of the linear evolution of fluctuations. It is also straightforward
to relax all of the above assumptions (including gravity in full GR). However, the full system of
equations, including additional components such as relativistic neutrinos, requires a numerical
solution. Fortunately, a number of fast, accurate, ‘Boltzmann’ solvers are available on the
web which you can download and use43 .
9.1

The Boltzmann equation**

Let us write the photon distribution function as
f (x, p, t) = f0 + f1 ,

(9.1)

where f0 is the black-body distribution function
f0 =

1
exp

pc 
kT

−1

,

and f1 is a perturbation. As discussed in Sect. 2.6, the distribution function f0 is independent
of time. If we integrate f over the momenta, we can write
Z
Z
ργ
3
p f dp = p3 (f0 + f1 )dp =
[1 + ∆(x, θ, φ, t)].
(9.2)
4π
The first term is just the mean energy density per unit solid angle of the photons. The second
term is the perturbation to the radiation brightness, which is a function of the spherical polar
angles θ and φ. In the absence of any perturbation, the blackbody radiation is isotropic (in
the CMB rest frame, see Sect. 2.6.2). The perturbed photon distribution will, in general,
43

For example, the CAMB code can be found at https://camb.info/readme.html. The CLASS code can
be found at https://github.com/lesgourg/class_public.
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be anisotropic and the radiation brightness will depend on direction. We will first consider
Liouville’s equation ignoring Thomson scattering. Then, we will calculate how the equation
is modified when Thomson scattering is included.
We can express the distribution in terms of the three coordinates xi , the photon energy
p0 and three direction cosines γj defining the direction of the photon momentum, pi = −pRγi .
Liouville’s theorem in the absence of collisions is then
∂f
∂f dxi
∂f dp0
∂f dγi
+ i
+
+
= 0.
∂t
∂x dt
∂p0 dt
∂γi dt

(9.3)

We now want to linearize this equation retaining only terms up to first order in the perturbation f1 . The last term in (9.3 is clearly of second order. From Eq. (4.67)
pi
pγi
dxi
=
=
,
dt
p0
p0 R
to zeroth order, and from Eq. (4.69)
dp0
Ṙ p2
=−
.
dt
R p0
(We are neglecting gravity associated with the perturbation. If we wanted to include gravity, we should add a first order gravitational perturbation to this equation describing the
redshifting of photons in a gravitational field). Thus we can write (9.3) as
∂f
∂f γi
∂f Ṙ
+ i −
p = 0,
∂t
∂x R ∂p0 R
and integrate over momentum

R

(9.4)

p3 dp:

∂ργ (1 + ∆)
∂∆ γi
+ ργ i −
∂t
∂x R

Z

∂f Ṙ 4
p dp = 0.
∂p0 R

(9.5)

We can evaluate the last term by integrating by parts
Z
∂f Ṙ 4
p dp = −4ργ (1 + ∆),
∂p0 R
and noting that ργ ∝ R−4 , Eq. (9.5) becomes
∂∆ ∂∆ γi
+ i = 0.
∂t
∂x R

(9.6)

This is the Boltzmann equation for collisionless photons, and describes the free-streaming
of the radiation field. It applies after recombination, when the optical depth to Thomson
scattering becomes negligibly small. However, when the plasma is highly ionized, Thomson
scattering of photons by electrons needs to be taken into account and this will introduce a
source term in Eq. (9.6), which we will now calculate.
We write the Thomson scattering cross section as σT and note that it is independent of
frequency. In time δt, scattering will reduce the distribution function by an amount
σT ne δtf,
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where ne is the mean electron density44 However, if scattering is isotropic in the rest frame
of the matter, scattering events will increase the distribution function by an amount
Z
1
f (p0 , γ 0 )dΩ0 ,
σT ne cδt
4π
where primes denote the matter rest frame. Including scattering, the Boltzmann equation
(9.4) is modified to
 Z

∂f
∂f γi
∂f Ṙ
1
+ i −
p = σT n e c
f (p0 , γ 0 )dΩ0 − f .
∂t
∂x R ∂p0 R
4π

(9.7)

In a frame in which the matter is moving with three velocity v i relative Rto the photons, the
photon momentum p0 = p(1 − γi vbi )45 . Integrating (9.7) over momentum p3 dp, then to first
order
∂∆ γi ∂∆
= σT ne [∆0 + 4γi vbi − ∆],
(9.8)
+
∂t
R ∂xi
where
Z
1
∆0 =
∆dΩ,
(9.9)
4π
is the isotropic component (zeroth angular moment) of the photon brightness function. Fourier
transforming this equation
d∆ ikµ
+
∆ = σT ne [∆0 + 4µvb − ∆],
dt
R

µ = k̂.p̂,

(9.10)

where without loss of generality we have assumed that the wavevector is oriented along the
z-axis, so µ = cos θ where θ is the angle between the photon momentum and the z-axis.
Because Thomson scattering is independent of frequency, we end up with a single equation
for the evolution of the radiation brightness which will tell us how angular structure in ∆
develops.
To close the system of equations, we need to know how the baryonic component responds
to perturbations in the radiation field. In Sect. 4.A we derived the equation of motion for a
freely falling particle in an FRW metric (Eq. 4.72)
dvb Ṙ
+ vb = 0,
dt
R
which tells us that peculiar velocities decay adiabatically as the universe expands. However,
Thomson scattering locks the matter to the radiation field. As a perturbation in the radiation
44

The electrons are tightly coupled to the photons by Thomson scattering. The classical theory of Thomson
scattering gives the cross section
8π
σT =
3



e2
4π0 me c2

2

= 6.652 × 10−29 m2 .

The cross section for photons scattering off protons is negligible, because protons are much heavier than
electrons. However, electrons and protons are very tightly coupled via Coulomb interactions and so the
electron-proton plasma behaves as a single fluid, strongly (but imperfectly) coupled to the photons.
45
You can see this from the invariance of pα uα , where u is the matter four velocity: comparing the two
frames p0 = (p0 + pi dxi /dt) = p(1 − γi vbi ) to first order, since pi = −pRγi .
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moves, the matter will be dragged along. The equation of motion of the matter is modified
to


ργ
4
dvb Ṙ
∆1 − vb ,
+ vb = σ T ne
(9.11)
dt
R
ρb
3
where ∆1 is the first angular moment of the radiation brightness
Z
1 1
∆µdµ,
∆1 =
2 −1

(9.12)

is the photon energy flux. (This equation tells that it is difficult for baryons to move relative
to the radiation if they are strongly coupled to the photons). Finally, mass conservation gives
the familiar equation of continuity (neglecting gravity)
dδb
ikvb
=−
,
dt
R

(9.13)

where δb is the baryon overdensity (δb = (ρb − ρb )/ρb ). Equations (9.10), (9.11) and (9.13)
form a closed system of equations which allow us to calculate the evolution of the fluctuations.
It is quite likely that many students will have found the derivation of these equations quite
tedious, but unfortunately there are no shortcuts46 . Their meaning is however clear:
Equation (9.10) tells us how the Fourier transform of the photon radiation brightness ∆(k, µ, t)
evolves as a consequence of Thomson scattering. This variable is a function of the angle
between the wavevector and the photon momentum and so this equation tells us how angular
structure develops in the radiation brightness.
Equation (9.12) tells us how baryons are dragged along with the radiation as a result of
Thomson scattering.
Equation (9.13) tells us how density perturbations in the baryonic component respond to the
baryonic velocisty field.
9.2

Imperfect coupling between baryons and photons

Before recombination, the mean-free time for Thomson scattering
tc =

1
,
σ T ne c

(9.14)

is much smaller than the expansion rate, tc  t. This is what we mean when we say that the
matter and radiation are tightly coupled. The equations (9.10) and (9.12) are therefore very
‘stiff’, and so to first order, the terms in square brackets must be close to zero. From Eq.
(9.10) the perturbation to the radiation brightness is
∆ = ∆0 + 4µvb

(9.15)

i.e. the radiation field develops a dipole anisotropy. Taking the first angular moment of (9.15)
Z
Z
1 1
1 1
4
∆1 =
∆µdµ =
(∆0 + 4µvb )dµ = vb ,
2 −1
2 −1
3
and so the source term in (9.12) is zero.
46

We have already made a severe simplification by neglecting perturbations in the gravitational field.
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Now define the quantity X = ∆0 + 4µvb and insert back into (9.10) and (9.12) ignoring
expansion. Then to second order in tc
"
#


2 k2 X
µkX
iµk
Ẋ
µ
∆ = X − tc Ẋ + i
+ t2c Ẍ + 2
+ O(t3c ),
(9.16)
−
R
R
R2
i.e. for imperfect coupling (non-zero tc ) the radiation develops quadrupolar, octopolar and
higher order perturbations. This allows us to get a closed set of equations for ∆0 and v, valid
to first order in tc :



−ik 4
4
ik∆0
˙
∆0 =
,
(9.17a)
vb − tc
v̇ +
R 3
3
3R
"
!#
˙ 0 4k 2 vb
ργ
4
4
ik∆0
2ik ∆
− v̇b −
v̇b =
+ tc
v̈b +
−
.
(9.17b)
ρm
3
3R
3
3R
5R2
which have solutions of the form:
vb
∆


∝ exp(−Γt),

ik
k 2 tc
Γ=± √
−
6R2
R 3B



6
1
1−
+
,
5B B 2

where
B =1+

3ρb
.
4ργ

(9.18a)

(9.18b)

(9.18c)

The first term in (9.17b) describes acoustic oscillations with adiabatic sound speed
c
cs = √
3



3ρb −1/2
1+
.
4ργ

(9.19)

In the tightly coupled regime, baryons and photons act as a single
√ fluid, so the inertia of the
baryons reduces the sound speed below the relativistic value c/ 3.
The second term in (9.17b) describes damping of small-scale fluctuations by photon diffusion. This is often referred to as Silk damping [83] and has a simple physical interpretation:
A photon within a perturbation will random walk. Since the mean time between collisions
is tc , the
of collisions in time t is N = t/tc . Therefore photons will diffuse over a
√ number √
length N ctc = c ttc carrying the matter with them, in agreement with (9.17b). Note that
at recombination zrec ≈ 1000, B ≈ 1.69, and the characteristic damping scale is
2π
λD = R0
≈ 2πc
kD



tc trec
6

1/2 

6
1 1/2
1−
+
∼ 28 Mpc,
5B B 2

(9.20)

where numbers are evaluated for Ωb h2 = 0.0226. This is an enormous scale (and is actually underestimated because we have ignored expansion and assumed that recombination is
abrupt at zrec ≈ 1000) and has very important consequences for our understanding of structure formation. This result tells us that in a universe composed of baryons and radiation,
< λ as a result of photon diffusion. In such
fluctuations are damped exponentially on scales ∼
D
a universe, the first structures to form would be superclusters of galaxies, which is manifestly
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in disagreement with observations. The empirical evidence is overwhelming (see Sect. 14)
and shows that structure forms from the bottom-up, with small galaxies forming first and
merging to build up larger galaxies. Clusters of galaxies and superclusters form only at very
recent epochs.
This problem can be circumvented by including weakly interacting cold dark matter.
Since the CDM is weakly interacting, fluctuations in the CDM density distribution are coupled to the baryon-radiation fluid only by gravity. They are therefore unaffected by photon
diffusion and so small scale fluctuations in the CDM distribution survive the plasma era and
can seed the formation of structure in the Universe. In my view, this is one of the strongest
arguments in favour of the existence of dark matter.
9.3

Numerical solutions**

2
1

log δ(t)

k = 1.0 Mpc-1

k = 0.1 Mpc-1

0
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log R(t)/R0
Figure 9.1. The evolution of initial adiabatic density perturbations in a CDM universe with Ω = 1,
Ωb h2 = 0.03. The lines show the evolution of the fractional density perturbations of the various
components as follows: CDM (black line), baryons (dashed line), photons (oscillatory black line),
massless neutrinos (dotted line).

Fig. 9.1 shows numerical solutions of the evolution of perturbations including cold
dark matter, relativistic neutrinos and gravity. The picture to the left shows a comoving
wavenumber of k = 0.1 Mpc−1 and the picture to the right shows k = 1Mpc−1 . The initial
perturbations are chosen to be adiabatic i.e. the relative number densities of photons, baryons,
CDM etc are constant. From e.g. Eq. (4.25), the adiabatic condition requires
3
δc = δb = δγ .
(9.21)
4
Inflationary models generate adiabatic initial conditions, though it is possible to construct
models that lead to spatial variations in the photon entropy per particle (called isocurvature
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fluctuations)47 . However, observations of the CMB discussed in Sect. 11 have revealed no
evidence for isocurvature fluctuations and so I will discuss only adiabatic fluctuations in these
notes.
In the previous subsection, we ignored gravity. The numerical solutions shown in Fig.
9.1 include a consistent GR treatment of gravity. This is a technically difficult subject which
I will not cover in these lectures, so I will only quote the results (though the behaviour is easy
to understand intuitively). I will distinguish between three phases:
(i) λ > ct: For both wavenumbers shown in the figure, the physical scale λ of perturbations
is much larger than the Hubble radius ct at the start of the integrations. In this regime,
the evolution of perturbations depends on the choice of coordinates. Fig. 9.1 adopts the
synchronous gauge. All observable quantities (for example, the temperature fluctuations of
the CMB) are gauge invariant and so as long as one imposes consistent initial conditions
appropriate to the choice of gauge, you will get the same answers. However, the evolution
may look different with different gauge choices and you should bear this in mind when reading
the literature. In the synchronous gauge, the density perturbations in the various components
track each (maintaining the adiabatic condition (9.21)) growing in time as δ ∝ t. This phase
lasts until the physical size of the perturbation becomes comparable to the Hubble radius.
(ii) λ < ct: Pressure then becomes important and the photons and baryons start to oscillate
as sound waves. The relativistic neutrinos, on the other hand, experience no pressure support
and on scales smaller than the Hubble radius, neutrinos free-stream and the neutrino density
fluctuation rapidly decays away. The CDM perturbation responds only to gravity. If you look
carefully at Fig. 9.1 you will see that the CDM growth slows down during the oscillatory phase
and then picks up again after recombination. This is a consequence of the solution discussed
in Sect. 7.3.4, which showed that matter fluctuations stop growing if the energy density of
the universe is dominated by a smooth relativistic component. The fluctuations in the CDM
begin to grow again when the universe becomes matter dominated. As a consequence of this
effect, we would expect the Hubble radius at zequ to be imprinted on the matter fluctuation
spectrum. (We will discuss this further below). During this phase, you can clearly see the
Silk damping effect in the k = 1 Mpc−1 plot prior to recombination.
(iii) post recombination: Recombination occurs at R/R0 ∼ 10−3 and at that point, the baryons
decouple from the photons. The perturbation in the baryon density responds to the gravity
of the dark matter (and vice-versa) and very rapidly catches up with the CDM density perturbation. The oscillations in the baryons imprint a small amplitude oscillatory feature in the
CDM fluctuations; these are the baryon acoustic oscillation (BAO) features that have become
an important geometrical test of cosmological models (see Sect. 11.2). Post recombination,
fluctuations in the photons rapidly decay away as a result of free-streaming.
9.4

Anisotropies in the CMB

Having numerically solved the Boltzmann equation we would now like to compute quantities
that we can observe. In this section, I will discuss anisotropies of the CMB. The natural way
of analysing the CMB temperature irregularities is to perform a spherical harmonic analysis.
Thus if ∆Ti is the temperature difference measured in a pixel i of solid angle Ωi we can
compute complex coefficients a`m by summing over pixels
X
∗
a`m =
∆Ti Y`m
(θi , φi )Ωi ,
(9.22a)
i
47

This can happen in multi-field inflationary models.
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(to avoid mathematical complications, I will assume that we are sampling the entire 4π
steradians of the sky). The inverse of (9.22a) is48
∆Ti =

`
X X

a`m Y`m (θi , φi ),

(9.22b)

` m=−`

If the initial fluctuations are Gaussian, the a`m coefficients are also Gaussian and so the
statistics of the CMB fluctuations are completely specified49 by the CMB power spectrum,
C` . From Eq. (9.22a) we can form an estimator of the power spectrum by performing a
spherical harmonic transform of a map of the CMB anisotropies.
X
1
C` =
|a`m |2 .
(9.23)
(2` + 1) m
The expectation value of (9.23) is equal to the theoretical power spectrum, C`T . (Note, however, that although the fluctuations are assumed to be Gaussian, the statistical distribution
of C` is very different from a Gaussian at low multipoles as explained in the box below.)
All that remains is to relate the theoretical power spectrum to the perturbation to the
radiation brightness ∆(k, µ, t) computed by solving the Boltzmann equation. This requires a
bit of algebra and so I have relegated the details to Appendix 9.B. The result is
Z ∞
V
T
C` =
|∆` |2 k 2 dk.
(9.24)
8π 0
We can now look at theoretical predictions of the CMB power spectrum. Fig. 9.2 shows
the CMB power spectrum (computed using the CAMB code) for the adiabatic ΛCDM cosmology
that gives the best fit to observations from the Planck satellite50 . The highlighted regimes
on this plot are as follows:
(i) Sachs-Wolfe plateau
< 100, the physical scales of the fluctuations were greater than the
At multipoles ` ∼
Hubble radius at the time of recombination. For these modes, Thomson scattering has no
effect and the temperature fluctuations are caused by gravity. (This is called the Sachs-Wolfe
effect [84]). Since I am not discussing relativistic perturbation theory in these lecture notes,
I will give a qualitative argument which will give you a rough idea about what is going on.
It is helpful to go back to the space-time diagram of Fig. 1.2. This shows two photon paths
coming from widely separated regions of the sky. If there are fluctuations in the gravitational
potential at the last scattering surface, then there will be temperature differences in different
directions of the sky that are proportional to the differences in the gravitational potential.
Photons travelling towards us from the last scattering surface will be redshifted or blueshifted
in response to the gravitational field. Qualitatively,
∆T
(δφ)λ
GδM
∼
∼
∝ δρλ2 ∝ λ(1−ns )/2 ,
2
T
c
λ
48

(9.25)

This uses the completeness relation for the spherical harmonics
∞ X
`
X

∗
Y`m (θ1 , φ1 )Y`m
(θ2 , φ2 ) = δ(cos θ1 − cos θ2 )δ(φ1 − φ2 ),

`=0 m=−`

where δ is the Dirac delta function.
49
This is not quite true because there is a small distortion of the CMB temperature field caused by gravitational lensing by matter along the line of sight.
50
The parameters of this model are given in Sect A.
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angle subtended by max
distance travelled by a
sound wave

acous:c peaks
Sachs-Wolfe

damping tail

Figure 9.2. Theoretical computation of the CMB temperature power spectrum for the inflationary
ΛCDM cosmology that gives the best fit to the Planck observations. The highlighted regimes are
discussed in more detail in the text. Note that the abscissa in this plot uses a logarithmic scale at
multipoles ` < 50 and a linear scale at higher multipoles. The vertical dashed line marks the transition
between these two scales.

where λ is the scale of the fluctuation and we have assumed a density fluctuation spectrum
P (k) ∝ k ns , for which (δρ/ρ)λ ∝ λ−(ns +3) (cf. Eq. (8.8a)). The spectral index, ns , describes scalar fluctuations, describing fluctuations in the matter distribution that grow to
make galaxies and clusters. There is another type of perturbation, tensor fluctuations in
which temperature irregularities are generated by primordial gravitational waves. I will discuss tensor modes qualitatively in Sect. 10.6.2. One can see from Eq. (9.25) that if ns = 1,
the temperature fluctuations are independent of scale; such a fluctuation spectrum is called
scale-invariant. One of the attractive features of inflationary models is that they predict a
nearly scale-invariant spectrum of curvature perturbations, in agreement with observations.
This prediction will be discussed in more detail in the next section.
In an EdS cosmology, a more detailed relativistic calculation [85] leads to the result
Z ∞ 2
V
|ḧ| 2
C` =
j (kτ )k 2 dk,
(9.26)
2π 0 k 4 `
where h is the trace of the
R perturbation to the metric, dots denote differentiation with respect
to conformal time τ = R0 dt/R and j` is a spherical bessel function. In an EdS cosmology, ḧ
is independent of time on large scales, and if we assume a power law spectrum of perturbations
|h|2 ∝ k ns , then (9.26) gives the power spectrum.


s
Γ ` + ns2−1 Γ 9−n
2

,
C` = C2
(9.27)
s
s
Γ ` + 5−n
Γ 3+n
2
2
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where we have normalised the spectrum to the quadrupole amplitude C2 . For large values of
`, this gives51
C` ∝ `(ns −3) if `  1.
(9.28)

and so for a scale invariant spectrum, ns = 1, C` ∝ `2 and this is why the spectrum plotted
< 50. Note that it has become conventional in
in Fig. 9.2 appears nearly flat at multipoles ` ∼
cosmology to plot the quantity
1
D` =
`(` + 1)C` ,
(9.29)
2π
rather than the power spectrum C` . We can see from (9.27) that for a scale invariant spectrum
`(` + 1)C` is a constant.

(ii) Acoustic peaks
At multipoles ` > 100, we see a series of acoustic peaks. We have seen, from our
approximate treatment of Sect. 9.2, and from the numerical solutions shown in Fig. 9.1, that
modes which enter the Hubble radius before recombination oscillate like sound waves. These
oscillations are imprinted in the quantity |∆` |2 in Eq. (9.24) and therefore appear as a series
of acoustic peaks in the CMB power spectrum. A more detailed calculation (e.g. [86]) shows
that the maxima and minima of the peaks correspond to comoving wavenumbers of
km rs (zrec ) = mπ,

m = 1, 2, 3, . . .

(9.30)

with maxima for odd values of m and minima for even values of m. In (9.30), rs (zrec ) is the
sound horizon at recombination,
Z
rs =

c
√
3

Z
cs dτ =

c
1
= √
3 H0 Ω1/2
m

Z



3ρ
1+ b
4ργ

1/(1+zrec )

0

−1/2

dτ

da
(a + aequ )1/2 (1 + Ba)1/2

(9.31a)
(9.31b)

using the expression (9.19) for the sound speed and
2
a−1
equ = (1 + zequ ) = 24185(Ωm h ),

B = 30496(Ωb h2 ).

(9.32)

Evaluating (9.31b) for the best-fit Planck parameters, we find rs ≈ 136 Mpc. Scales are
related to angles on the sky via the angular diameter distance DA (Eq. 3.16), so the first
acoustic peak will appear at a multipole ` ∼ DA (zrec )π(1 + zrec )/rs ∼ 250, matching reasonably well with the numerical computation plotted in Fig. 9.2. The angular position of the
acoustic peaks from the CMB therefore provides an accurate geometric measurement of the
angular diameter distance to the last scattering surface. The relative heights of the acoustic
peaks are sensitive to the matter content of the Universe and provide tight constraints on the
physical densities Ωb h2 and Ωc h2 .
(iii) The damping tail
At very high multipoles, the CMB fluctuations are strongly damped by photon diffusion
(Silk damping) as discussed in Sect. 9.2. In addition, at high multipoles, the CMB fluctuations are suppressed by projection along the line of sight through the finite width of the
last scattering surface. The contrast between the acoustic peaks therefore declines at high
multipoles. Nevertheless, the damping tail is sensitive to certain cosmological parameters, for
51

Making use of the relation Γ(x + 1) = xΓ(x).
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example, the primordial helium abundance and additional relativistic species beyond the 3
neutrino flavours of the standard model.
We end this subsection by commenting on the angular correlation function of CMB
anisotropies. As discussed in Sec. 8.1, an equivalent way of analysing two-point statistics is
by computing an angular correlation function
C(θ) = h∆T (n1 )∆T (n2 )i .
Inserting the spherical harmonic expansion (9.22b) for ∆T , we find
1 X
C(θ) =
(2` + 1)C` P` (cos θ),
cos θ = n1 · n2 .
4π

(9.33)

`

In the high multipole limit, `  1, we can approximate the Legendre polynomials by a Bessel
funtion P` (µ) → J0 ((` + 1/2)θ). Thus (9.33) can be written as
Z
1 X
`C` J0 (`θ) → C` exp(i``.θθ)d2`,
(9.34)
C(θ) =
2π
`

i.e. for high order harmonics (small angles) we can approximate the celestial sphere as a
flat surface and compute the correlation function by performing a two-dimensional Fourier
transform of the power spectrum.
9.5

Matter fluctuations and the transfer function

The initial power spectrum of density fluctuations is modified by linear evolution. Wavelengths that enter the Hubble radius in the matter dominated era experience the same
amount of growth in linear perturbation theory, thus the shape of the initial power spectrum P (k) ∝ k ns is preserved for wavenumbers k  τequ . Since k is a comoving wavenumber, it is useful to use conformal time τ rather than t. The condition that the physical
size of a perturbation
Hubble radius is then kτ = 1. In the radiation era
R is equal to the
1/2
1/2
R(t) ∝ t
so τ = dt(R0 /R) ∝ t . Fluctuations with wavelengths that enter the Hubble radius when the universe is highly radiation dominated have their amplitudes effectively
frozen until the universe becomes matter dominated (see Sect. 7.3.4). These fluctuations
grow52 as δ = A(k)(τ /τi )2 at kτ  1, but when kτ > 1 their amplitude remains fixed at
δ = A(k)(kτi )−2 until the matter dominated epoch. The small scale power spectrum therefore
scales as P (k) ∝ k ns −4 and so P (k) ∝ k −3 for scale invariant initial conditions. The scale
delineating the transition between these two regimes is the Hubble radius at the time that
the CDM and radiation have equal densities
λcrit = ctequ R0 /R(tequ ) ≈ 10(Ωm h2 )−1 Mpc.

(9.35)

The epoch of matter and radiation equality is therefore imprinted in the matter fluctuations
at late times. This behaviour can be seen in Fig. 9.3 for the Planck best fit ΛCDM cosmology.
The limiting slopes at large and small scales are shown on the plot and the maximum occurs
roughly at kcrit = 2π/λcrit ∼ 0.01 Mpc−1 . The change in shape of the power spectrum during
linear evolution can be described by a linear transfer function T (k, t), normalized to unity as
k → 0; the late time matter power spectrum can then be written as
P (k, t0 ) = Ak ns T 2 (k, t0 ).
52

Since δ ∝ t ∝ τ 2 in the radiation era.
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ns

k

k ns-4

Figure 9.3. The ΛCDM linear power spectrum for the Planck best fit cosmology, normalised in
amplitude to the present day. The inset shows an expanded view of the power spectrum over the
wavenumber range 0.03 < k < 0.2 Mpc−1 , but now plotting kP (k) to emphasise the BAO features.

For CDM models with adiabatic initial conditions and negligible baryon content, [73] found
the following accurate fitting function
ln(1 + 2.34q)
[1 + 3.89q + (16.1q)2 + (5.46q)3 + (6.71q)4 ]−1/4 ,
2.34q
k
q =
.
Ωm h2 Mpc−1

T (k, t0 ) =

(9.37)

Although this transfer function gives a good match to the general shape of the power spectrum
plotted in Fig. 9.3, if you look carefully at Fig. 9.3, you can see low amplitude oscillations.
The inset figure shows a zoomed out plot of the wavenumber range 0.03 < k < 0.2 Mpc−1
which shows the oscillations more clearly. These are the baryon acoustic oscillations (BAO)
and are caused by the fact that acoustic oscillations in the baryons imprint oscillations in
the dark matter density via gravity. The scale of these oscillations is set by the sound
horizon Eq. (9.31a) and as discussed in Sect. 8.2 the BAO features have been accurately
measured in redshift surves such as BOSS (see Fig. 8.6). We will discuss BAO features
in more detail in Sect. 11. They provide another extremely important geometrical test of
the background cosmology because their positions perpendicular and parallel to the line of
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sight give measurements of DA (z) and H(z) respectively. However, unlike the CMB which
measures DA (zrec ), the BAO measurements can be used to measure DA (z) and H(z) over a
wide range of redshifts, depending on the mean redshift of the tracer survey, mapping the
evolution of these quantities. At present, BAO measurements using galaxy redshifts and
quasar Lyα absorption lines, have been made over the redshift range 0.1 − 2.4 (see Fig. 11.7).
9.6

Polarization of the CMB**

Thomson scattering is anisotropic, i.e. the cross section depends on the polarization of the
incident radiation[87]
dσT
∝ | · 0 |2 ,
(9.38)
dΩ
where  and 0 are the incident and scattered polarization directions. If the incident radiation
field has a quadrupole anisotropy, the scattered radiation will develop a linear polarization.
Consider a monochromatic plane wave with electric field components Eα at a fixed point in
space. We can define a polarization tensor
Pαβ = hEα Eβ∗ i,
which we can write in terms of the Stokes parameters (I, Q, U, V )


1 I + Q, U − iV
,
Pαβ =
2 U + iV, I − Q

(9.39)

(9.40)

(see e.g. [88]). The Stokes parameters Q and U measure linear polarization, while V measures
circular polarization. Thomson scattering cannot generate circular polarization, so I will
assume that V is zero. We can therefore write
1
Pαβ = Iδαβ + Pαβ
2

(9.41)

where the tensor Pαβ is a traceless symmetric matrix describing the linear polarization.
We can measure the components of this
tensor as a function of position on the sky by using polarization sensitive detectors. The mathematical characterization of polarization is quite
complex. For intensity (temperature) fluctuations, we expanded the temperature field in
spherical harmonics (as in Eq. 9.22b). The polarization tensor Pαβ is a rank 2 tensor defined
over the celestial sphere. To describe such a
quantity, we must expand this tensor using tensorial harmonics
X
E
B
B
Pαβ =
[aE
`m Y(`m)αβ (n̂) + a`m Y(`m)αβ (n̂)],
`m

(9.42)
where the unit vector n̂ defines the direction in Figure 9.4. Schematic depiction of E and B
the sky. The superscripts E and B in (9.42) mode polarization patterns.
define geometrically distinct ‘electric’ and ‘magnetic’ polarization modes as shown in Fig. 9.4. Scalar perturbations source only E mode
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polarization patterns (if we ignore lensing of the CMB). Primordial tensor modes, however,
produce B mode patterns, thus their detection on large angular scales would provide evidence
for gravitational waves generatated during inflation (see Sect. 10.6.2). Including polarization means that we can compute a number of polarization power spectra in addition to the
temperature power spectrum of the CMB. For example,
C`T E = haT`m a∗E
`m i,

∗E
C`EE = haE
`m a`m i,

∗B
C`BB = haB
`m a`m i,

(9.43)

where the superscript T denotes temperature (total intensity). C T E measures the cross
correlation of the temperature field with the E-mode polarization pattern, while C EE and
C BB are the E- and B-mode polarization power spectra. In the absence of parity violating
processes we would expect C T B = C EB = 0.
9.A

The statistics of the CMB power spectrum**

If we sample the entire sky with negligible instrument noise, we can estimate the power
spectrum coefficients C` from the the a`m coefficients of the spherical harmonic expansion
Eq. (9.23)
X
1
C` =
|a`m |2 .
(9.44)
(2` + 1) m
If the initial fluctuations are Gaussian, each a`m coefficient is Gaussian with zero mean and
variance C`T . However, (9.44) is the sum of (2` + 1) Gaussian random variates and so the
statistical distribution of the power spectrum will be non-Gaussian. (Although the a`m coefficients are complex, the requirement that ∆T is real forces the condition a`−m = a∗`m , so
only (2` + 1) random variates enter into the sum in (9.44).) The statistical distribution of
the sum of the squares of Gaussian random variates is called the χ2 distribution (which you
should have encountered since it forms the basis of the χ2 test). The distribution of C` is


(2` + 1) C`

dP =
2`+1
2
C`T
Γ 2
1

(2`−1)/2



(2` + 1) C` (2` + 1) dC`
exp −
,
2
2
C`T
C`T

which is a χ2 distribution with (2`+1) degrees of freedom. The mean of C` is C`T , as expected
from (9.44). The variance about the mean is
hC`2 i − hC` i2 =

2(C`T )2
,
(2` + 1)

and so the error on the power spectrum decreases rapidly at high multipoles because we have
more independent modes. At high multipoles the χ2 -distribution becomes a good approximation to a Gaussian (as a consequence of the central limit theorem). However at low multipoles,
the distributions of the C` deviate strongly from Gaussians. The problem of calculating the
statistical distributions of the power spectrum measured over an incomplete sky is formidably
difficult and can only be solved analytically for very special geometries.
9.B

Computing the theoretical CMB power spectrum**

We assume flat space and expand the perturbation to the radiation brightness in Legendre
polynomials
X
∆(k, µ, t) =
(2` + 1)∆` (k, t)P` (µ).
(9.45)
`
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With this decomposition, the Boltzmann equation (9.10) becomes an infinite set of coupled
differential equations for the angular moments ∆` , which can be solved numerically by truncating at a suitably high value of `.
The temperature fluctuations on the sky can be reconstructed from the plane-wave
perturbations
1 XX
∆T (θ, φ, x) =
(2` + 1)∆` (k, t0 )eik.x .
(9.46)
4
k

`

Using the addition theorem for spherical harmonics
P` (cos θ12 ) =

`
X
4π
∗
Y`m (n1 )Y`m
(n2 ),
(2` + 1)
m=−`

cos θ12 = n1 · n2 ,

we get the following expression for the a`m coefficients:
X
∗
a`m = π
∆` (k, t0 )Y`m
(θ0 , φ0 )eik.x ,

(9.47)

(9.48)

k

where the angles θ0 and φ0 define the direction of k with respect to the coordinate system x.
Averaging over all space, the theoretical CMB power spectrum is given by
Z ∞
X
V
2
2
2
∗
T
|∆` |2 k 2 dk.
(9.49)
|∆` | Y`m Y`m =
C` = h|a`m | i = π
8π 0
k
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10

Inflation

Having analysed the evolution of small perturbations to the FRW model, we now turn to the
question of their origin. This subject is at the very forefront of cosmology, and to put it into
perspective, we will be discussing physics that operates (perhaps) within ∼ 10−33 seconds after
> 1015 GeV. The physics at these ultra-high
the birth of the Universe when energies were ∼
energies is extremely uncertain and so the content of this section is necessarily speculative.
Nevertheless, a particular model, namely inflationary cosmology, has been developed which
offers solutions to many fundamental problems in cosmology, including the generation of
fluctuations. Inflationary cosmology should be viewed as a set of conditions that provide a
sketch of what might have happened just after the birth of the Universe. At present, we lack
a proper physics based theory of inflation, though there has been a huge amount of research
exploring possibilities. However, amazingly, we can make precise observational tests using
the CMB and other cosmological data (described in the next section) which provide strong
support for the theory. I will provide a very simplified account of inflation in this section.
For those interested in further details, I recommend the review by Daniel Baumann [89].
10.1

Background

Most cosmology textbooks motivate inflation using Guth’s three arguments [90] based on
the horizon, flatness and monopole problems. I will follow this approach here, but with an
important proviso.
10.1.1

The horizon problem

We have already introduced the concept of the particle horizon in Sec. 3.5.1. To recap, the
proper distance to the particle horizon is
Z t
dt0
dph (t) = cR(t)
,
(10.1)
0
0 R(t )
so if R(t) ∝ tα ,

dp (t) =

ct
.
(1 − α)

(10.2)

For any conventional equation of state the particle horizon is of order ct and as we discussed
in Sec. 3.5.1, this means that the region of causal contact shrinks as we go back in time. Why
then is the Universe so nearly homogeneous and isotropic? At early times widely separated
regions of the Universe were not in causal contact with each other, yet the temperature of
the CMB is uniform to an accuracy of about 1 part in 105 . This is the horizon problem.
10.1.2

The flatness problem

If we examine the Friedmann equations (Eqs. 2.14b and 2.14a):
!2
Ṙ
K
8πG
+ 2 =
ρ,
R
R
3
R̈
4πG
=−
(ρ + 3P ),
R
3

(10.3a)
(10.3b)

(ignoring the cosmological constant) we can see from the first of these equations that at
early times the curvature term is dynamically negligible compared to the density of matter
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and radiation (which vary as R−3 and R−4 respectively). To end up with a dynamically
significant curvature today requires extreme fine tuning at early times.
We can see this in quite an elegant way by
rewriting the Friedmann equations as
K
= (Ω − 1),
H2
dH
2
= −(1 + 3w)H2 ,
dτ

(10.4a)

Ω(τ)

(10.4b)

1

where τ is the conformal time53 , dτ = dt/R, H =
R−1 dR/dτ , Ω = ρ/ρc and w is the equation of state
parameter w = P/ρ. Combining these equations,
we find the compact equation
dΩ
= (1 + 3w)HΩ(Ω − 1).
dτ

τ
(10.5)
Figure 10.1. Schematic solutions of Eq.

Since H > 0, this equation tells us that provided (10.5) illustrating the attractor behaviour
(1 + 3w) is positive, the solutions tend to Ω = 1 as Ω(τ ) → 1 as τ → 0 if (1 + 3w) > 0. by
τ → 0 as illustrated schematically in Fig. 10.1 (i.e. identification.
Ω = 1 is an attractor as τ → 0). To end up with Ω ∼ 0.2 at the present day requires Ω to
differ from unity by about 1 part in 1060 at the Planck time. There is no known mechanism
that can explain such fine tuning. This is the flatness problem.
10.1.3

The monopole problem

This problem comes about from the idea of Grand Unification, ie that at some high energy of
order ∼ 1016 GeV the strong, weak and electromagnetic force are unified into a single force
described by a simple gauge group G. In the conventional hot big bang model, we would
expect a succession of spontaneously broken symmetries into successive subgroups including
SU (3) × SU (2) × U (1) of the standard model. In any theory in which the electromagnetic
group U (1) is a subgroup of a larger group with a compact covering group, such as SU (2) or
SU (3) heavy magnetic monopoles will be produced as topological defects. About one magnetic
monopole will be produced per Hubble volume at the time of the symmetry breaking, but if
this were true the abundance of relic monopoles would exceed experimental limits by about
14 orders of magnitude [90]. This is the magnetic monopole problem.
10.2
10.2.1

Cosmological inflation
Accelerated expansion

Let us look more carefully at the horizon problem. The expression for the particle horizon
(10.11) involves an integral with the lower limit t = 0. This is worrysome because it requires
extrapolation of the scale factor to the very origin of the Big Bang. Perhaps something
‘unusual’ happens as we approach t = 0?
Imagine that the energy density of the universe is dominated by a component with an
equation of state P = wρ, with w = constant. Energy conservation (Eq. 2.15 )
d(ρR3 )
= −3P R2 ,
dR
53

To simplify expressions, in this section I assume that the scale factor is normalised so that R0 = 1.
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requires
ρ ∝ R−3(1+w) .

(10.6)

The first of the two Friedmann equations (10.4a) then gives54
2

R ∝ t 3(1+w) ,

(10.7)

and you can easily verify that for pressureless matter (w = 0) and radiation (w = 1/3), (10.7)
gives the familiar solutions R ∝ t2/3 and R ∝ t1/2 respectively. Now look at the integral
Z
dt
1
1 + 3w
τ=
∝ tα ,
α=
.
(10.8)
R(t)
α
3(1 + w)
For a ‘conventional’ equation of state, w ≥ 0, (10.8) converges as t → 0. But for an ‘unconventional’ equation of state, (10.8) diverges as t → 0 if w < −1/3. From the second Friedmann
equation (10.4b),
R̈
4πG
=−
ρ(1 + 3w),
(10.9)
R
3
we see that the condition w < −1/3 requires R̈ > 0, i.e. the expansion of the universe is
accelerating. What we have shown, therefore, is that if the early universe underwent a period
of accelerated expansion, we get a lot more conformal time and so a huge volume of the
universe (perhaps more than 100 orders of magnitude larger than the present Hubble radius)
would have been in causal contact.
10.2.2

Realizing inflation

In Sect. 6.2 we showed that a homogeneous scalar field with potential V (φ) has density and
pressure
1 2
φ̇ + V (φ),
2
1
Pφ = φ̇2 − V (φ).
2
ρφ =

(10.10a)
(10.10b)

If the scalar field is moving slowly φ̇  V (φ), the equation of state is
w=

Pφ
≈ −1,
ρφ

(10.11)

and the scalar field behaves like a cosmological constant. In Sect. 6.2, we speculated that
a slowly evolving scalar field might explain the late time acceleration of the Universe. The
central idea behind inflation is that the Universe underwent a similar, but temporary, phase
of acceleration at early times. This simple idea solves the horizon, flatness and monopole
problems!
If the field is moving slowly, Eq. (10.10a) gives ρφ ≈ V (φ) ≈ constant. The first of the
Friedmann equations then gives
r
8πGV
Ht
R(t) ∝ e ,
H=
≈ constant,
(10.12)
3
54

For the moment, we will ignore spatial curvature.
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and so the universe expands exponentially. Recall from Sect. 2.7 that the homogeneous and
isotropic empty space-time with H = constant is the de Sitter solution described in (10.12).
In de Sitter space, conformal time is
Z
dt
1
τ=
= − exp(−Ht),
R
H
so we can write the scale factor as

1
.
(10.13)
Hτ
The singularity R = 0 is pushed back to τ = −∞ and the exponential expansion will continue
indefinitely into the future, with τ → 0 as t → +∞. In reality, inflation will end at some
point, which we can use to define τ = 0. The point τ = 0 therefore corresponds to the end of
inflation, not the singularity of the Big Bang.
For those of you that are comfortConformal ,me
able with GR, you can get a pictorial
way of understanding what is going on
from the conformal space time diagram
in Fig. 10.2. In terms of conformal time,
the metric of a flat FRW model is
R(τ ) = −

ds2 = R2 (dτ 2 − dx2 ),
recombina,on

and so light ray geodesics are always at
a
b
angles of 45◦ if we plot τ against x. Fig.
end of inﬂa,on
L
end
10.2 shows a light ray leaving the last
scattering surface that reaches us today
C
at τ0 . The region of causal contact at
τ = 0 (the end of inflation) is shown by
the shaded triangle. In a conventional
Big Bang cosmology we would identify
τ = 0 with the Big Bang singularity. ReBig Bang singularity
gions (a) and (b) could therefore never
have been in causal contact. However,
Figure 10.2. Conformal diagram of inflationary cosin an inflationary cosmology, we can ex- mology. Inflation extends conformal time to negative
tend the light rays to negative values of values, pushing the Big Bang sigularity to τ = −∞.
τ . Regions (a) and (b) come into causal The end of inflation creates an apparent Big Bang at
τ = 0, but the light cones can be traced back to negcontact at point C.
ative
values of tau. Widely separated regions of the
Test particles that were once in
universe
can therefore have been in causal contact durcausal contact recede from each other
ing the inflationary phase. (Adapted from [89].)
during the inflationary phase and go out
of causal contact. Because of this, near-exponential expansion is sometimes referred to as
superluminal expansion, and you may sometimes see statements such as ‘during inflation,
space expands fast than the speed of light’, though there is no violation of special relativity.
Inflation rapidly dilutes any space curvature, so we would expect the Universe to be
accurately spatially flat at the present day. We can see this clearly from (10.5):
dΩ
= (1 + 3w)HΩ(Ω − 1),
dτ
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since if (1 + 3w) < 0, Ω = 1 is now an attractor solution as τ increases. A period of near
exponential expansion can also solve the monopole problem, since any monopoles created
before inflation starts would be exponentially diluted away.
These are important and attractive features on inflation. However, there are a number of
key aspects that need more careful discussion before we can claim to have a viable inflationary
model. Firstly we need to look at the evolution of scalar fields more carefully; secondly we
need to compute the duration of inflation and make sure that it lasts long enough to actually
solve the horizon problem; thirdly, we need a mechanism to end inflation and generate the
particle content of the hot Big Bang model.
10.3

A specific example: V (φ) = 21 m2 φ2 .
We will assume that spatial gradients are
negligible, since if inflation starts they
will be rapidly smoothed away. We have
already derived the classical equations of
motion of a homogeneous scalar field55
(Sect. 6.2).
φ̈ + 3H φ̇ = −V 0 (φ), (10.14a)
1
V (φ) = m2 φ2 , (10.14b)
2

where primes denote differentiation with
respect to φ. The quadratic potential is
just a guess at what the potential might
look like and should be thought of as a
‘toy’ model. The field φ is called the inflaton and we want to describe the classical evolution of this field. Fig. 10.3
show a schematic picture; intuitively we
expect the field to roll down the potential
Figure 10.3. Schematic diagram of an inflaton rolling
and to oscillate around the minimum.
down the potential V (φ).
The question is whether we can realise
a period of inflation as the scalar field
evolves.
The Hubble parameter is
1
H =
3
2




1 2
1
φ̇ + V (φ) = (φ̇2 + m2 φ2 ),
2
6

(10.15)

and combining the above equations we get
r
φ̈ +

3 2
(φ̇ + m2 φ2 )1/2 φ̇ + m2 φ = 0.
2

55

(10.16)

Throughout this Section, I will use Planck units with (8πG = 1/MP2 = 1). The field φ is therefore
expressed in units of the (reduced) Planck mass MP .
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−

Figure p
10.4. Phase diagram showing the solutions of Eq. (10.17). There are attractor solutions at
φ̇ = ±m 2/3 at which dφ̇/dφ ≈ 0.

This equation might seem a bit complicated, but if we make the substitution φ̈ = φ̇(dφ̇/dφ),
the equation of motion (10.16) can be written as a non-linear first order differential equation:
q
3 2
2 2 1/2 φ̇ − m2 φ
−
dφ̇
2 (φ̇ + m φ )
=
.
(10.17)
dφ
φ̇
The solutions of this type of non-linear equation can be analysed by plotting a phase diagram,
i.e. plotting φ̇ against φ as shown in Fig. 10.4. As can be seen in the Figure, there are attractor
solutions. If the field starts off with a value φ  1, it will find the attractor
r
2
dφ̇
φ̇ = ±m
,
≈ 0,
(10.18)
3
dφ
(you can verify this by assuming φ̇  m2 φ2 in (10.17)). Once we are on the attractor we will
realise inflation with an equation of state
P
m2 /3 − m2 φ2
= 2
≈ −1,
ρ
m /3 + m2 φ2

if φ  1.

(10.19)

p
In this model, accelerated expansion (w ≤ −1/3) ends when the field drops to φ ≈ ± 2/3.
The field then oscillates around the minimum of the potential as shown by the spirals around
the origin φ = φ̇ = 0.
To recap, if we start of with a field value φ  1, Hubble friction slows the field down
and puts the field on an attractor solution with φ̇ ≈ 0. In this phase, the field is slowly rolling
and the universe is expanding exponentially, i.e. the universe is inflating. This phase lasts
until the field value drops to values of order unity, at which point inflation ends.
This is an example of a high field inflation model, because necessarily φ > MP during
inflation. It might, at first sight, seem strange to have field values greater than the Planck
scale. However, the potential satistfies
<
V < MP4 if φ ∼
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so the energy density can remain well below the Planck scale even if the field value exceeds
the Planck scale.
The example of a quadratic potential is meant to illustrate a simple
model of inflation. Since we lack an
understanding of the basic physics all
models of inflation are phenomenological. As a consequence, you can
find a large number of inflation models in the literature, including small
field models, models involving many
scalar fields and string inspired models involving extra dimensions. An
example of a hybrid inflation model
Figure 10.5. Example of a potential for a hybrid inflation [91] is shown in Fig. 10.5. In this exmodel involving two scalar fields.
ample, there are two fields, σ and φ,
with potential
1
g2
V (σ, φ) =
(M 2 − λσ 2 )2 + m2 σ 2 φ2 + φ2 σ 2 .
(10.21)
4λ
2
In this model the field σ is trapped at the minimum σ = 0 until a critical value of the field φ
is reached. The field φ then rolls down to a minimum at φ = 0 as shown by the red dots in
the figure.
Those interested in exploring the landscape of inflationary models can consult review
articles (e.g. [92, 93] and the textbooks by Liddle and Lyth [94] and Baumann and McAllister
[95]). I will not discuss specific models in any detail in these notes. Instead, I will focus on
ways of testing inflationary models, and therefore narrowing down the options, in Sect. 11.
10.4

The end of inflation and reheating**

When φ ∼ 1, inflation ends and the field oscillates around minimum of the potential. If we
could ignore Hubble expansion, the equation of motion gives simple harmonic motion with
angular frequency m. However, the Hubble expansion acts as a friction term and damps the
oscillations.
We can find a perturbative solution to the equations of motion during the oscillatory
phase by making the substitutions
√
φ̇ = 6H sin θ,
(10.22a)
√
mφ = 6H cos θ,
(10.22b)
which satisfy Eq. (10.15) for the Hubble parameter. After a bit of algebra we end up with
two first order differential equations:
Ḣ = −3H 2 sin2 θ, ,
3
θ̇ = −m − H sin 2θ.
2
Integrating the second of these equations
θ = −mt +

Z

3
H sin 2θdt,
2
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and noting that the integrand is highly oscillatory it can be dropped compared to the first
term. Inserting into (10.23a) and integrating,
Z
Z
dH
=
−3
sin2 mtdt,
H2
we find



sin 2mt −1
1
1−
H(t) =
.
3t
2mt

From Eq. (10.22a) we find the following perturbative solution to the equations of motion [12]:
r




sin 2mt
1
8 cos mt
1+
+O
,
(10.24)
φ(t) =
3 mt
2mt
(mt)3
showing how Hubble friction damps the oscillations. This is why the solutions shown in Fig.
10.4 spiral down to the origin.
In this highly oscillatory phase, the effective equation of state depends on the shape of
the inflaton potential close to the minimum. For fast oscillations, we can neglect the Hubble
term in (10.14a). Multiplying by φ gives
(φφ̇)˙ − φ̇2 = −φV 0 .

Averaging over a period, the first term averages to zero, so hφ̇i = hφV 0 i. If the potential varies
as V (φ) ∝ φn , the equation of state during the oscillatory phase is
hφ̇2 i/2 − hV i
n−2
P
=
≈
.
ρ
n+2
hφ̇2 i/2 + hV i

(10.25)

φ̈ + 3H φ̇ = −V 0 (φ) − Γφ̇,

(10.26)

For a quadratic potential, the equation of state is therefore w ≈ 0. For a quartic potential,
n = 4, we get w ≈ 1/3, i.e. the equation of state of relativistic matter.
To produce the hot Big Bang, the inflaton φ must be coupled to other matter fields. Particle production as the field oscillates causes the universe to reheat. We can model reheating
phenomenologically by adding a friction term Γφ̇, to the equation of motion:

representing the production of ‘radiation’ (i.e. particles). Energy conservation is then described by the equations
ρ̇φ + H(ρφ + Pφ ) = −Γρφ ,

ρ̇r + 4Hρr = Γρφ .

(10.27a)
(10.27b)

As the inflaton oscillates, energy is drained away from the inflaton to the radiation creating
the hot Big Bang.
The physics of reheating is, however, complicated and uncertain. It is possible to build
models of particle production given (quite uncertain) assumptions on how the inflaton couples
to matter fields. These have shown a number of possible interesting effects, including explosive
resonant particle production and the production of long-live solitonic objects. Some further
aspects of reheating are presented in Appendix 10.A. For an in-depth review see [96]. It is
plausible (but by no means proven) that the inflaton decays within a few oscillations leaving
the universe filled with thermalized particles with a temperature TRH . Provided TRH is lower
than the Grand Unified energy scale, we can avoid producing unwanted relics such as GUT
monopoles.
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10.5

How much inflation do we need?

In Fig. 10.6, λ1 crosses the inflationary horizon and goes out of causal
contact until late into the radiation era.
λ2 goes out of causal contact at a later
time during the inflationary phase, and
comes back into causal contact at an
earlier time in the radiation era.
We need inflation to produce a
Universe that is at least a big as the
present Hubble radius, λH = c/H0 . In
other words, our present Hubble radius
must have crossed the inflationary horizon during the inflationary phase. We
can calculate the number of e-foldings
from the time that λH crosses the horizon at time tH and the end of inflation:

N = ln

R(tend )
R(tH )


,

log (length)

How much inflation do we need to solve the horizon and flatness problems? First I want to
go over lengths scales again in inflationary cosmology in a slightly different way compared to
the conformal picture of Fig. 10.2. I will assume that H ≈ constant during inflation. The
Hubble radius, c/H, is approximately constant during the inflationary phase, and corresponds
to the event horizon of de Sitter space. This is illustrated in Fig. 10.6. The pale blue region
shows the inflationary era. Inflation ends at R(tend ), the universe is reheated and becomes
radiation dominated. The radiation era is shown by the pale red region in the figure. During
the radiation era, R(t) ∝ t1/2 and so the Hubble radius varies as R2 . The two green lines
in the figure show the two physical length scales, λ1 and λ2 , with λ1 > λ2 . These physical
lengths scale as the scale factor, λ ∝ R. If you prefer to think in terms of comoving length
scales, you can tip the diagram by 45◦ so that the green lines are horizontal – the physics is
of course unchanged.

c/H ~ R2
c/H ≈ const.
behaviour of Hubble
radius in non-inﬂa0onary
cosmology

inﬂa0on

radia0on era

log R (t)

Figure 10.6. Evolution of the Hubble radius c/H during
inflation and during the radiation era. The two lines show
(10.28) two physical lengths which scale as the scale factor R.

where R(tH ) = H0 R0 /HI and HI is the Hubble parameter during inflation. Now write [97]
R(tend )
R(tend ) Rreh Requ HI
=
Hequ ,
R(tH )
Rreh Requ R0 H0 Hequ

(10.29)

where Rreh and Requ denote the scale factors at the end of reheating and matter-radiation
equality, and Hequ is the Hubble parameter at the time of matter and radiation equality.
There are good reasons to write this equation in this form. The equation of state between
the end of inflation and full reheating is extremely uncertain, and this is reflected in the first
term on the rhs of this equation. The second term can be easily expressed in terms of the
reheating temperature. The logarithm of (10.29) gives the required number of e-folds. Noting
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the following relations:
Hequ = 5.32 × 106 Ω2m h3 H0 ,

(from Eq. 9.32)

(10.30a)

= 1.85 × 10
Requ Hequ
= 220 Ωm h,
(from Eq. 9.32)
R0 H0
HI
−4 1/2
= 3.1 × 1054 Ω−2
m h VI ,
Hequ

(10.30b)

−55

Ω2m h4 Mp ,

where VI is the inflationary potential in Planck units, we find






R(tend )
Treh
1
VI
N ≈ 64.4 + ln
− ln
+ ln
,
Rreh
1016 GeV
2
1016 GeV

(10.30c)
(10.30d)

(10.31)

and I have used a characteristic value of 1016 GeV for the energy scale of inflation and the
reheating temperature. We therefore need a minimum of about 60 e-folds of inflation to
solve the horizon and flatness problems. The actual number of e-folds could, of course, be
much greater. Notice also that the number of e-folds depends on the details of reheating
(its duration, equation of state, and final reheating temperature) and on the energy scale
of inflation. The estimate in (10.31) is therefore uncertain and as we will show in the next
section, this uncertainty affects comparisons with observational results from the CMB.
Finally it is interesting to note that a galaxy scale ∼ 1 Mpc crossed the inflationary
horizon only ∼ 9 e-folds after λH , and according to (10.31) inflation needs to continue for
another 50 or so e-folds. The cosmological structure that we see in the Universe today, from
galaxy scales to the Hubble radius, crossed the inflationary horizon during a brief period well
before the end of the inflationary phase. It therefore follows that observations cannot tell us
very much about the shape of the inflaton potential beyond the value VI and the derivatives
VI0 , VI0 , at field values ≈ φH (where φH is the value of the inflaton when λH crosses the
inflationary horizon).
10.6

Quantum Origin of Fluctuations**

It is unusual to cover the quantum generation of fluctuations during inflation in an introductory cosmology course.56 I am, however, including this material for a very good reason. At
the start of this section, I introduced the horizon and flatness problems as motivations for
inflation. This is certainly true historically and is the usual way that inflation is introduced to
students in textbooks. These are important problems and inflation certainly offers a solution.
However, there may be other reasons why the Universe was created in such a low entropy
state. We simply don’t know the physics well enough and it would be presumptuous to rule
out other explanations of the flatness and horizon problems. This is the ‘proviso’ mentioned
at the start of Sect. 10.1. In my view, the most important aspect of inflation is that it provides a causal mechanism for generating a nearly scale invariant fluctuations. This is a truly
spectacular result and provides by far the strongest motivation for inflation. It is therefore
inconceivable to me to teach inflation, even at an introductory level, and not to discuss the
quantum origin of fluctuations. Rather than simply quoting results, in this section I give a
very basic introduction to the problem. The way to read this section is as follows. For those
of you who have not encountered the quantum mechanical machinery, I recommend that you
56

You will definitely not be examined on any of this material.
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skim this section without worrying too much about the mathematical details. You should still
be able to get a sense of the physics involved. For those of you who are more theoretically
minded, I hope that this section will stimulate you to take the more advanced courses offered
next year. As in Sect. 9, I will not go into technical details on relativistic perturbation theory
and gauge choices.
10.6.1

The quantum harmonic oscillator**

Those of you who have done quantum mechanics at anything beyond an introductory level
will have covered the quantum harmonic oscillator. I will review this material here. The
action:
Z
1
S=
dt(ẋ2 − ω 2 x2 ),
(10.32)
2
gives us the classical equation of motion
ẍ + ω 2 = 0.

(10.33)

To describe the quantum harmonic oscillator, we make the coordinate x (and its conjugate
momentum) into an operator x̂ by expanding in annihilation and creation operators:
x̂ = v(t)â + v ∗ (t)â† .

(10.34)

The coefficients v(t) satistfy the classical equation of motion (10.33), with solution
r
~ −iωt
v(t) =
e
.
2ω

(10.35)

where the normalization is fixed by requiring the vacuum state to be the ground state of the
Hamiltionian


1
†
Ĥ = ~ω â â +
.
(10.36)
2
In the ground state, there are zero point fluctuations. For example for the position operator
h|x̂|2 i = h0|x̂† x̂|0i = h|v(t)|2 i =
10.6.2

~
.
2ω

(10.37)

Quantum fluctuations in de Sitter space**

The description of quantum fluctuations in de Sitter space is algebraically more complicated,
but no fundamentally new ideas are involved. We begin with the action
Z
√
1
S=
d4 x −g [R − (∇φ)2 − 2V (φ)],
(10.38)
2
where R is the Ricci scalar (not to be confused with the scale factor R(t)). Now, we need to
handle perturbations, so write the metric as
gij = R2 (t)[(1 − 2R)δij + hij ],

(10.39)

with δφ = 0. (With this gauge choice, the inflaton field is unperturbed and all scalar degrees
of freedom are parameterized by the metric fluctuation R.) The first term in the square
brackets describes scalar fluctuations and the hij term describes tensor fluctuations.
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After a lot of algebra, we can rewrite the action (10.38) to second order in R


Z
1
z 00
S=
dτ d3 x (v 0 )2 + (∂i v)2 + v 2 ,
2
z

(10.40)

where

R2 (t) 2
φ̇ ,
(10.41)
H2
R
and primes denote differentiation with respect to conformal time, τ , dτ = dt/R(t). Recall
from Sect. 10.2.2 that for de Sitter space
v = zR,

τ =−

z2 =

1
∝ −e−Ht
R(t)H

and runs from τ = −∞ → 0. As with the harmonic oscillator, we promote the fields v and
the conjugate momentum v 0 to quantum operators,
Z
1
v̂ =
d3 k[vk (τ )âk eik.x + vk∗ (τ )â†k e−ik.x ].
(10.42)
(2π)3
We then find that vk (τ ) satisfies the equation


z 00
2
00
vk = 0.
vk + k −
z

(10.43)

This is the Mukhanov-Sasaki equation, which looks remarkably similar to Eq. (10.33) for the
harmonic oscillator. This similarity is, of course, not accidental and one should appreciate
the ingenuity involved in choosing a gauge and perturbation variables to reduce the problem
to this (deceptively) simple form. In the de Sitter limit, H = constant, z 00 /z ≈ R00 /R ≈ 2/τ 2 ,
and Eq. (10.43) simplifies to


2
00
2
vk + k − 2 vk = 0,
(10.44)
τ
which has the solution



e−ikτ
i
vk = √
1−
.
(10.45)
kτ
2k
The normalization is chosen so that in the limit |kτ |  1, (i.e. when the comoving scale
of the fluctuations is much smaller than the inflationary horizon) the vacuum state is the
Minkowski vacuum57 .
We can then compute the power spectrum of the scalar metric perturbation R at horizon
crossing R(t)H = k (|kτ | = 1):

  4 
h|vk |2 i
1
H2 1
H
2
h(Rk ) i =
=
1+ 2 2 ≈
,
(10.46)
2
2
2
z
k τ
R φ̇ 2k
φ̇2 k 3 ∗
where ∗ denotes that H and φ̇ are evaluated at horizon crossing RH = k. In GR, R does
not evolve on superhorizon scales, so once fixed, it remains constant. This then gives us the
amplitude ∆2R of the power-spectrum of scalar perturbations generated during inflation:
Z
Z
Z
1
1
2 3
2 2
h(Rk ) id k = 2 h(Rk ) ik dk = ∆2s dlnk,
(2π)3
2π
57

In the limit |kτ |  1 (10.45) is identical to the harmonic oscillator and so the solution must be identical
to the solution (10.35) in the limit τ → −∞.
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where


H4
.
(10.47)
φ̇2 ∗
This is a remarkable calculation. Quantum fluctuations on small scales are inflated in
scale during the inflationary phase and freeze to produce classical curvature fluctuations. If the
field is slowly rolling, then H and φ̇ will be weakly dependent on scale, and so ∆2s ≈ constant
and we would expect to see a nearly scale invariant spectrum of curvature fluctuations.
The treatment given above is an abbreviated version of the analysis presented in [89] to
which I refer interested readers. The discussion presented here should be sufficient for you to
get a feel of what is going on. For the remainder of this section, I will give results without
proof.
In an analogous fashion, the fluctuations hij in the metric gives rise to tensor (gravitational wave) perturbations with power-spectrum:
∆2s

1
= 2
2π

∆2t =



2 H2
.
π MP2

(10.48)

We know observationally that ∆2s ≈ 10−9 (see the next section) so a detection of tensor
perturbations in the CMB of comparable amplitude would fix the energy scale of inflation
H 2 ≈ VI . It is usual to specify the amplitude of the tensor spectrum in terms of the tensorscalar ratio
∆2
r = t2 ,
(10.49)
∆s
where the fluctuation spectra are evaluated at a fiducial wavenumber, usually taken to be
k = 0.002 Mpc−1 . In terms of the tensor-to-scalar ratio, the energy scale of inflation is
1

V 1/4 ≈ 3.3 × 1016 r 4 GeV,

(10.50)

and with current 95% experimental upper limit of r < 0.06 (see Sect. 11.1.2), the energy
< 1.6 × 1016 GeV.
scale of inflation is V 1/4 ∼
10.6.3

Slow roll parameters

H will vary slightly during inflation, the scalar and tensor fluctations will therefore not be
exactly scale-invariant but will generally be slightly ‘tilted’ redward (ns < 1). We can analyse
small deviations from scale invariance by solving the perturbation equations assuming that
the inflaton is rolling slowly down the potential. We can define the slow-roll parameters


M 2 d2 V
MP2 1 dV 2
=
,
η = Pl 2 ,
(10.51)
2
V dφ
V dφ
which must necessarilly be small during inflation. Defining the scalar and tensor spectral
indices
∆2s ∝ k ns −1 ,
∆2t ∝ k nt ,
(10.52)
and solving to first order in the slow-roll parameters, one finds
ns − 1 = 2η − 6,

nt = −2,

(10.53)

for the spectral indices, and
r = 16.

(10.54)

Observations of the CMB anisotropies offer the best prospects for measuring these quantities
and learning about the dynamics of inflation.
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10.A

More on reheating**

In this Appendix, I will discuss a simple model of reheating that displays parametric resonances (based on an analysis presented in [98]). Suppose we couple the inflaton φ with a
second scalar field χ as in the Lagrangian:
1
1
1
1
L = ∂µ φ∂ µ φ + ∂µ χ∂ µ χ − m2 φ2 − g 2 φ2 χ2 .
2
2
2
2

(10.55)

The equation of motion for χ is
χ̈ + 3H χ̇ −

1 2
∇ χ + g 2 φ2 χ = 0,
R2

and expanding χ in Fourier (momentum) modes we get

 2
k
2 2
χ̈k + 3H χ̇k +
+ g φ χk = 0.
R2

(10.56)

(10.57)

At the end of inflation, let’s assume
that φ oscillates rapidly with a timeaveraged amplitude Φ and ignore the expansion of the Universe. If we make the
variable changes:
q=

g 2 Φ2
,
4m2

A=

k2
+ 2q,
m2

z = mt,

A

Eq. (10.57) becomes a Mathieu equation
d2 χk
+ (A − 2q cos(2z))χk = 0, (10.58)
dz 2
which has solutions
χk ∝ f (z) exp±iµz ,

(10.59)

q
where f (z) is periodic. If the Mathieu exponent µ has an non-zero imaginary value, the χ field will grow exponen- Figure 10.7. The imaginary part of the Mathieu crittially, i.e. there is a parametric resonance ical exponent with darker colours corresponding to the
larger imaginary component. Outside the heavy black
favouring the production of certain mo- lines, the exponent is real-values and the corresponding
mentum modes as shown in Fig. 10.7. solutions are strictly oscillatory. The red diagonal line
Particle production at these resonances show A = 2q and solutions must lie to the left of this
is almost explosive.
line since A = k 2 /m2 + 2q.
The χ field can become extremely
inhomogeneous, leading to the generation of high frequency gravitational waves after inflation.
Computing these inhomogeneities requires lattice field simulations, as discussed in [96].
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11

Testing cosmological models

Let us recap:
• The Universe appears to be accurately homogeneous and isotropic on the largest scales.
• The energy density of the Universe at the present day is dominated by dark matter and
dark energy.
• Big Bang nucleosynthesis predicts a deuterium abundance that is in good agreement with
observations provided the baryon density is Ωb h2 ≈ 0.02 (well below the densities of dark
matter and dark energy).
• Inflation predicts (at least for simple models) that the Universe should be spatially flat.
• Simple single field models of inflation predict a nearly scale-invariant spectrum of Gaussian
adiabatic fluctuations. The scalar spectral index should be slightly tilted, ns < 1.
• If the energy scale of inflation is high enough, it may be possible to detect gravitational
wave (tensor) perturbations.
These are very specific aspects of the background cosmology and associated fluctuations.
In addition, cosmology may be able to answer questions that are difficult to test in the
laboratory. Here are a few examples:
• Are there additional relativistic particles (e.g. sterile neutrinos) that contribute to the
energy density at high redshift?
• What is the absolute neutrino mass scale?
• Is there any evidence for ‘early’ dark energy58 ?
• What is the mass of the dark matter particle? Is the dark matter warm, cold or fuzzy?
• Are there interactions between dark matter and dark energy?
The answers to these questions require accurate observations. This area has become
known as ‘precision cosmology’ and is the subject of this section. The layout of this section is
as follows. I will first discuss observations of the CMB. The CMB is a particularly powerful
probe of cosmology because the temperature anisotropies are linear and can be measured
to high accuracy. CMB observations alone set very tight constraints on what I call the
base ΛCDM model (spatially flat universe, adiabatic scalar fluctuations characterised by an
amplitude and scalar spectral index). I then discuss baryon acoustic oscillations, redshift
space distortions and weak gravitational lensing, relegating details to appendices. Type Ia
SN have already been discussed in Sect. 3.3.
11.1

Cosmology from the CMB

Primordial anisotropies in the CMB were first discovered in 1992 by the COBE satellite
(Figure 3.8). Since then, a large number of ground based experiments and two space missions
(WMAP and Planck ) have measured the temperature and polarization anisotropies of the
CMB to high precision. In this subsection, I will concentrate on results from the Planck
satellite as reported in [99].
The temperature power spectrum measured by Planck is shown in Fig. 11.1 together
with the best fit base ΛCDM model. The parameters of this best fit model are given in Appendix A. Figure 11.2 show the TE (temperature-E mode polarization) cross power spectrum
58

We could imagine a scalar field that contributes to the energy density at high redshift, but makes a
negligible contribution to the energy density at low redshift. Early dark energy has been proposed as a
solution to the ‘Hubble tension’ discussed in Sect. 3.4.
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Figure 11.1. The points with errors bars show the CMB temperature power spectrum measured by
the Planck satellite. The solid line in the upper panel shows the best fit base ΛCDM model with the
parameters given in Appendix A. The residuals with respect to the best fit model are shown in the
lower panel. Note that the abscissa uses a logarithmic scale over the range 2 ≤ ` < 30 and a linear
scale at higher multipoles.

and the EE polarization power spectrum together with the predictions of the best fit base
ΛCDM model. Remarkably, this simple theoretical model, which is specified by six parameters (see below), provides an extremely good fit to all three spectra. The following points are
worh highlighting:
• The relative heights of the acoustic peaks fix the physical densities of the baryons and CDM:
Ωb h2 = 0.02226 ± 0.00015,
2

Ωc h = 0.1196 ± 0.0013,

(11.1a)
(11.1b)

• If we write the scalar spectrum of curvature fluctuations as
 ns
k
h(Rk )2 i = As
,
k0
(see Eq. (10.46)) fixing the fiducial ‘pivot scale’ k0 = 0.05 Mpc−1 , then
ln(1010 As ) = 1.04105 ± 0.00029,
ns = 0.9671 ± 0.0045.
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Figure 11.2. The polarization power spectra measured by Planck. The TE spectrum is shown on
the left and the EE spectrum is shown on the right. As in Fig. 11.1, the solid lines in the upper
panels show the best fit base ΛCDM model with the parameters given in Appendix A. The residuals
with respect to the best fit model are shown in the lower panels.

The scalar spectrum is therefore slightly tilted and differs from the scale-invariant value ns = 1
by over 7σ.
The next parameter, θ∗ , is a location parameter and determines the multipoles of the
peaks and troughs of the acoustic peaks (see Eq. (9.30)). It is defined so that θ∗ is the angular
size subtended by the sound horizon. The Planck data give a very precise determination of
this parameter:
100θ∗ = 1.04124 ± 0.00028.
(11.1e)
We also need to fix the optical depth to reionization. This will be discussed in more
detail Sect. 13.3, where we present evidence that the hydrogen in the Universe was reionized
at a redshift of zreion ≈ 8. The reionization leads to an optical depth to Thomson scattering
which depresses the amplitudes of the power spectra shown in Figs. 11.1 and 11.2 at high
multipoles by exp(−2τ ). Unless τ can be constrained in some way, there will be a very strong
degeneracy between τ and the amplitude As (the data will measure As exp(−2τ )) and this
degeneracy will have a small impact on the other cosmological parameters (11.1a)- (11.1e).
As discussed in Sect. 13.3, the optical depth an be constrained by measuring the Planck EE
polarization spectrum at low multipoles (see Fig. 13.4). For the base ΛCDM model we find
τ = 0.0533 ± 0.0079.

(11.1f)

The parameters (11.1a) - (11.1f) are the six parameters that define the base ΛCDM
cosmology. Other parameters such as H0 and ΩΛ are derived parameters that follow from the
assumption that the universe is spatially flat. Some of these parameters are shown in Fig.
11.3. Note that the parameter S8 is defined as


Ωm 0.5
S8 = σ8
.
(11.2)
0.3
This parameter combination is of interest because it is well constrained by galaxy weak lensing
surveys (see Sect. 11.4).
Figure 11.3 shows the remarkable consistency between the base ΛCDM parameters determined from temperature and polarization spectra. In fact, the TE spectrum from Planck
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Figure 11.3. 68% and 95% confidence contours for base ΛCDM cosmological parameters determined
from Planck. The red contours show constraints from the Planck TT power spectrum, grey contours
show constraints from the TE spectrum and blue contours show constraints from the combination
TT, TE and EE power spectra. All of these constraints use the Planck EE power spectrum at ` < 30
to constraint the reionization optical depth τ .

Figure 11.4. The left hand figure shows a map of the lensing deflection field reconstructed from
the Planck maps. The right hand figure shows the deflection field power spectrum from Planck and
ground based experiments as a function of multipole L. The solid line in this plot is the theoretical
prediction of the Planck best fit base ΛCDM model. (From [101].)

gives parameters that are almost as tight as the parameters from the temperature spectrum.
One can also see from Figs. 11.1 and 11.2 that the six-parameter model provides an extremely
good fit to the Planck spectra. There is no evidence from the Planck data for any departures
from the base ΛCDM cosmology. In addition, an extensive analysis [100] has shown that the
Planck data are consistent with Gaussian initial fluctuations.
Before disussing other types of astrophysical data, there are two important CMB measurements that I would like to review:
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11.1.1

CMB lensing

If the Universe were perfectly homogeneous and isotropic, photons would travel towards
us in straight lines after recombination. However, the matter distribution in the Universe
is inhomogeneous and so photons are deflected by the gravitational lensing effects of the
irregular distribution of matter along the line of sight. The gravitational lensing effect thus
distorts our view of the last scattering surface and introduces non-Gaussian signals which can
be used to reconstruct the lensing deflection field φ. The lensing effect causes a smoothing of
the acoustic features in the power spectrum and is included in the theoretical predictions of
the TT, TE and EE power spectra shown in Figs. 11.1 and 11.2. Measurements of the lensing
deflection field (see Fig. 11.4), however, contain new information and substantially increase
the discriminatory power of CMB data. The theory of CMB lensing (which is beyond the
scope of this lecture course) is summarized in Appendix 11.A. The following points are worth
noting:
• The power spectrum of the lensing deflection potential has been measured by Planck and
by a number of ground based experiments (Fig. 11.4). The black line in Fig. 11.4 shows the
best fit model fitted to the Planck power spectra. This is in very good agreement with the
measurements.
• The CMB lensing effect comes mainly from intervening matter fluctuations at redshifts
z ∼ 2. This has been demonstrated via cross correlations of the CMB with tracers of structure
at high redshift (such as the cosmic infrared background59 [102]). The base ΛCDM model
has therefore been shown to fit the CMB extremely well from a redshift of z ∼ 1000 down to
z ∼ 2.

• CMB lensing generates polarization B modes even in the absence of primordial tensor
perturbations. The lensing B-modes have been measured (see Fig. 11.5). In the future,
lensing B-modes will need to be mapped and subtracted to improve the limits on primordial
B-modes.
• The CMB lensing power spectrum provides an independent estimate of the amplitude of the
scalar power spectrum, As . Thus, combining the CMB lensing with the CMB power spectra
breaks the degeneracy between As and As exp(−2τ ), leading to an estimate of τ independent
of the low multipole EE spectrum. The results of this type of test are consistent with the
value of τ given in Eq. (11.1f), supporting a low redshift of reionization.
• We will show below that the CMB power spectra alone provide fairly weak constraints on
spatial curvature. However, adding in CMB lensing breaks this degeneracy and constrains
the Universe to be spatially flat to high accuracy.
11.1.2

B-mode measurements

Sect. 10.6.2 discussed the production of a spectrum of tensor perturbations from an inflationary phase. The relative amplitude of tensor and scalar perturbations, r, depends on
the energy scale of inflation (Eq. (10.50)) which is unconstrained theoretically. The parity
of scalar perturbations means that they cannot source a B-mode polarization pattern in the
CMB (see Sect. 9.6), whereas tensor perturbations can source large-scale B-modes in addition
to E-modes. The detection of CMB B-modes could therefore provide powerful evidence for
59

The cosmic infrared background originates from UV starlight in high redshift galaxies which is reprocessed
<
to infrared wavelengths by scattering on interstellar dust grains. At frequencies ∼
217 GHz, the mean redshift
of this background is well matched to the peak redshift of the CMB lensing kernel.
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Figure 11.5. The left hand figure shows a map of the B-mode polarization signal at 150 GHz
measured by the BICEP2 experiment (from [103]). The right hand plot shows estimates deflection
field reconstructed from the Planck maps. The right hand figure shows estimates and upper limits on
the B-mode power spectrum from a number of polarization CMB experiments (from [104].)

tensor perturbations generated during inflation. Unsurprisingly, there is a large experimental effort underway to measure B-modes in the CMB. There are, however, two complications.
Firstly, Galactic dust emission is strongly polarized with roughly equal amplitudes in E and B
modes. Secondly, as discussed above gravitational lensing generates B-modes from E-modes.
The plot on the left in Fig. 11.5 shows a map of the B-mode polarization pattern at
150 GHz made by the BICEP2 experiment [103]. This impressive experiment succeeded in
making the first detection of polarization B-modes at low multipoles. However, the signal
turns out to be dominated by polarized Galactic dust emission. Subsequent experiments have
extended the frequency range (and made use of the Planck polarization maps at 353 GHz) to
separate a frequency dependent polarized Galactic dust signal from a frequency independent
primordial signal. The latest results [105] use polarization measurements at 95, 150 and 220
GHz and find an upper limit at the 95% confidence level of r < 0.07. The lensing B-modes
have been detected at high significance from these and other ground based data (see Fig.
11.5). The current limits on the tensor-scalar ratio have almost reached the level at which
lensing B-modes, rather than instrument noise, become a limiting factor.
If we combine the B-mode limits of [105] with the Planck data, we can derive joint
contraints on the tensor-scalar ratio and scalar spectral index ns . These constraints are
plotted in Fig. 11.6. Allowing tensor modes is a physically well motivated one parameter
extension to the base ΛCDM model. Note that these constraints are only weakly dependent
on the tensor spectral index nt , and so we have imposed the ‘slow-roll’ constraint nt = −r/8
from Eq. (10.53). The subscript r0.002 in Fig. 11.6 signifies that the tensor-scalar ratio is
defined at a pivot-scale of k = 0.002 Mpc−1 , which is close to the scale at which there is
some sensitivity to tensor modes in the TT power spectrum. In Fig. 11.6 the constraint on r
comes almost entirely from the upper-limit from the BICEP-Keck experiment and the range
of allowed values of ns comes almost entirely from the Planck data (adding BAO data causes
a very small tightening of the constraints).
Figure 11.6 has very profound implications for inflationary model building. To illustrate
this, we will assume slow-roll inflation with a power law potential
V (φ) ∝ φα .
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The slow-roll conditions Eqs. (10.53)
and (10.54) then require (to first order in
slow-roll parameters)
(α + 2)
,
2N
4α
r≈
,
N

φ

1 − ns ≈

r0.002

0.075

0.050

(11.4a)
(11.4b)

where N is the number of e-foldings between the end of inflation and the time
that our present day Hubble scale crossed
0.000
the inflationary horizon (which we esti0.95
0.96
0.97
0.98
mated in Sect. 10.5 is probably about N ≈
ns
60, with quite a large uncertainty). The
constraints for a linear potential, α = 1
Figure 11.6. 68% and 95% constraints in the
are shown by the solid line in Fig. 11.6
ns −r0.002 plane combining Planck data (grey and red
and the red portion delineates the paramcontours) with the B-mode upper limits from [105].
The blue contours show how the constraints tighten eters allowed if N lies in range 50 − 60.
(slightly) if we add BAO data and Planck lensing We can see that the linear potential lies
measurements. The line shows the ns − r relation outside the 95% contours (for any value of
for a linear inflationary potential, V (φ) ∝ φ, to first N ). The important conclusion from these
order in slow roll parameters. The red line shows the constraints is that if we are to construct
range of parameters allowed in inflationary models a viable model of inflation the inflationary
with e-foldings in the range 50-60.
potential must be flat60 . Potentials such as
2
the simple quadratic potential, V (φ) ∝ φ , shown in Fig. 10.3 are strongly excluded by the
CMB data.
For this reason, inflationary model building has shifted in emphasis towards finding
physical reasons to explain why the inflationary potential is flat. An example is the αattractor class of models proposed by Linde and collaborators (e.g. [106]). The key idea here
is that the geometry of hidden dimensions in supergravity theories leads to a non-canonical
kinetic energy term. A field transformation to a canonical kinetic term flattens the potential.
The details of such models are highly speculative, but they are useful in suggesting targets
for future observations. For example, in one set of α attractor models, the potential is
0.025

φ
V = 3αm2 tanh2 √ .
6α

(11.5)

For values of α in the range 1/3 to 10 it is possible to fit the Planck constraints on the spectral
index ns . The predicted tensor-scalar ratio is
r ≈ 3α × 10−3 ,

(11.6)

easily satisfying the constraints shown in Fig. 11.6. From the point of view of phenomenology
it is possible to construct multi-field inflation models with even lower values of r and there
are no compelling theoretical reasons to favour any particular value for the tensor-scalar
ratio. The value of r may be so low that it is unobservable in any conceivable future CMB
experiment. A detection, however, would provide powerful evidence in favour of inflation
60

The observational constraints imply that the inflaton potential must be convex, d2 V (φ)/dφ2 < 0.

– 136 –

c G. Efstathiou

and would fix the energy scale of inflation. It would also be the first observational detection
of a quantum gravitational effect. These are powerful incentives to continue the search for
primordial B-modes.
11.2

Baryon acoustic oscillations

The CMB provides an extremely important and powerful probe of cosmology. However, one
of the main limitations of the CMB is that most of the information is restricted to one single
redshift, the redshift of last scattering61 z∗ ≈ 1000. Baryon acoustic oscillations (hereafter
BAO) were discussed briefly in Sects. 8.2 and 9.5 and have become an extremely powerful
geometrical probe of the background cosmology over a wide redshift range from z ∼ 0.1 to
z ∼ 2.5. Some details of how BAO features are measured from galaxy and quasar surveys are
given in Appendix 11.B 62 . In this subsection, I want to concentrate on the result from BAO
surveys and their implications for cosmology.
The basic idea behind BAO measurements is straightforward. Acoustic oscillations imprint oscillatory features in the
matter power spectrum with a physical
scale set by the sound horizon, as discussed in Sect. 9.4. The BAO experiments measure the locations of this oscillation scale perpendicular and parallel
to the line of sight (or at a sphericallyaveraged distance if the surveys lack the
statistics to perform an anisotropic twopoint analysis). They therefore provide
geometric measurements of various distances at the effective redshift zeff of the
survey. The location of the BAO scale per- Figure 11.7. BAO distance measurements from various galaxy and quasar surveys divided by the dispendicular to the line of sight measures the
tance ratio of the Planck best fit base ΛCDM cosangular-diameter distance DA (zeff ), given mology. All distances in this plot show D (z) except
V
by Eq. (3.16). Perpendicular to the line for the DES and SDSS Ly-α/quasar measurements
of sight, the BAO scale measures the dis- which show DM (z). The grey bands show the 68%
tance c/H(zeff ), where H(zeff ) is the Hub- and 95% confidence ranges allowed by Planck for the
ble parameter Eq. (3.5). We can also de- ratio DV (z)/rdrag . (From [37].)
fine a distance DV (z):


cz 1/3
2
DV (z) = (1 + z)2 DA
(z)
,
(11.7)
H(z)
which is a combination of the angular-diameter distance and H(z) suitable for the analysis
of spherically-averaged statistics. Some papers report constraints on the comoving angulardiameter distance, DM (z),
DM (z) = (1 + z)DA (z).
61

(11.8)

Gravitational lensing of the CMB extends the redshift range down to z ≈ 2, and in the future will provide
some ‘tomographic’ information via cross-correlations of the CMB with tracers of the mass distribution.
62
Appendix 11.B also contrasts the description of BAO features in Fourier space and real space.
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Figure 11.8. The contours show 68% and 95% constraints on DM (z) and H(z) from the BOSS BAO
fid
analysis of [107] which adopts a figucial value of the sound horizon of rdrag
= 147.78 Mpc. The green
and red points show samples from the Planck temperature and temperature+polarization analyses of
[99].

The comoving size of the sound horizon, rs (zdrag ) that defines the oscillation scale, is computed
at the redshift zdrag at which baryons became dynamically decoupled from the photons (and
differs slightly from zrec , which we used to evaluate Eq. (9.30)).
Figure 11.7 shows the BAO constraints from a number of surveys compared to the
expectations of the Planck best fit base ΛCDM cosmology. The data points at redshifts
z < 0.7 come from conventional galaxy redshift surveys (see Sect. 8.2) while the data point
at z ≈ 1.5 is derived from a survey of quasars. The point at redshift z ≈ 2.3 comes from
studies of the Lyα absorption lines of quasar spectra. As will be described in Sect. 13.4, the
Lyα absorption lines trace density fluctuations in the intergalactic medium at high redshift
which can be used to measure the BAO features and the shape of the matter power spectrum
to wavenumbers k ∼ 5 Mpc−1 . Figure 11.7 shows that geometry of the base ΛCDM cosmology
is consistent with the BAO measurements over the entire redshift range plotted in the diagram.
The most accurate BAO measurements (shown by the red triangles in Fig. 11.7) come
from the Baryon Oscillation Spectroscopic Survey (BOSS). This redshift survey consists of 1.2
million galaxies covering a volume of 18.7 Gpc3 . The main cosmological results from BOSS
are described in [107]. Because of the large size of the BOSS survey, it is possible to derive
joint constraints on DM (z) and H(z). These are shown in Fig. 11.8 in three redshift bins and
compared to the results of the base ΛCDM cosmology from Planck. Notice that the Planck
constraints in these plots lie accurately on degeneracy lines. As discussed in [99], the extent
of these degeneracy lines depends on the value of Ωm h2 . The green points show samples from
the Planck chains using only the temperature power spectra. These are consistent with the
BOSS results, but interestingly if we add in the Planck polarization spectra (red points) high
values of Ωm h2 are excluded and the CMB results come into even better agreement with the
BAO data. This illustrates the remarkable consistency of the base ΛCDM cosmology with
high precision data.
BAO measurements deserve a special status in cosmology. They are geometrical measurements and are insensitive to the physics of the tracer63 . This assertion is supported by the
consistency between the measurements shown in Fig. 11.7 which use galaxies, quasars and
Lyα absorption lines as tracers. Because of this, in my research I have given higher weight
63

Type Ia supernovae, for example, show intrinsic departures from standard candle behaviour which are not
understood theoretically.
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to cosmological constraints from the CMB and BAO than to any other type of cosmological
data. We have already seen that the base ΛCDM cosmology is consistent with the CMB and
BAO. This tells us immediately that any departures from the base ΛCDM model are subtle,
small, effects. If adding other cosmological data drives us towards new physics, we must be
confident that subtle, small systematic errors in the data are under control before discarding
the base ΛCDM cosmology. Before closing this Section, I will discuss two problems in which
BAO data play a critical role.
11.2.1

Spatial curvature

If we have two cosmologies with identical initial fluctuation spectra and physical matter and
radiation densities, they will produce an almost identical pattern of temperature anisotropies
at the last scattering surface. The angular scale corresponding to these fluctuations then
depends on the angular diameter distance DA (zrec ). Any combination of ‘background’ parameters (e.g. ΩΛ , ΩK ) that leads to the same value of DA (zrec ) will therefore be almost
indistinguishable. This geometrical degeneracy is partially broken by the late time SachsWolfe effect and can be broken with high precision CMB lensing measurements. However,
the geometrical degeneracy is broken very effectively by BAO measurements.
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Figure 11.9. The figure to the left shows 68% and 95% contours in the H0 − Ωk plane for various likelihood combinations. The dashed lines show the best fit values of H0 and ΩK from the
Planck +BAO+Planck lensing data. The figure to the right shows posterior probability distributions
for ΩK illustrating that adding BAO data to the CMB data breaks the geometrical degeneracy and
favours a spatially flat geometry to high accuracy. (From [99].)

This is illustrated in Fig. 11.9 which shows constraints in the ΩK − H0 plane from the
Planck likelihoods treating ΩK as a one parameter extension to the base ΛCDM cosmology.
Using the CMB power spectra alone we see a strong degeneracy between ΩK and H0 . However,
this degeneracy is broken if we add in the BAO and Planck lensing measurements (Fig. 11.4).
The posterior probability distributions for ΩK are shown in the left hand plot in Fig. 11.9.
These show that adding BAO to the Planck data constrains the Universe to be very nearly
spatially flat:
ΩK = 0.0004 ± 0.0019,
in very good agreement with the expectation of inflationary cosmology.
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11.2.2

The inverse distance ladder

If we fit the base ΛCDM model to the CMB data, we find very tight constraints on the value of
the sound horizon rdrag . If we assume a value of the sound horizon, we can calibrate the BAO
measurements of H(z) shown in Fig. 11.8 to absolute values of H(z) in kms−1 Mpc−1 . Having
calibrated H(z), we can ask whether we can constrain the evolution of H(z) to low redshifts to
determine an absolute value of H0 which can then be compared with the traditional distance
ladder measurements of H0 discussed in Sect. 3.4. This type of approach is known as the
inverse distance ladder. The rest of this subsection is based on model independent approach
to the inverse distance ladder discussed by [108].
If we assume a spatially flat Universe, the luminosity and angular diameter distances
are determined exactly by H(z)
Z z
dz 0
DL (z) = c(1 + z)
,
(11.10a)
0
0 H(z )
DL (z)
DA (z) =
.
(11.10b)
(1 + z)2
These equations are based on geometry and apply to any metric theory irrespective of the
dark matter and dark energy content or any interactions between these components. We can
then ask whether we can constrain the form of H(z) from the data independent of theory. In
fact, this can be done quite accurately using BAO and Type Ia SN data. In [108] we adopted
a simple parametric model
H 2 (z) = A(1 + z)3 + B + Cz + D(1 + z) ,

(11.11)

with A, B, C, D and  as free parameters.
The specific functional form in
(11.11) was motivated to match models of
dark energy with a time dependent equation of state, but since it has five free parameters it is sufficiently flexible to model
any physically plausible smooth variation
of H(z). The way this method works is
as follows: We adopt the value of the
sound horizon from Planck (rs = 147.27 ±
0.31 Mpc for the fits shown in Fig. 11.10).
This fixes H(z) from the BAO surveys as
shown by the red points in Fig. 11.10.
The Type Ia SN magnitude-redshft relation then allows one to interpolate H(z) Figure 11.10. Reconstruction of H(z) using BAO
to redshift zero. For the results shown in and Type Ia SN data assuming the Planck value of the
sound horizon rs . The blue contours show 68% and
Fig. 11.10 we used the Pantheon sample
95% contours of the reconsruction. The red points
of Type Ia SN described in [109]. The re- show the BAO data and the green point shows the
sults of this analysis are shown by the blue local measurement of H0 from the SH0ES project.
bands in Fig. 11.10. The extrapolation to The black dashed line shows H(z) for the best fit
z = 0 gives an inverse distance ladder de- Planck base ΛCDM cosmology. (Adapted from [108].)
termination:
H0 = 68.4 ± 0.9 kms−1 Mpc−1 ,
(11.12)
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which is consistent with the Planck base ΛCDM value of 67.44 ± 0.58kms−1 Mpc−1 , but
disagrees with the Cepheid-based SHOES determination of 74.03 ± 1.43 kms−1 Mpc−1 (Eq.
3.27) by 3.3σ. The estimate (11.12) is independent of physics at low redshift, since the shape
of H(z) if fixed by the BAO and SN data. If new physics is responsible for the discrepancy
between the CMB and local determinations of H0 , then we are forced to the conclusion that
this new physics must change the value of the sound horizon at high redshifts. This is not
easy to arrange.
11.3

Redshift-space distortions

BAO and Type Ia SN provide geometrical tests of the background cosmology. The next
two tests, described in this and the following subsection, probe the growth of fluctuations.
They therefore provide tests of theoretical models at the level of perturbations rather than the
background. This is much more difficult to do reliably.
In linear perturbation theory, we can write the growing mode of the density perturbation
as
δk = Ak D(t),
(11.13)
where D(t) is the growing mode solution to the linear perturbation equation (7.6) normalised
so that D(t0 ) = 1. If we assume that the velocity field is irrotational, the linearized equation
of continuity
dδk
= −ik.uk ,
(11.14)
dt
gives
dD ik
,
dt |k|2
ik
= Hf δk 2 ,
|k|

uk = Ak

where the function f is defined as

(11.15a)

R dD
.
(11.15b)
D dR
There is a very specific reason for defining this function. With this definition, the proper
peculiar velocity scales as Hf δρ/ρ and so the Hubble parameter is an overall scale factor
which can be absorbed into the definition of distances. The goal of redshift-space distortion
measurements is to measure the anisotropy in the clustering of tracer objects caused by the
mapping from real space to redshift space. This effect was discussed briefly in Sect. 8.2.
In particular, the aim is to measure the flattening effect perpendicular to the line of sight
(see Fig.8.5) caused by the peculiar velocity field in the linear regime. The amplitude of this
distortion depends on the product of f δρ/ρ. If we characterise the amplitude of the matter
fluctuations by the parameter σ8 defined in Sect. 8.3, then we see that linear redshift space
distortions (RSD) measure the parameter combination f σ8 .
These are very difficult measurements because it is necessary to isolate the linear distortion from non-linear effects. For example, one can see from Fig. 8.5 that ‘fingers of god’,
which are localised in real space, can be smeared out to large distances in redshift space.
Techniques have been developed in the last few years which have been tested against numerical simulations and appear to be unbiased. However, some of the earlier results on RSD
are unreliable and have been discarded from the summary plot of Fig. 11.11. As in previous subsections, I have relegated details of how these measurements are made (which extend
f (t) =
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well beyond the scope of this lecture course) into Appendix 11.C and will concentrate on the
results in this subsection.
The RSD measurements of f σ8 from
a number of surveys are shown in Fig.
11.11. The grey bands in this plot show
the ranges of allowed values by the Planck
fits to base ΛCDM cosmology. As can
be seen, f σ8 is tightly constrained by the
Planck data. As in Fig. 11.7, the tightest
constraints on f σ8 come from the BOSS
survey (shown as the red triangles) and
these are compatible with the base ΛCDM
model. The key conclusion to draw from
Fig. 11.11 is that the base ΛCDM model
appears to be compatible with observations even at the level of perturbations.
An important science goal of the next Figure 11.11. Constraints on the parameter combigeneration of large galaxy redshift surveys nation f σ8 determined from RSD distortion analysis
(for example, the Dark Energy Spectro- of a number of surveys. The grey bands show the 68%
scopic Instrument (DESI) which is about and 95% contours allowed by the Planck base ΛCDM
to start taking data) will be to improve cosmology. (From [37].)
the accuracy and extend the redshift range of these RSD measurements. This is important
because as we will see in the next subsection, there is an unresolved discrepancy with the
base ΛCDM model at the level of perturbations which may be telling us something important
about the physics.
11.4

Weak gravitational lensing

An alternative way of testing cosmological models at the level of perturbations is to measure the
clustering of matter directly using gravitational
lensing. In Sect. 5.3 I discussed strong gravitational lensing by point masses and showed how
time domain imaging surveys can be used to constrain the density of compact objects. More generally, images of distant galaxies will be lensed by
matter along the line of sight and this will lead to
a distortion of their shapes. This can seen in Fig.
11.12 which shows a picture of the rich cluster of
galaxies Abell 2218. The gravitational field of the
cluster stretches the images of background galaxies into arc-like structures oriented tangentially to
the radial vector defined by the cluster centre of
Figure 11.12. A deep image of the rich clusmass. For a rich cluster such as Abell 2218, the
ter of galaxies Abell 2218 taken with the Hublensing effect is so strong that you should be able ble Space Telescope.
to find the centre of mass of the cluster by visual
inspection of Fig. 11.12. Instead of focussing on special locations such as rich clusters of
galaxies, the aim of weak lensing surveys is to measure ellipticity correlations over large areas
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of sky caused by the intervening matter. The induced ellipticity changes caused by gravitational lensing are small (typically ∼ 0.03). Galaxies themselves are not spherical, and
so the small ellipticity change caused by weak gravitational lensing can only be measured
statistically by averaging over large numbers of objects.
We can write the 2 × 2 symmetric transformation matrix Aij = (∂θiS /∂θj ) between angles
on the image plane and source plane as


1 − κ − γ1
−γ2
A=
,
(11.16)
−γ2
1 − κ + γ1
where κ is the convergence and γ1 , γ2 are the two
shear components. The effects of convergence and
shear on an intrinsically circular image are shown
in Fig. 11.13. The convergence causes an overall change in scale, and so leads to magnification.
The shear produces an elliptical distortion of the
image. In weak lensing, κ, γ1 and γ2 are all small
Figure 11.13. Illustration of the effects of
in comparison to unity. The shear components
convergence and shear on an image that is
define a rank 2 tensor on the sky and so can be circular in the source plane.
described mathematically in the same way (using
tensorial harmonics) as the E and B modes describing polarization of the CMB (see Sect.
9.6).
The goal of weak lensing galaxy surveys is to measure ellipticities of faint galaxy and to
compute shear correlation functions (or power spectra). If we write the shear as a complex
quantity γ = γ1 +iγ2 , then we can define two correlation functions as a function of the angular
separation θ of a pair of galaxies:
ξ+ = hγt γt i + hγ× γ× i,

ξ− = hγt γt i − hγ× γ× i,

(11.17a)
(11.17b)

where γt = −Re(γγ e−2iφ ), γ× = −Im(γγ e−2iφ ), and φ is the polar angle of the vector connecting
the two galaxies64 . These correlation functions are related to the matter power spectrum Pκ
by the following relations:
Z
1
ξ+ =
d``Pκ (`)J0 (`θ),
(11.18a)
2π
Z
1
ξ− =
d``Pκ (`)J4 (`θ),
(11.18b)
2π
For a cross-power spectrum between redshift bins i and j, the shear power spectrum is related
to the non-linear matter power spectrum Pδ by


Z χH
qi (χ)qj (χ)
(` + 1/2)
ij
Pκ (`) =
,χ ,
(11.19)
dχ
Pδ
[DM (χ)]2
DM (χ)
0
where χ is the comoving radial distance, χH is the comoving Hubble distance, DM (χ) is
the comoving angular diameter distance to distance χ, and qi (χ) is the lensing efficiency for
64

Parity conservation requires hγt γ× i = hγ× γt i = 0.

– 143 –

c G. Efstathiou

Figure 11.14. Shear two point cross-correlation functions in 5 tomographic redshift bins estimated
from the KiDS+VIKING-450 survey. The red line shows the best fit ΛCDM model to these data.
(From [110].)

tomographic redshift bin i:
qi (χ) =

3H02 Ωm DM (χ)
2c2
R(χ)

Z

χH

χ

dχ0 ni (χ0 )

DM (χ0 − χ)
,
DM (χ0 )

(11.20)

where nRi (χ) is the effective (weighted) number density of galaxies in redshift bin i normalized
so that ni (χ)dχ = 1. A detailed description of weak galaxy lensing, including a derivation
of these equations is given in Appendix 11.D.
Weak galaxy lensing requires accurate image analysis of faint galaxies that is free of
systematic errors. In addition, one can see from Eqs. (11.19) and (11.20) that to relate
the correlation functions to the matter power spectrum, one needs to know the redshift distribution, ni (χ), of the sources. Since the sources are faint, it is impractical to measure
spectroscopic redshifts for more than a few thousand galaxies. Observers therefore use photometric redshifts estimated by fitting template galaxy spectra to the magnitudes in a small
set of photometric bands (basically, fitting to a very low resolution spectrum). Errors in
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photometric redshifts are currently thought to be the largest contributor to systematic errors
in weak lensing analyses.
In addition, one needs a model for the non-linear power spectrum since these correlation
functions (particularly ξ− ) are sensitive to small scales, and one needs to model the effects of
possible intrinsic alignments (i.e. the fact that correlations between the galaxy orientations,
or between ellipticities and large-scale structure may have been imprinted at the time of their
formation). These effects are discussed further in Appendix 11.D.
Figure 11.14 shows the correlation functions estimated from the KiDS+VIKING-450
survey [110]. This survey is based on imaging data for several million galaxies in 9 photometric
bands. In Fig. 11.14, the data has been divided (based on photometric redshifts zphot ) into
5 tomographic redshift bins: bin 1 (0.1 < zphot < 0.3); bin 2 (0.3 < zphot < 0.5); bin 3
(0.5 < zphot < 0.7); bin 4 (0.7 < zphot < 0.9); bin 5 (0.9 < zphot < 1.2). Thus in Fig. 11.14,
an index in a panel such as 2−5 denotes a cross-correlation between tomographic bins 2 and 5.
There are two other weak lensing surveys of comparable statistical power to KiDS+VIKING.
These are the Dark Energy Survey (DES) [111] and the Subaru Hyper Suprime-Cam survey
[112]. All three surveys give similar results.

Figure 11.15. Parameter constraints from the KiDS+VIKING-450, DES 1Y and joint KiDS+DES
cosmic shear surveys compared to the base ΛCDM results from Planck. (From [113].)

Figure 11.15 shows parameter constraints from an analysis [113] of the KiDs+VIKING
and DES shear surveys. This analysis uses linear combinations of ξ+ and ξ− that are insensitive to the matter power spectrum on small scales. The left hand plot in Fig. 11.15 show
the constraints in the σ8 − Ωm plane and one can see that these parameters are strongly
degenerate (because Ω2m multiplies the matter power spectrum in Eq. (11.19)) and are extremely poorly determined in comparison to Planck. Because of this degeneracy, weak lensing
practitioners summarize their results by quoting constraints on the parameter combination
S8 = σ8 (Ωm /0.3)0.5 (defining, approximately, the orthogonal direction of the degeneracy between σ8 and Ωm . Constraints on S8 from weak lensing are compared to the Planck results
in the left hand plot in Fig. 11.15. The joint KiDS+DES constraints from Fig. 11.15 give
S8 = 0.755+0.019
−0.021 ,
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which is lower by about 3.2σ compared to the best fit Planck base ΛCDM cosmology.
There are, however, reasons to be skeptical about this discrepancy. Firstly, we showed
in Fig. 11.11 that RSD measurements are compatible with Planck. The RSD and weak
lensing measurements cover the same redshift range and so it is difficult to see how one
could modify the growth rate of perturbations to explain the low amplitude of the weak
lensing measurements while preserving the amplitude of the RSD [114]. Secondly, the weak
lensing data show quite a strong pull to low values of Ωm which are disfavoured by dynamical
measurements and analyses of the shape of the galaxy power spectrum [115, 116]. My own
view is that weak gravitational lensing is still in its early days and there are several possible
sources of systematic error that could bias the estimate (11.21). One should not, therefore,
take this discrepancy too seriously. It is important though to continue testing the ΛCDM
model at the level of perturbations.
11.5

Summary

It is all too easy to take the developments in cosmology over the last decade for granted. We
have established that the primordial fluctuations were, to high precision, Gaussian adiabatic
fluctuations as predicted by simple models of inflation. The Universe is very nearly spatially
flat and is dominated by dark matter and dark energy at the present day. The baryon density
measured from the CMB and the theory of big bang nucleosynthesis is in good quantitive
agreement with the observed abundances of helium and deuterium. These ingedients, together
with the assumption that the dark energy is a cosmological constant, form the base ΛCDM
model which is in remarkably good agreement with a wide range of astrophysical data.
Figure 11.16 summarizes what we
have learned about the matter power spectrum from a wide range of cosmological probes. In broad brush, the base
ΛCDM model is consistent with observations spanning over 4 decades in wavenumber. Given this agreement, it is also all
too easy to take the base ΛCDM model
for granted65 . We know very little about
the dynamics of inflation, the nature of
the dark matter and dark energy. We
do not know why the Universe is baryon
asymmetric, why neutrinos have mass, or
whether there are other neutrino-like particles. There is therefore plenty of scope
Figure 11.16. The present day linear theory matter for new physics that might be detectable
power spectrum inferred from different cosmological on cosmological scales. What we have
probes spanning a wide range of scales and redshifts.
learned in the last decade is that the the
The solid line shows the linear power spectrum of the
best fit Planck base ΛCDM cosmology. The dotted base ΛCDM model is in such good agreeline shows how the spectrum is modified by non-linear ment with observations that any deviations must be small. A key goal of obserevolution at z = 0. (From [117].)
vational cosmology over the next decade is
to search for such deviations. The base ΛCDM model is unlikely to be correct in every detail
and so, hopefully, it will crack to reveal new and unexpected physics.
65

It is scientific illiteracy to think that cosmology is solved and that there is not much left to do.
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11.A

CMB lensing**

11.B

Analysing BAO features from galaxy redshift surveys**

11.C

Analysing RSD features from galaxy redshift surveys**

11.D

Weak gravitational lensing**

These appendices are not required for the course and will be written up in future years.
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12

Non-linear evolution of fluctuations

12.1

The spherical collapse model

In Sect. 2.5, we used a Newtonian model to derive the Friedmann equations. We can use the
same model to discuss the evolution of spherical perturbations in the non-linear regime. We
consider a sphere of radius r(t) containing mass M . The equation of motion of r(t) is
d2 r
GM
=− 2 ,
2
dt
r

(12.1)

which integrates to give
2GM
dr
=
+ C.
dt
r
The general solutions of Eq. (12.1) are
r = A(1 − cos θ),

C<0:

r = A(cosh θ − 1),

C>0:

(12.2)

t = B(θ − sin θ),

t = B(sinh θ − θ),

(12.3a)
(12.3b)

and satisfy
A3 = GM B 2 .

(12.3c)

You can easily verify these solutions by direct substitution in the equation of motion. You
should also recognise the solutions. Eq. (12.3a) describes a closed FRW model; r(t) increases
with time and reaches a maximum of r = 2A at θ = π. The solution (12.3b) describes an
open universe.
At early times, we can expand r and t in powers of θ. For C < 0,


θ2
Bθ3
t=
1−
+ ... ,
(12.4a)
6
20


θ2
Aθ2
r=
1−
+ ... ,
(12.4b)
2
12
and so

r=

9GM t2
2

#
1/3 "
 
1 6t 2/3
1−
+ ... .
20 B

(12.4c)

The density in the sphere therefore evolves as
3M
3M
=
,
3
3
4πr
4πA (1 − cos θ)3
#
"
 
1
3 6t 2/3
=
+ ... .
1+
6πGt2
20 B

ρ(t) =

(12.5a)
(12.5b)

Now let us suppose that the background cosmology is Einstein-de Sitter. The background
density in this model is the critical density ρc (t), and if the universe is matter dominated
R(t) ∝ t2/3 . By definition
!2
Ṙ
8πG
=
ρc (t),
R
3
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and so

1
.
6πGt2
If we consider the density (12.5a) as a perturbation relative to the Einstein-de Sitter density,
then at early times:
 
δρ
ρ(t) − ρc (t)
3 6t 2/3
,
(12.6)
=
=
ρ
ρc (t)
20 B
ρc (t) =

and we see that we recover the linear theory growth rate of Eq. 7.14. What we have done
here is to model a uniform spherical overdensity as a closed FRW model, which can be solved
exactly until the sphere collapses to a singularity. The overdensity of the sphere at early times
is fixed by the coefficient B. As long as the overdensity is small, the overdensity will grow
according to linear theory. However, the non-linear solution (12.3a) tells us that the sphere
reaches maximim expansion at r = 2A, t = Bπ. At this point, the density in the sphere and
the background cosmology are
ρ(t) =

3M
,
32πA3

ρc (t) =

1
6π 3 GB 2

,

and the overdensity at the time of maximum expansion is
ρ(t)
9π 2
=
= 5.55, .
ρc (t)
16

(12.7)

Notice that had we extrapolated the linear growth rate (12.6) to the time t = Bπ of maximum
expansion, we would have inferred
δρ
3
= (6π)2/3 = 1.06,
ρ
20

(12.8)

considerably smaller than (12.7). Evidently, when a perturbation becomes non-linear it
evolves more rapidly than predicted by linear theory. When it reaches an overdensity given
by (12.7), the Hubble flow is exactly reversed and the perturbation then collapses.
According to the solution (12.3a) the perturbation will collapse to a singularity when θ =
2π. In reality, the perturbation will collapse and settle down to a quasi-stable configuration
that is approximately in virial equilibrium. Let’s approximate the final state of the system
as a uniform sphere of radius Rf . The virial theorem tells us that the kinetic energy Tf and
potential energy Wf satisfy
2Tf + Wf = 0,
and so in equilibrium Tf = −Wf /2, and we can approximate Wf as
Wf ≈ −

3 GM 2
.
5 Rf

Energy conservation requires that
Ti + Wi = Tf + Wf ,
where Ti and Wi are the kinetic and potential energies at the time of maximum expansion.
2
Assuming Ti  Wi , and that Wi ≈ − 35 GM
Ri , we conclude that Rf ≈ Ri /2, i.e. the final
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radius of the virialized perturbation is about half the radius at maximum expansion. The
overdensity at t ≈ 2tmax is therefore


ρ
ρc (t)


virial

≈

9π 2
× 8 × 22 ≈ 176.
16

(12.9)

Any structure that we observe in the Universe with density contrast greater than this number
should be approxminately in virial equilibrium. Notice that at t = 2tmax , the extrapolated
linear growth rate is
3
δρ
= (12π)2/3 = 1.69,
(12.10)
ρ
20
a result that we will use in Sect. 12.5.
12.2

The Navarro-Frenk-White profile

The spherical model described provides a
useful intuitive guide to non-linear structure formation, but is clearly highly simplified. In reality, perturbations are not
uniform spherical overdensities and so we
would expect the build up of dark matter
halos to be quite a stochastic and messy
process. This problem is best studied using computer simulations. A typical example is shown in Fig. 12.1 which shows
the evolution of a dark matter halo starting from CDM initial conditions at z = 50.
Initially, filamentary structures form with
dense knots at the intersections. These
knots grow and merge until the simulation
is stopped at z = 0. At the final time,
we see a roughly spherical centrally concentrated halo, with smaller halos in the
outskirts. If you look closely, you can see
that the halo contains a large number of
substructures. The formation of halos is
indeed messy in detail, but interestingly
their mean properties display a remarkable
degree of uniformity.
Navarro, Frenk and White [118] used
Figure 12.1. Numerical simulation of the formation
numerical simulations to show that the
of a dark matter halo starting from Gaussian CDM
density profiles of evolved cold dark mat- initial conditions.
ter halos have a universal shape, independent of the halo mass, the initial fluctuation spectrum and the values of the cosmological
parameters. The NFW profile is
ρ(r) =

ρ0
.
(r/Rs )(1 + r/Rs )2
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Rs defines a characteristic scale radius of the halo. If we define a ‘virial radius’,
Rvir = cRs ,

(12.12)

as the radius at which the volume averaged density of the halo is 200 times the critical density
(cf. Eq. (12.9) then for a typical Milky Way type halo, the concentration parameter is c ≈ 10.
Note that the total mass of an NFW halo diverges logarithmically as r → ∞, but the total
mass within the virial radius is


c
M (Rvir ) = 4πρ0 Rs3 ln(1 + c) −
.
(12.13)
1+c
An attractive feature of the NFW density profile is the simple form of the gravitational
potential:
4πGρo Rs3
φ(r) = −
ln (1 + r/Rs ) ,
(12.14)
r
from which we can calculate the circular speed
vc2 (r) =

Mvir G
[(Rs /r)ln(1 + r/Rs ) − 1/(1 + r/Rs )] ,
Rs [ln(1 + c) − c/(1 + c)]

(12.15)

which has a maximum at r = 2.163Rs .
One might wonder whether (12.15)
provides a good fit to observed galaxy rotation curves. For normal spiral galaxies,
the answer appears to be yes. An example
of an NFW profile fit to the rotation curve
of NGC 3198 is shown in Fig. 12.2. For
dwarf galaxies, the situation is less clear.
The profile (12.11) is singular at the origin and so the NFW profile is ‘cuspy’ at
small radii. Some dwarf galaxies appear
to have cores in their central regions. It is
unclear yet whether this is a failure of the
cold dark matter model, or an indication
that baryonic physics has rearranged the
distribution of dark matter in the central
regions of these galaxies. There have also
been claims that the NFW profile is too
Figure 12.2. A fit of an NFW dark matter halo
to the rotation curve of NGC 3198 (from [119]). The steep to fit the dark matter distributions
dotted and dashed lines show the contributions to the in the central regions of clusters of galaxies.
rotation curve from stars and HI in the disk.
The existence of substructures in
dark matter haloes is a particularly striking feature of simulations. Most of these substructures cannot contain many stars, otherwise we would see many more dwarf galaxies in the
Local Group than is observed. Again, we do not yet know for sure whether this represents
a failure of the cold dark matter model, or whether star formation is unusually inefficient in
these substructures. Although the formation of dark matter halos is a well defined problem,
the effects of star formation and feedback processes need to be taken into account to understand the structure of small halos. This is an active area of research – we know that the
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cold dark matter hypothesis fits obervations extremely well, but it is possible that the dark
matter is not strictly cold and/or has some small degree of self-interaction. Both of these
effects would alter the structure of dark matter halos on small scales.
12.3

The Zeldovich approximation

Zeldovich [120] proposed a very simple approximation for the nonlinear evolution of structure
that provides a powerful aid to one’s intuition. Let us imagine a set of equal mass particles
placed on a regular cubical lattice. The (Lagrangian) coordinates of the particles q on the
lattice define a homogeneous and isotropic distribution on length scales much greater than
the lattice spacing. Now displace each particle from q by a small displacement and write the
new (Eulerian) position x as
x = q + b(t)p(q).
(12.16)
The function p(q) describes the initial spectrum of density fluctuations and the factor b(t)
describes their growth. The comoving peculiar velocity field is given by
u̇ = ẋ = ḃ(t)p(q).

(12.17)

The significance of these equations can be seen if we compute the perturbed density ρ(q, t)
which is given by the Jacobian of the transformation between x and q
ρ(q, t) = ρ

∂qj
∂pk
= δjk + b(t)
∂xk
∂qj

−1

.

(12.18)

Expanding the Jacobian in (12.18) to first order in the perturbation b(t)p(q), we find
∇q ·p(q) + . . . ],
ρ(q, t) ≈ ρ[1 − b(t)∇
i.e.

δρ
∇q ·p(q).
≈ −b(t)∇
ρ

(12.19)

Thus, the approximation (12.16) in which the time dependence of the perturbation is separated from the spatial dependence, agrees with linear perturbation theory
δρ X
=
Ak t2/3 exp(ik · q),
ρ

(12.20)

k

if we set
b(t) = t2/3 ,
X ik
p(q) =
exp(ik · q),
|k|2

(12.21a)
(12.21b)

k

where for simplicity we have assumed the Einstein-de Sitter growth rate.
The approximation (12.16) is called the Zeldovich approximation. Zeldovich’s great
insight was to point out that while (12.16) agrees with linear perturbation theory, it might
also provide a good approximation in regions where δρ/ρ greatly exceeds unity. With p(q)
given by (12.21b), the Jacobian in (12.18) is a real symmetric matrix which can be diagonalized
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to yield an orthogonal set of principle axes. At each point in space, the perturbed density
can be written as
ρ(q, t) =

ρ
,
[1 − b(t)λ1 (q)][1 − b(t)λ2 (q)][1 − b(t)λ3 (q)]

(12.22)

where the three eigenvalues λ1 , λ2 , λ3 , describe the contraction and expansion of the matter
along the principal axes. In a region of higher than average density (12.22) shows that the
density will become infinite at a time when one of the principal axes becomes zero, signifying
collapse to a sheet66 .
How well does the Zeldovich approximaN-body
Zeldovich
tion work? Fig. 12.3 shows a comparison between the Zeldovich approximation and an Nbody numerical simulation with identical initial conditions. The initial conditions used in
R=2.4
this comparison were generated with random
phases and a power spectrum with a cut-off
at small wavelengths
P (k) = constant,
P (k) = 0,

R=3.6

k < kc ,

k > kc ,

where λc = 2π/kc = 0.5L and L is the length
of one side of the triply periodic cubical volume. This comparison shows that the Zeldovich approximation works extremely well
when the scale factor is R = 3.6, by which
R=5.4
time several caustics are easily visible in the
pictures. By R = 5.4 significant differences
are apparent. At these late times, the Zeldovich approximation still provides a reasonable description of sheet like structures but
Figure 12.3. Comparison between an N-body fails at the intersections between sheets and
simulation and the Zeldovich approximation in an filaments where large, near-spherical ‘blobs’
EdS universe at three values of the scale factor form in the N-body simulation. This failR. The plot shows a projection of the cubical vol- ure is expected since Eq. (12.16) tells us
ume in comoving coordinates with R normalised that particles move in straight lines in the
to unity at the start of the simulation (from [121]). direction of their initial linear motion. The
Zeldovich approximation thus predicts that
caustics ‘blur-out’ in time after particle orbits cross each other. However, if we include gravity self-consistently, matter flows from the caustics into well defined minima in the gravitation
potential. These are the sites at which virialized structures, such as clusters of galaxies, form.
The comparison shown in Fig. 12.3 shows that the Zeldovich approximation provides
a remarkable guide to the early non-linear evolution of structure if the initial density fluctuation spectrum contains a short wavelength cut-off. However, in the CDM model the
power-spectrum does not have a sharp cut-off at small scales. The CDM spectrum does have
66

In fact, it is possible to calculate the statistical distributions of the eigenvalues if the initial fluctuations
are Gaussian.
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z = 18.3

z = 1.4

z = 5.7

z=0

Figure 12.4. Slices at different magnifications through the millennium simulation of the ΛCDM
cosmology (from [122]).

a characterstic scale of Lequ (see Eq. 9.37) and so if we look on the large scales we would
expect to see the formation of filaments and caustics with characteristic scale λ ∼ Lequ .
This is illustrated by the simulations shown in Fig. 12.4. This shows projections of a thin
slice of thickness 15h−1 Mpc from a large numerical simulation (the ‘millennium’ simulation)
[122] of the ΛCDM cosmology at four redshifts. The earliest snapshot in the Figure is at
z = 18.3 – these redshifts have not yet been studied observationally but in the future should
be probed by HI radio surveys. The next snapshot, at z = 5.7 corresponds roughly to the
redshift at which the inter-galactic medium is reionized. By this redshift, the cosmic web is
well developed and one can see a nascent large cluster of galaxies forming in the centre of the
zoom-in slice shown in the lower rows. The third snapshop is at z = 1.4 when the Universe
was about 4.7 Gyrs old. Most of the stars in our Milky Way had not yet formed by this
redshift. The fourth snapshot shows the matter distribution at the present day. The three
rows show successive zoom-ins; the horizontal bars show a comoving length of 500h−1 Mpc
in the upper row, 125h−1 Mpc in the middle row and 31.25h−1 Mpc in the lower row. This
simulation used 10 billion particles!
12.4

Gaussian random fields and biasing

So far, we have considered the clustering of dark matter. However, when we map structure
in the Universe using galaxies as tracers, we need to understand how to connect the galaxy
distribution to that of the underlying matter 67 . In this section, I will give a basic introduction
67

It is becoming feasible to measure the distribution of dark matter directly using gravitational lensing, see
Sect. 11.4.
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to this topic and introduce the concept of biasing.
We will assume that the linear density field
is Gaussian. This assumption is strongly supported by observations of the CMB, but has the
added bonus that for Gaussian random fields it
is possible to calculate complex statistical properties analytically (see [73] for a comprehensive
analysis). Fig. 12.5 shows a sketch of a one
dimensional density field with a superimposed Figure 12.5. One dimensional density field.
large-scale fluctuation shown by the dotted line. We would expect galaxies to form at peaks in
We would expect galaxies to form at peaks in this density field above some threshold overdensity δ = νσ and so galaxies should form at
the density field, indicated by the arrows in Fig.
the positions indicated by the arrows.
12.5 and so their clustering should be modulated
by the large-scale fluctuations and should be enhanced relative to the clustering of dark matter. This is the effect that I want to calculate in this section68 .
I will assume that the mass density field has been smoothed by a window function (cf
Sect. 8.3) with radius rf ∼ 1Mpc corresponding to the size of a large galaxy. The exact
details of the smoothing function are unimportant for what follows. If the density field is
Gaussian, the joint probability distribution of finding δ1 and δ2 separated by distance r is a
bivariate Gaussian distribution:


1
1
−1
p(δ1 , δ2 )dδ1 dδ2 =
exp − δi δj Cij dδ1 δ2 ,
(12.23)
2
2π|C|1/2
where Cij = hδi δj i is the covariance matrix. We can write the components of Cij in terms of
the two-point correlation function
C11 = hδ12 i = ξ(0),
C22 = hδ22 i = ξ(0),

C12 = C21 = hδ1 δ2 i = ξ(r).
ξ(0) is just the variance of the smoothed density field. Thus Eq. (12.23) gives


1
ξ(0)δ12 + ξ(0)δ22 − 2ξ(r)δ1 δ2
1
p(δ1 , δ2 ) =
exp −
.
2π [ξ 2 (0) − ξ 2 (r)]
2(ξ 2 (0) − ξ 2 (r))

(12.24)

Now suppose that galaxies only form in regions where the density exceeds some threshold
σ 2 = ξ(0),

δ > νσ,

(12.25)

(and for convenience I have defined σ as rms fractional overdensity of the smoothed density
field). The probability that a point lies above the threshold is


Z ∞
1
δ2
P1 = √
exp − 2 dδ,
(12.26)
2σ
2πσ νσ
(this is obvious because the density field is Gaussian). The probability that two points
separated by distance r lie above the threshold can be calculated by integrating the bivariate
distribution (12.24):
Z Z
P2 =

∞

νσ
68

∞

p(δ1 , δ2 )dδ1 dδ2 ,

νσ

This calculation was first done in [123].
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and the two point correlation function of the biased points is
P2
1 + ξν = 2 =
P1

 1/2


Z ∞
2
ν − yξ(r)/ξ(0)
1/2 −2
erfc
dy,
[erfc(ν/2 )]
π
[2(1 − ξ 2 (r)/ξ 2 (0))]1/2
ν

(12.28)

where erfc is the complementary error function69 If ξ(r)  1, (12.28) simplifies to
 2  −2

 2Z ∞
y
ν
ξ(r)
exp −
dy
ξν (r) = exp
,
2
2
σ2
ν

(12.29)

and if ν  1 this expression simplifies further to
ξν (r) ≈

ν2
ξ(r).
σ2

(12.30)

> 1, then (12.30) tells us that the galaxies
If galaxies form in rare overdense regions b = ν/σ ∼
will be more strongly clustered than the dark matter distribution. The galaxy correlation
function will have the same shape on linear scales as the matter correlation function, but
with a biased amplitude
ξgg (r) ≈ b2 ξ(r).
(12.31)

The factor b is called the bias factor and the model of (12.31) is often referred to as the linear
bias model.

Figure 12.6. The plot to the left shows the matter distribution at z = 0 in a slice through the
millennium simulation (as plotted in Fig. 12.4). The plot to the right shows a prescription for
associating galaxies with density peaks in the matter distribution. The galaxy distribution is more
strongly clustered than the mass distribution and is linearly biased (Eq. (12.31) on large scales.

This model is clearly heuristic and is only applicable on large-scales on which the density
field is linear. The question of the range of scales over which the linear bias assumption is
valid is a topic of ongoing research. Evidently, we would expect the assumption of linear
< 8h−1 Mpc where the mass density field is non-linear.
bias to break down at separations ∼
√ R∞
2
The complementary error function is defined as erfc(x) = (2/ π) x e−t dt. For large x, erfc(x) ≈
2 √
x−1 e−x / π.
69
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Various theoretical techniques have been developed to model scale dependent bias. However,
to properly understand galaxy bias, one needs to understand the galaxy formation process
itself. This can be done at various levels of approximation, for example, one can hypothesise
that massive galaxies will form at the sites of massive dark matter halos. Thus one approach
is to ‘populate’ dark matter halos with galaxies following some plausible heuristic rules. An
example of this approach is shown in Fig. 12.6. Even more ambitiously, one can try to
incorporate the physics of galaxy and star formation into hydrodynamic simulations to model
the formation of galaxies ab initio. This approach will be discussed in Sect. 14.
12.5

The non-linear mass function**

In this section, we will develop an analytic model for the mass function of virialized objects,
n(M, t)dM , defined as the comoving number density of virialized objects with masses in the
range (M , M + dM ). A heuristic model for the mass function was developed by Press and
Schechter [124], but in this section I will discuss a more powerful approach which has become
known as the excursion set model [125]. The Press-Schechter model is based on the following
assumptions:
• Assume that the initial fluctuations are Gaussian.
• Smooth the density field on a scale rf defining a mass Mf . For example, by convolving
with the top-hat window function of Eq. (8.7),
4
M = πρm rf3 .
3
• Wherever the smoothed density field exceeds a critical threshold δc , assume that the matter
ends up in virialized clumps of mass M or greater. For δc , we can use the extrapolated linear
overdensity criterion of 1.69 derived in Eq. (12.10).
In fact, the final assumption is not
true since some fraction of the mass below
the threshold should also be assigned to
P(k)
virialized clumps of mass ≥ M . The excursion set approach solves this problem.
Imagine filtering the density field by applying sharp low pass filters in wavenumber at closely spaced wavenumbers kn ,
kn+1 , kn+2 , . . . as illustrated in Fig. 12.7.
…………….. kn kn+1 kn+2 ……………..
As the cut-off wavenumber is increased,
k
the variance of the filtered density field in2 ,
creases through a set of values σn2 , σn+1
Figure 12.7. Sharp filters in wavenumber at kn ,
2 , etc. Since the filters are sharp in
σn+2
kn+1 , kn+2 , etc.
k-space, the density field at any point in
space obeys a random walk as the filtering scale kn is increased: if δn is the density contrast
at a point when the field is filtered on scale kn , we simply add a number to δn drawn from
2
a Gaussian distribution of variance σn+1
− σn2 to obtain the density contrast filtered on scale
kn+1 . Each sequence of numbers δn , δn+1 , δn+2 , . . . , defines a random walk in (δ, σ) space.
Examples of such trajectories are shown in Fig. 12.8.
The probability Q(δ, σ 2 ) that a trajectory lies between δ and δ + dδ must follow a
Gaussian distribution


1
δ2
2
Q(δ, σ ) =
exp − 2 ,
(12.32)
2σ
(2π)1/2 σ
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since our density field is assumed to be Gaussian, and one might think that we have not
learned very much from this construction.
However, consider a trajectory like
the one shown in Fig. 12.8 that crosses the
critical threshold δc at some value of σ 2 .
	
  	
  δc	
  
This trajectory will form a virialized system and should be excluded. The problem
	
  	
  0	
  
that we want to solve therefore is to find
the probability distribution of trajectories
with an absorbing barrier at δ = δc . This
problem was solved in a beautiful review
article by Chandrasekhar [126]. He noted
σ2	
  
that for each trajectory that crosses the
barier, there is a ‘mirror’ trajectory that is
Figure 12.8. Random walk trajectories with an abreflected around δc , as shown in Fig. 12.8.
sorbing barrier at density contrast δ = δc . NumeriSince in the absence of the absorbing bar- cal simulation of the formation of a dark matter halo
rier, the distribution of Q is Gaussian (Eq. starting from Gaussian CDM initial conditions.
12.32), the solution for the distrbution of
trajectories that never cross the absorbing barrier is





1
(2δc − δ)2
δ2
2
Qb (δ, σ ) =
,
(12.33)
exp − 2 − exp −
2σ
2σ 2
(2π)1/2 σ
and so the fraction of mass in collapsed objects is given by the black shaded area in Fig. 12.8
 1/2 Z ∞


2
1
δ2
F (> M ) =
exp − 2 dδ.
π
σ δc
2σ
The halo mass function is therefore
 1/2




2
δc
∂σ
δc2 dM
n(M, t)dM = ρ
−
exp − 2
.
2π
σ2
∂M
2σ
M

(12.34)

(12.35)

If we approximate the power spectrum as a power law, P (k) ∝ k n , then
σ 2 ∝ kf3+n ∝ M −(3+n)/3 ,
(where we have assumed M = 4πρkf−3 /3 to relate halo mass to the filtering scale kf ) then we
can put Eq. (12.35) into a form which is clearly self-similar:
n(M, t)dM =

ρ 
π 1/2

n
1+
3



M
M∗

(3+n)/6


 dM
exp −(M/M∗ )(3+n)/3
,
M2

(12.36)

where M∗ is a characteristic mass-scale that grows as σ 6/(3+n) (so M∗ ∝ t4/(3+n) in an EdS
universe, since the linear growth rate is δ ∝ t2/3 ). Notice the simularity of this equation to
the Schechter function Eq. (5.8) describing the galaxy luminosity function. As we would
have expected, massive virialized halos are exponentially rare, but low mass halos are very
abundant. For a CDM-like power spectrum neff ≈ −2 on galaxy scales, so the abundance
varies as n(M, t)dM ∝ M −2+1/6 dM at low masses. Notice that the slope at low masses is

– 158 –

c G. Efstathiou

considerably steeper than the slope of the faint end of the galaxy luminosity function Eq.
(5.9). This leads to the important conclusion that low mass halos in a CDM cosmology must
form stars very inefficiently. This problem is closely related to the large number of small
sub-halos seen in the simulations shown in Fig. 12.1 and the relatively small number of dwarf
galaxies seen in the Local Group. Physical mechanisms that might explain the low efficiency
of star formation in low mass CDM halos are discussed in Sect. 14.
The excursion set analysis described above is
heuristic but is, nevertheless, quite a powerful tool.
The formation of virialized halos progresses through
a sequence of mergers. Large halos at the present
day were formed by the mergers of smaller halos.
The formation of halos can therefore be represented
by a merger tree, as shown schematically in Fig.
12.9. The power of the excursion set approach is
that we can pose questions such as ‘what is the
mass function of halos at time t1 that end up in
halos within a specified mass range at time t2 . This
is an example of a problem involving two absorbing bariers at two different overdensities. This, and Figure 12.9. Schematic depiction of a halo
more complex problems, can be solved analytically merger tree (from [127]).
using the excursion set approach [127].
How good is this theory? The key test is to
compare directly with N-body simulations. Before one can do this, one has to decide on how
to identify ‘virialized structures’ within an Nbody simulation. There are a number of different
ways of doing this, which aim (in broad brush)
to define spherical regions with an overdensity of
about 200 (cf Eq. (12.9))70 . Fig. 12.10 shows an
example from [122]. This plot shows halo mass
functions estimated from the millennium simulation shown in Fig. 12.4. Halos in the simulation
were identified using a using a ‘friends-of-friends’
algorithm. The theory of Eq. (12.35) is plotted as the dotted lines and captures the main
Figure 12.10. Halo mass functions at various features of the N-body results. It is actually reredshifts estimated from the millennium simmarkable that such a simple model can describe
ulation (from [122]). The green dashed lines
show the theoretical model of Eq. (12.35). The the simulation results so accurately. The black
solid lines show a more complex model from lines show a more accurate model, which is basically just a fit to the N-body results. These
[128].
types of fitting formulae have been used extensively in cosmology to interpret a wide range of observations, for example, the abundances of
rich clusters of galaxies and quasars.

70

In the view of this author, not enough work has been done to quantify the sensitivity of the halo mass
function to different methods of defining virialized structure.
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13

Emerging from the dark ages

The results of previous sections have shown that the ΛCDM model provides an excellent
description of the CMB anisotropies and large-scale structure data. The CMB gives very
strong evidence that the fluctuation power spectrum is slightly tilted, with a scalar spectral
index ns = 0.97. If this power law spectrum can be extrapolated to small scales, then
post recombination, the density fluctuations will be accurately linear on all scales. Nothing
interesting will happen until the fluctuations grow by gravitational instability and the first
non-linear objects can form. Once non-linear structures develop, we would expect stars to
form. These stars will inject photons into the surrounding gas altering its ionization and
thermal state. The period between recombination and the formation of the first non-linear
objects has been called ‘the dark ages’, for obvious reasons. I will review the emergence of
the Universe from the dark ages with particular emphasis on the state of the inter-galactic
medium (IGM) – the diffuse gas between galaxies.71
13.1

Thermal state of the IGM

Fig. 4.11 in Sect. 4.8 showed results from a detailed calculation of the recombination history.
The figure shows that at late limes, when the recombination rate becomes longer than the
Hubble time, the ionization fraction x = np /(np + nH ) asymptotes to a nearly constant value
which can be approximated as
1/2
xres ≈ 1.2 × 10−5 Ωm
(Ωb h)−1 .

(13.1)

Recombination, therefore, is largely complete by a redshift of a few hundred, but thereafter
the IGM is very slightly ionized. CMB photons will Thomson scatter with the residual free
electrons providing a coupling between the radiation and the matter. The behaviour of the
radiation field is described by the Kompaneets equation, but the derivation of this equation
is long (see [66], section 24) and so I will sketch only the main points in this subsection.
If the matter were completely decoupled from the radiation, its temperature would fall
as Tm ∝ R−2 (since particle velocities decay adiabatically in the absence of forces). In the
adiabatic limit
dTm
2Tm dR
=−
.
(13.2)
dt
R dt
However, the scattering of photons from electrons will produce a drag on the electrons, leading
to an energy loss per scattering of
!


aTγ4
4 hv 2 i
kTe
∆E =
hν = 4
,
3 c2
me c2
nγ
since 21 me hv 2 i = 32 kTe . The rate of energy loss of the matter is therefore


dm
kTe
4
= −ne nγ σT c∆E = 4ne σT aTγ
.
dt
me c

(13.3)

The energy change is shared between all of the particles, dm = 32 (ne + np + nH )kdTe ,
however, there is another effect that needs to be taken into account. Fluctuations in the
71

For simplicity, I will refer to the gas at high redshift as the IGM, even when I am discussing redshifts that
are so high that no galaxies have yet formed.
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radiation pressure increases the energy of the matter at a rate identical to (13.3), but with
Tγ replacing Te . (This requires the Kompaneets equation.) In thermal equilibrium, the two
effects cancel forcing Te = Tγ . Putting all of this together, the matter temperature evolves as
x
dTe
8σT
=
aT 4 (Tγ − Te ) − 2HTe .
dt
3me c (1 + x) γ

(13.4)

If the first term on the rhs dominates over the second, then the matter temperature tracks
the radiation temperature, Te = Tγ . When scattering becomes unimportant, the matter
temperature declines as R−2 , and so falls faster than the radiation temperature.
Now lets look at some numbers. The matter temperature will decouple from the radiation
temperature when
8σT
x
aT 4 ∼ 2H,
3me c (1 + x) γ
giving a characteristic redshift
−2/5
(1 + zc ) ≈ 5.9xres
≈ 180,

(13.5)

for Planck best fit parameters. If there were no heat input into the IGM, the temperature of
the gas would be about


1+z 2
K,
(13.6)
Te (z) = 490
1 + zc
and would have dropped to about 15 mK by the present day. If this were correct, the IGM
would be very cold and almost entirely neutral.
13.2

The Gunn-Peterson effect

I will start with a basic review of atomic
transitions in the hydrogen atom. This
material should be familiar to you from
courses in atomic physics, but if you have
forgotten it you will have difficulty understanding the rest of this section. The principal transitions in the hydrogen atom are
shown in Fig. 13.1. The transitions from
n = 1 to higher n define the Lyman series. The two lines that will be of interest to us are Lyα (n = 1 → 2) and Lyβ
(n = 1 → 3). The transition (n = 1 → ∞)
produces an ionized hydrogen atom and is
referred to as the Lyman limit. The wavelengths and energies of these transitions Figure 13.1. Principal transitions in the hydrogen
atom.
are given in Table 2.
If we look more closely, then we see fine and hyperfine structure. The fine structure
arise from spin-orbit coupling and the hyperfine structure arises from the interaction between
the spin of the hydrogen nucleus and the angular momentum of the electron. Transitions
between these states must statisfy angular momentum selection rules, for example, one-photon
transitions from the 2s to 1s state are forbidden, and so this transition is metastable and has
a long lifetime. The two n = 1 hyperfine levels are separated in frequency by 1420 MHz,
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Table 2. Lyman series of hydrogen

transition
Lyα
Lyβ
Ly limit

wavelength (Å)
1215.7
1025.7
911.8

energy (eV)
10.2
12.1
13.6

temperature (K)
1.18 × 105
1.40 × 105
1.58 × 105

corresponding to a wavelength of 21cm. Transitions between these two levels are the prinicpal
means of mapping the distribution of neutral hydrogen in our Galaxy and the nearby Universe
using radio telescopes. In astronomy, it is usual to refer to neutral hydrogen as HI and ionized
hydrogen as HII.72
Helium has two electrons, so it can
exist as neutral helium (HeI), singly ionized helium (HeII) or doubly ionized helium (HeIII). The ionization thresholds for
HeI and HeII are respectively 24.6 and
54.4 eV73 .
What we want to do now is to calculate the absorption of light by the Lyα line
as photons travel from a bright source (for
example a quasar) through the IGM. The
optical depth for absorption of photons by
the Lyα transition at frequency ν0 is
Z
τ (ν0 ) =

σ(ν, z)nHI (z)cdt,

(13.7)

where σ is the absorption cross section and
Figure 13.2. The fine and hyperfine structure of nHI is the number density of neutral hydrogen atoms. We can approximate the
hydrogen.
cross section as a δ-function at the frequency of the Lyα transition
σ = C(ν − νLyα ),

C=

3
Λ2p−1s λ2Lyα ,
8π

(13.8)

where Λ2p−1s = 6.25 × 108 s−1 is the spontaneous radiative decay rate from the 2p to 1s level,
and using the expression (3.5) for Ṙ/R in the high redshift limit
Ṙ
3/2
= H0 Ω1/2
,
m (1 + z)
R
72

In most other branches of science HII would be referred to as H+ .
The latter number is four times the ionization threshold for hydrogen, since the He+ ion is just like the
hydrogen atom but with a nucleus with two units of charge. The reason that less energy is required to produce
singly ionized helium compared to doubly ionized helium is because the additional electron partly screens the
charge of the nucleus.
73
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Eq. (13.7) becomes
Z

1/2
H0 Ωm (1 + z)3/2
3Λ2p−1s λ3Lyα nHI (z)
,
1/2
8πH0 Ωm (1 + z)3/2

ρH
ρb
= (1 − YHe )xHI
mp
mp

8π


δ

(1 + z) =

ν0
− νLyα
(1 + z)



dR
,
R

νLyα
.
ν0

(13.9)

Ly-α forest @ z ∼ 0. 4

6
4

F

What do the data say? Fig. 13.3
shows the spectra of three quasars at
redshifts 0.4, 3 and 6. The peaks in
these spectra correspond to the redshifted wavelength of Lyα. At shorter
wavelengths, one can see that there is
very little net absorption in the z = 0.4
spectrum, a little more absorption in
the z = 3 spectrum, and almost complete absorption in the z = 6 spectrum.
Let us consider the z = 3 spectrum
and pick as a representative wavelength
λ = 4200Å, corresponding to Lyα absorption at a redshift of 2.45. Writing
nHI =

3Λ2p−1s λ2Lyα

2
0
2
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=
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Figure 13.3. Spectra of three quasars at redshifts 0.4,
3 and 6.

= 1.1 × 10−5 (1 − YHe )xHI Ωb h2 (1 + z)3 cm−3 ,
we find
τ = 4.6 × 105 (1 + z)3/2 xHI (1 − YHe )

Ω b h2
,
(Ωm h2 )1/2

(13.10)

and for Planck parameters we get
5



τ = 1.3 × 10 xHI

1+z
3.45

3/2
(13.11)

From Fig. 13.3 it is self-evident that τ is much less than unity in the z = 3 spectrum, and
hence xHI must be considerable less that ∼ 10−5 . The IGM is therefore very highly ionized
by z = 3. At some time between recombination and z = 3, the IGM made a transition from
being almost entirely neutral to being extremely highly ionized. This requires a source of
ionizing UV photons and therefore the formation of stars and possibly active galactic nuclei.
The redshift at which the Universe was reionized, zreion , is therefore critically important in
understanding how structure formed. Note that even though the quasar at z = 6 in Fig.
13.3 is almost completely opaque shortward of the Lyα line, Eq. (13.11) shows that the IGM
must still be highly ionized. All that we can conclude from this figure is that the redshift of
reionization is zreion > 6.
13.3

The redshift of reionization measured from the CMB

In Sect. 11, we introduced the reionization optical depth parameter τ which we treated almost
as a ‘nuisance’ parameter, since our main goal was to extract information on the fluctuation
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spectrum, matter content and geometry of the Universe. In this section, we will look at this
parameter in more detail.
The optical depth to Thomson scattering is

Z
Z
3
ρb c
(1 + z)2 dz
1 − YHe
,
(13.12)
τ = σT ne cdt = σT
mp H0
4
[Ωm (1 + z)3 + ΩΛ ]1/2
where I have assumed that hydrogen is fully ionized and helium is singly ionized. Evaluating
the integral, this gives


i
3
Ωb h2 h
τ = 0.046 1 − YHe
(Ωm (1 + z)3 + ΩΛ )1/2 − 1 .
(13.13)
4
Ωm h
If the IGM is very highly ionized up to redshift z = 6, as discussed in the previous subsection,
then for Planck parameters the minimum value of the reionization optical depth is τ = 0.037.
If, however, the IGM was reionized at zreion = 8, the optical depth would be τ ≈ 0.056. If we
could measure τ to high accuracy, we would be able to pin down zreion .
The effect of late-time Thomson scattering on the temperature
and polarization power spectra at
high multipoles is simply to depress their amplitudes by e−2τ ,
which is degenerate with the amplitude of the scalar fluctuation
spectrum (though this degeneracy
is partially broken by the lensing of the CMB). However, latetime reionization generates polarization anisotropies at low multipoles. This effect arises from the Figure 13.4. EE spectrum at low multipoles measured from
large-scale quadrupole anisotropy Planck polarization maps. The points show two methods
of the radiation field which gener- of generating polarization maps. The blue points show the
method used in the Planck 2018 legacy data release. The
ates a linear polarization pattern
points labelled Sroll2 show an improved map making algoon scales larger than the Hubble rithm. The dashed line shows a ΛCDM model with τ = 0.055.
radius at zreion . We would there- (From [129].)
fore expect to see a ‘reionization’
bump (with an amplitude that scales approximately as τ 2 ) in the EE power spectrum measured from the CMB. However, the signal is extremely small and prone to systematic errors
and so is difficult to measure. A large amount of effort has been devoted to extracting this signal from the Planck polarization maps. The latest results (from [129]) are shown in Fig. 13.4.
The best fit ΛCDM model fitted to the low multipole polarization data gives τ = 0.057+0.0053
−0.0062
and so suggests a low redshift of reionization. [129] conclude that zreion = 8.14 ± 0.61. If this
result is correct, then it should be possible to identify the sources of the UV radiation that
photoionized the IGM and there should, potentially, be other signatures of late reionization
such as patchiness in the ionization fraction and temperature of the IGM. These are topics at
the forefront of current research and would require an entire lecture course to do the subject
justice. I will, nevertheless, try to give you a feel for some of the more important aspects of
this research. Those interested in a more detailed discussion can consult the recent review
article by McQuinn [130].
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13.4

The Lyα forest

The quasar spectra plotted in Fig.
13.3 contain absorption lines both
shortward and longward of the
quasar Lyα emission lines. The absorption lines at longer wavelengths
arise from resonance lines of abundant elements (e.g. O I, C II, C IV,
Mg II, Si II, Fe II) associated with
galaxies74 . These metal lines provide an important diagnostic of the
build up of heavy elements over cosmic time, but will not be discussed
further in these notes. At wavelengths shorter than the quasar Lyα
Figure 13.5. Schematic illustration of the spectrum of the
emission line, we see a dense ‘forest’
quasar showing Lyα absorption features and metal line sysof absorption lines. Most of the fea- tems. In this example, the metal lines are associated with a
tures are caused by Lyα absorption distant galaxy along the line of sight. The galaxy also proby small fluctuations in the density duces a strong Lyα feature (a so called ‘damped’ Lyα line)
of hydrogen along the line of sight at short wavelengths.
(causing local fluctuations in the optical depth, Eq. (13.9)). Occasionally, there will be a well formed galaxy along the line of
sight which can produce a strong Lyα absorption feature as depicted schematically in Fig.
13.5. These strong features are called damped Lyα lines for reasons that will become clear below. The Lyα forest lines, which will be the main focus of this subsection, contain a wealth of
information and are the principal diagnostic tool of the physical state of the IGM at redshifts
< 6.
z∼
With modern large telescopes and high resolution spectrographs it is possible to measure
the Lyα forest to extremely high precision. Fig. 13.6 shows an example. This plot shows a
spectrum of the quasar HE0940-1050 after 64.4 hours of observation with the ESO VLT [131].
This spectrum has an effective resolution of 7.2 kms−1 and is effectively noise free. With such
a high resolution spectrum, it is possible to measure individual line profiles to high accuracy.
To understand how to interpret such spectra, we will first investigate line profile shapes.
If the absorbing gas has a temperature T , the line profiles will be thermally broadened.
Assuming a Maxwellian distribution of thermal velocities,


1
v2
dP = √
exp − 2 dv,
2σ
2πσ
with σ 2 = kT /mp , the line profile will be a Gaussian centred on the rest frame absorption
frequency νa


1
(v − νa )2
νa
φ(ν)dν = √
exp −
(13.14)
dv,
bν = b,
2
bν
c
πbν
74

The nomenclature here follows that of hydrogen and helium. Thus, Fe II is singly ionized iron, C IV is
triply ionized carbon etc.

– 165 –

c G. Efstathiou

Figure 13.6. Ultraviolet and Visual Echelle Spectrograph (UVES) spectrum of the quasar HE09401050 (z = 3.0932). The plot shows the spectrum over the region z = 2.5 − 3.0 (corresponding to a
rest-frame wavelength range of 1040 − 1190Å. The pixel size is 2.5 kms−1 . The red regions of the
spectrum delineate identified metal lines. The blue line shows the instrument noise level.(From [131].)

where b =

p
2kT /mp 75 . For reference, it is worth noting that
1/2

b = 12.9 T4

kms−1 ,

(13.15)

where T4 is the temperature in units of 104 K.
In addition to thermal broaden the finite lifetime of an excited state leads to a Lorentzian
line profile


1
γ
φ(ν)dν =
dν,
(13.16)
π (ν − ν12 )2 + γ 2

where γ = A21 /(4π) and A21 is the spontaneous transition coefficient. This effect is sometimes
called natural broadening. The distribution (13.16) has a full width half maximum of 2γ and
falls off much more slowly than a Gaussian.
In the absence of any other broadening effects, the total line profile will be
the convolution of the thermal and natural line profiles. This is called the Voigt
profile and examples for various values of
σ and γ are plotted in Fig. 13.7. There is
nothing particularly profound about these
profiles: the inner parts look Gaussian but
the profiles have extended wings.
Observers often measure the strength
of an absorption feature by calculating an
equivalent width
Z
Iλ0 − Iλ
Figure 13.7. Voigt profiles for various values of σ
Wλ =
dλ,
(13.17)
Iλ0
and γ.
75

For some reason that I don’t fully understand, observers use b rather than σ as a measure of the line
widths.
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where Iλ0 is the continuum level (i.e. an estimate of the intensity in the absence of the
absorption line). Consider a plane parallel slab of material of density n and width L and
absorption cross-section aλ . The optical depth across the slab is
Z ∞
aλ ndx = NHI aλ ,
(13.18)
τλ =
0

where NHI is the column density of absorbing atoms. The extinction in the spectrum caused
by absorption satisfies
dIλ = −aλ nIλ dx = −Iλ dτ,
(13.19)
i.e.
Iλ = Iλ0 e−τλ .
For any given transition, the optical depth is proportional to the column density times the
Voigt profile and so we can compute the equivalent width as a function of column density as
in Fig. 13.8. This type of plot is known as a curve of growth.
There are three distinct regimes in
the this plot:
(i) At low column densities (τ  1), the
equivalent width is directly proportional
to the column density NHI and is insensitive to the broadening parameter b. This
is the linear part of the curve of growth,
which is well approximated by


NHI
W = 0.055
Å.
1013 cm−2
< τ < 103 ,
(ii) For optical depths, 10 ∼
∼
the absorption line is optically thick.
The
p equivalent width is proportional to
b lnNHI /b and therefore insensitive to
the column density. This regime is the logarithmic part of the curve of growth.

(iii) For large column densities, and op> 104 , the absorption is
tical depths τ ∼
detectable in the damping wings of the
Lorentzian profile. In this regime, the
equivalent width is well approximated by


NHI
W = 7.4
Å.
1020 cm−2

Figure 13.8. Curves of growth for the Lyα line for
three values of the width parameter b. This shows
the three regimes: linear, flat and damped as the column density rises. The lower panels show the profile
shapes. (From [132].)

Absorption lines in this regime are known as damped Lyα systems.
The column density frequency distribution f (NHI , z) is defined so that the number of
absorbers with column density in the range (NHI , NNHI + dNHI ) and redshift in the range (z,
z + dz) is
dN = f (NHI , z)dNHI dz.
(13.20)
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< 1016 cm−2
The function f (NHI , z) can be measured accurately at low column densities NHI ∼
because these absorption systems are abundant and they lie on the linear part of the curve
of growth. At higher column densities (Lyman limit systems) it is difficult to make accurate
column density measurements if these lines lie on the logarithmic curve of growth. For damped
Lyα systems it is possible to measure NHI accurately, but these systems are rare.
A recent compilation of results is
shown in Fig. 13.9. At low column densities, the column density distribution is
approximately a power-law
−β
f (NHI , z) ∝ NHI
,

β ≈ 1.6,

(13.21)

and falls almost exponentially at higher
column densities (reminiscent of the
Schechter luminosity function, Eq. (5.8)).
The proper path length across interval dz is
c
1
dlp = −
dz.
H(z) (1 + z)

Figure 13.9. Column density distribution of Lyα

Hence integrating over the column density absorbers at a redshift z = 3 compiled from a numdistribution, the density parameter in neu- ber of sources [133]. The lines show predictions from
simulations of the IGM.
tral gas is
Z
mp
H(z)(1 + z)
1
Ωg (z) =
NHI f (NHI , z)dNHI ,
c
ρc (1 + z)3 (1 − YHe )
Z
H0 mp
E(z)
=
NHI f (NHI , z)dNHI .76
(13.22)
cρc (1 − YHe ) (1 + z)2

Ωg	
  (x	
  10-‐3)	
  

The integral (12.3) is dominated by
the highest column density systems, but
through heroic observational efforts, the
evolution of Ω(z) has been determined up
to redshifts greater than z = 4, as shown
in Fig. 13.10. Remarkably, Ωg (z) is nearly
1
constant at about Ωg ∼ 10−3 over almost
all of the redshift range, even though most
of the stars in the Universe formed over
this redshift range (see Sect. 14). The
neutral gas associated with the Lyα forest is about 2% of the total baryon denredshi1	
  
sity adopting Planck parameters. Interestingly, this is close to the density paramFigure 13.10. The evolution of the neutral gas den- eter in stars (Eq. (5.12)). Galaxy and star
sity parameter determined from the column density formation is clearly a very inefficient prodistribution of Lyα lines. (From [133]).
< 6 most of the gas is
cess. At redshifts z ∼
highly ionized and does not participate in star formation.
76

In research papers, the factor E(z)/(1 + z)2 is often absorbed into the definition of the column density
2
distribution by defining an the absorption distance X, with dX = (1+z)
dz.
E(z)
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13.5

Early or late reionization?**

The previous subsection hopefully gives you an idea of the wealth of information contained in
quasar absorption line spectra. It would take an entire advanced lecture course to do justice
to this field. I have therefore decided to give a highly telegraphic account in this subsection of
recent work that suggests that reionization happened late. From the results described in the
previous section, we have a reasonable picture of the statistical properties of absorbing clouds.
However, we have said nothing yet about the sources of the UV photons that photoionized the
Universe. One approach, pioneered by Haardt and Madau [134, 135] is to make an inventory
of UV emission from quasars and galaxies together with a simplified model of reprocessing of
the UV photons by absorbing clouds. The aim of this exercise is to compute the spectrum
of a uniformly distributed UV background as a function of redshift. [136] presents a recent
version of this approach and examples of their spectra are shown in Fig. 13.11.
In this figure, J(ν) is the photoionizing flux in units of [erg cm−2
s−1 Hz−1 sr−1 ].
The photoionization rates per unit volume for
species i are given by
Z ∞
J(ν)σi (ν)
Γi = 4π
dν, (13.23)
hν
νi
where νi is the threshold for photionization and σi (ν) is the photoionization cross section. A good
approximation to σi (ν) is given by
the formula [137]
" 

E −s
σ(ν) = aT β
+
ET
#


E −s−1
(1 − β)
, E = hν,
ET
with the parameters given in Table
3.
For a given spectrum, J(ν), we
can define hardness ratios ΓHeI /ΓHI
and ΓHeII /ΓHI .
Because of the
higher ionization threshold of HeII

Figure 13.11. Spectra of the cosmic UV background computed by [136] compared to earlier computations of [135].
The vertical dotted lines show the HeI and HeII ionization
edges and Lyα wavelengths.

Table 3. Photoionization cross-sections for hydrogen and helium.

HI
HeI
HeII

ET (eV)
13.60
24.59
54.42

β
1.34
1.66
1.34

s
3.00
2.05
3.00
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compared to HI, a harder spectrum (more energetic photons) is required to fully ionize helium compared to hydrogen. In the model of Fig. 13.11, hydrogen reionization is largely
complete by a redshift z = 6.2. At these redshifts, the UV background is dominated by
starlight, which has a relatively soft spectrum. To fully ionize helium, one has to wait until
quasars switch on to provide harder photons. With the spectra of Fig. 13.11, HeII reionization
is largely complete by redshift z = 2.8.
The ionization fractions, xHI , xHeI , xHeII satistfy a set of rate equations. For example,
for xHI ,
dxHI
= −xHI [ΓHI + ne rHI ] + ne (1 − xHI )aHI ,
(13.24)
dt
where ΓHI is the photionization rate from (13.23), ne is the electron density, rHI is the collisional ionization rate and aHI is the recombination rate. For the IGM it is a very good
approximation to assume ionization equilibrium, i.e. dxHI /dt = 0, since the timescale for xHI
to respond to a change in the UV background is much shorter than the Hubble time77 . In
ionization equilibrium, if we ignore collisional ionization and xHI  1, Eq. (13.24) gives
xHI ≈ ne aHI /ΓHI ≈ 0.4ne T4−0.76 Γ−1
,

 12
2
Ωb h
≈ 1 × 10−7 (1 + z)3
T4−0.76 Γ−1
12 ,
0.022

(13.25)

where Γ12 is the photionization rate in units of 10−12 s−1 and T4 is the temperature of the
gas in units of 104 K. To reionize the Universe at redshift z ∼ 6 requires a UV photoionizing
> 0.06 (see 13.11).
flux of J21 ∼
The assumption of a uniform UV background is reasonable when the IGM is highly
ionized and optically thin. However, the early
stages of reionization will be highly inhomogeneous. Ionized regions will form around
young galaxies and an (irregular) ionization
front will propagate into the IGM. The IGM
will therefore consist of HII regions embedded within a neutral IGM. Reionization is
therefore likely to be patchy until the bubbles of ionized gas overlap. Accurately modelling patchy reionization requires a detailed
treatment of radiative transfer. An example
is shown in Fig. 13.12, which shows a radiative transfer simulation of the structure of
Figure 13.12. HII regions produced by galaxies the IGM around a bright quasar. (One im(orange contours) and by a bright quasar (red con- portant motivation for this calculation was to
tours) during reionization. This simulation was compute the fluorescent Lyα emission from
done by Sebastiano Cantalupo using a high reso- nearby gas clouds as they are lit up by the
lution adaptive mesh radiative transfer code. The UV photons from the quasar, an effect that
figure shows a 503 Mpc3 high resolution region of has actually been observed [138]). Radiative
an original 2003 Mpc3 simulation centred on a lutransfer simulations are complex and time

minous quasar.

For a power law spectrum J(ν) = ν −1 , ΓHI ≈ 3.15 × 10−12 J21 s−1 , where J21 is the value of the UV spec−1
trum at the hydrogen ionization threshold in units of 10−21 erg cm−2 s−1 Hz−1 sr−1 . Thus 1/ΓHI ≈ 104 J21
yr.
77
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Figure 13.13. Evolution of the neutral fraction (top panel), gas temperautre (middle panel) and
photoionization rate (bottom panel) from z = 8 to z = 5 in the simulation of [139].

consuming and so hydrodynamic simulations of the IGM usually use cruder approximate
schemes for modelling radiative transfer.
Fig. 13.13 shows an example [139]. This simulation uses a single-frequency radiative
transfer scheme and models patchy reionization, tracking the emission of UV photons from
star forming regions. Reionization in this simulation happens late: 50% of the volume of the
universe is ionized at z = 7 and reionization is complete by z = 5.3, as can be seen in the
upper panel of Fig. 13.13.
One of the most remarkable
features of this simulation is that
it provides a quantitative match to
transmission gaps that have been
detected in the Lyα forest [5] as illustrated in Fig. 13.14. This is
160 Mpc
one of many examples of differences
in the transmitted flux along different sight lines. In the example
shown in the figure, the spectrum of
ULAS J0148+0600 is opaque from Figure 13.14. Examples of the differences in transmission
z = 5.52 to z = 5.88, corresponding flux along different sight lines over the same redshift range.
to a physical scale of about 160 Mpc. The quasar ULAS J0148+0600 shows an enormous gap with
In contrast, the spectrum of SDSS zero transmission corresponding to a gap of physical length
J1306+0356 shows absorption line 160 Mpc. (Figure from George Becker.)
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features over the same redshift range. This is prima facie evidence for patchy reionization at
< 6. The model of [139] is able to reproduce these gaps and in addition matches
redshifts z ∼
measurements of the temperature of the IGM (determined, for example, by measuring the b
< 5.
parameters of Lyα lines) and the mean optical depth for Lyα absorption at redshifts z ∼
There is, therefore, considerable evidence to support the idea that reionization happened late,
in agreement with the CMB results discussed in Sect. 13.3.
13.6

The EDGES experiment

Just as we seemed to be building a consistent
picture in which the IGM was reionized at late
times, results from the EDGES78 experiment
were published [140] which may indicate the
need for a more exotic scenario. I will first review
the experimental results and then look at the
physics. The EDGES experiment (Fig. 13.15)
observed a large area of sky at low angular resolution and measured the spectrum over the frequency range 50-100 MHz. At these frequencies, the sky brighness is dominated by Galactic Figure 13.15. The EDGES experiment losynchrotron and ionospheric emission, with am- cated at the Murchison radio astronomy obplitudes of a few thousand K. After subtracting servatory in Western Australia.
foregrounds, the EDGES team found evidence for a broad absorption profile with an amplitude of 0.5+0.5
−0.2 K
Fig. 13.16 shows the absorption
redshi,
25
20
15
profile measured by the EDGES experiment. Referring back to Fig. 13.2,
the n = 1 hyperfine states are separated by an energy of difference of
∆E01 = 5.9 × 10−6 eV, corresponding to a wavelength of 21 cm (and a
frequency difference of 1420 MHz). In
equilibrium, the population ratio of the
two states is fixed by the spin temperature Ts ,
Figure 13.16. The absorption profile measured by the


n1
g1
∆E01
EDGES experiment after removal of foregrounds.
= exp −
,
n0
g0
kTs
where g1 /g0 = 3. CMB photons propagating through the IGM can be absorbed by neutral
hydrogen via transitions from the F = 0 to F = 1 state. If the IGM is optically thin, the
change in the brightness temperature of the CMB is [141]

δT (z) ≈ 28xHI

Ωb h
0.03



Ωm
0.3



1+z
10

1/2 

Ts − TCMB
Ts


mK.

(13.26)

If the spin temperature the same as TCMB , there will be no effect, but if Ts < TCMB we
would expect to see absorption of the CMB photons. The brightness temperature is therefore
78

Experiment to Detect the Global Epoch of Reionization Signal.
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critically dependent on the spin temperature of the gas, which may be very different to the
gas temperature.
In the absence of any star formation, the spin temperature will coupled to TCMB and we
would not expect to see any absorption. The gas temperature, however, will be decoupled from
the CMB as discussed in Sect. 13.1, so Tg ≈ 6 K at z = 20 (well below the CMB temperature
of TCMB = 57 K). However, if Lyα photons are produced at redshift z ∼ 20, the resonant
absorption of Lyα radiation can lock the spin temperature to the gas temperature, leading
to 21cm absorption. This effect is known as the Wouthysen-Field mechanism [142, 143]. If
at a redshift z ∼ 15 the gas temperature is driven to the CMB temperature (for example,
by X-ray heating from high mass X-ray binaries), δT will go to zero so producing a broad
absorption feature. In fact, models predicting a 21cm absorption trough were constructed
many years ago (see Fig. 13.17).
The breadth and mean redshift of the
EDGES feature is perhaps suprising, but the
real problem is the amplitude. In the most
extreme case in which Ts is fully coupled to
Tg , Eq. (13.26) predicts about 0.25 K at z =
17. Some authors have proposed exotic explanations, for example interactions between
baryons and dark matter that cools the gas
below the temperature of Eq. (13.6) (e.g.
Figure 13.17. Prediction of a 21cm absorption [145]). However, it is also possible that the
trough from [144]. The solid line shows δT at a
foregrounds (which are much higher than the
frequency resolution of 1 MHz, together with the
absorption signal) have not been subtracted
rms fluctuation (dashed line).
accurately [146]. At present, the EDGES result is an enigma and it will be very interesting to see if it is confirmed.

– 173 –

c G. Efstathiou

14
14.1

Galaxy Formation
Introduction

The previous sections have covered the creation and evolution of small fluctuations. In addition, Sect. 12 discussed some simple aspects of the non-linear evolution of structure. In
this short final section, I will discuss some aspects of galaxy formation. Let me be clear first
about what I mean by galaxy formation.

Figure 14.1. The Hubble sequence of morphological classification of galaxies.

Figure 14.1 shows the Hubble sequence of galaxy types (first elucidated by Edwin Hubble). This morphogical system classifies galaxies into ellipticals and spirals. The spirals are
subdivided into barred (SB) and unbarred (S) systems. The elliptical galaxies are ‘hot’ stellar
systems in which their shapes are set largely by global stellar velocity anisotropy. The spirals
are disc like, rotationally supported, galaxies. The spirals are classified by the ‘openness’ of
the spiral arms, so Sa galaxies have tightly wound arms and a bright central bulge, while Sc
galaxies have loosely wound arms and very little bulge. Irregular galaxies at the far end of the
diagram, are galaxies which do not fit into the any of the other classes. By galaxy formation,
I mean: ‘can we explain the wide range of morphological types of the Hubble sequence starting
from Gaussian initial fluctuations?’
If we can explain the basic features of the Hubble sequence, then I would count it as
a great success for the ΛCDM paradigm. I do not want to go into details, for example,
the assembly histories of galaxies and the interpretation of the many wonderful observations
of high redshift galaxies (important as these are). Instead, I want to concentrate on a few
important aspects of galaxy formation which I will deal with in a qualitative way.
The main reason for the brevity of this section concerns the nature of the problem.
Galaxy formation is inherently non-linear and couples together a huge range of scales. If we
want to resolve star formation and individual SN remnants, for example, we need a spatial
resolution of a few parsecs. But to model large-scale structure, we need to consider volumes of
order 1000 Mpc. We therefore need to cover a dynamic range of ∼ 108 in length or ∼ 1024 in
mass. The physics involved is also extremely complicated. To understand galaxy formation,
we need to understand how stars form, how UV photons produced by stars affect the IGM
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(as sketched in Sect. 13), how dust forms and reprocesses star light, how supermassive black
holes form, how various feedback processes (including SN driven winds and accretion energy
from supermassive black holes) affect the efficiency of galaxy formation and so on. Each of
these processes is a major topic in its own right. Martin Rees has described galaxy formation
as more like mud wrestling than highbrow theoretical physics.
How can we make progress on such a complex problem? The answer is through numerical
simulation. There is no hope of understanding galaxy formation in any quantitative detail via
pen-and-paper theory. Instead, like weather-forecasting, we should include as much physics
as we can and use powerful supercomputers to model the outcome. Even then, an ‘ab-initio’
approach is impossible. Simulators therefore adopt simple rules for ‘sub-grid’ physics that
cannot be resolved by the simulations (and is not actually fully understood). The danger
with this approach is that one can eat up lots of supercomputer time, produce beautiful
pictures, but the quantitative results may be very sensitive to the sub-grid physics. The
hope is that uncertainties in the ‘sub-grid’ physics can be parameterised in simple ways and
calibrated against observation. It is not yet clear whether this can be done, but if it can,
galaxy formation should be solvable given a computer of sufficient power.
I have taken the following approach in these notes. The next subsection introduces a
few topics and key ideas to set the scene and give you some idea of the physical uncertainties
in numerical simulations. I then present some results from large hydrodynamic simulations.
These simulations attempt to model galaxy formation in a reasonably large cosmological
volume. In taking this approach, I will largely ignore the huge amount of observational work
on the evolution of galaxies and the important numerical work simulating individual galaxies,
clusters and the inter-stellar medium of galaxies at high resolution.
14.2
14.2.1

Some basic ideas
The ‘Madau’ plot

At high redshift, the light from optical wavelengths corresponds to UV wavelengths in the rest frame. This light comes
from massive stars, which are short lived.
The optical magnitude of a high redshift
galaxy therefore provides an estimate of
the instantaneous star formation rate. For
example, the B-band magnitude is related
to the star formation rate Ṁ (in M yr−1 )
by
B ≈ 28.2−2.5log10 Ṁ +5log10 [(1+z)1/2 −1].
(14.1)
Redshift surveys of high redshift galaxies (using photometric redshifts at very
high redshifts in the absence of spectro- Figure 14.2. The history of star formation inferred
scopic redshifts) can be used to infer the from UV light (green, blue and purple points) and
star-formation rate per unit volume, ψ(z). from IR surveys (red and brown points). (From
This is shown in Fig. 14.2 and is known [147].)
as the Madau plot. This figure is taken from the review article by Madau and Dickinson
[147] to which I refer the reader for the data sources and historical references. Most of the
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points shown in the figure are from UV surveys, but some of the points are from IR rest-frame
surveys79 . The solid line in the figure shows the fitting function
ψ(z) = 0.015

(1 + z)2.7
.
1 + [(1 + z)/2.9]5.6

(14.2)

This suggests that the peak star formation rate occured at a redshift z ∼ 2, when the Universe
was about 3 Gyr old, or about 20% of its present age. Interestingly, quasar activity peaks at
< 1.5 is
about the same redshift. The star formation rate per unit volume in Fig. 14.2 at z ∼
consistent with observed rates of core-collapsed supernovae.
> 6.
We argued in Sect. 13 that the Universe must have been photoionized at redshifts z ∼
The IGM was then probably heated to a temperature of T ∼ 104 K at these redshifts, suppressing the collapse of gas onto dark matter haloes with circular speeds vc ∼ 20 kms−1 .
While photoionization may be capable of suppressing star formation in mini-haloes at high
redshift, it appears that some other type of ‘feedback’ effect is required to suppress star formation to z ∼ 2. Most researchers in this field assume that energy injection from supernovae
(together with winds from massive stars) drives out the gas in low mass galaxies providing
the necessary feedback, though it is not yet clear whether this process works. The key point is
that in a ΛCDM model, feedback mechanisms are required to explain both the low efficiency
of star formation (why only a few percent of the baryons end up in stars) and the low redshift
of the peak star formation rate in Fig. 14.2.
Radiative Cooling

Sect. 12.1 discussed the non-linear evolution of a spherical density perturbation.
Such a perturbation will stop expanding
when in reaches an overdensity of δρ/ρ ∼
9π 2 /16. If it is made of collisionless CDM,
then we argued that it would form a virialized system with an overdensity of about
δρ/ρ = 200. What about the baryons?
As the gas collapses, we would expect it
to heat up, but unlike CDM, the gas can
loose energy radiatively. The radiative energy losses cause the gas to cool and can
be described by a cooling function Λ(T )
(to be defined below) as plotted in Fig.
14.3. If the characteristic time for gas to
cool is short the gas can loose most of its
gravitational binding energy reaching extremely high overdensities. In this highly
dissipative situation, angular momentum
will halt the collapse and we will end up
with a rotationally supported disc-like system surrounded by a spherical dark matter

log10 Λ [erg cm3 s-1]

14.2.2

log10 T [K]
Figure 14.3. Cooling rates for a gas of primordial
composition. The dotted lines are the cooling rate
from collisional ionization of H, He and He+ , the long
dashed lines are the cooling rates from recombination to H, He and He+ and the short dashed lines are
the cooling rates from collision excitation of H, He
and He+ . The thin solid line is the cooling rate from
thermal Bremsstrahlung. (Adapted from [148].)

79

The amount of UV light that is reprocessed by dust at high redshifts into the IR is one of the main sources
of uncertainty in this plot.
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halo. These are the key physical ingredients necessary to explain the Hubble sequence of Fig.
14.1 – at least in very broad brush.
Let’s look at some characteristic numbers. We will assume that halos are isothermal,
with mass increasing linearly with radius MH (r) = vc2 G−1 r, where vc is the circular speed.
The radius at which the mean density is 200 times the critical density is denoted r200 . For
such a halo at redshift z:


vc
r200 = 0.55
(1 + z)−3/2 Mpc,
(14.3a)
200 km s−1
3

vc
(1 + z)−3/2 M .
(14.3b)
MH (r200 ) = 5.1 × 1012
200 km s−1
Imagine that radiative cooling is ineffective. The gas within the halo cannot lose its binding
energy and so we would expect the gas to be shock heated and to end up as a hot atmosphere
in approximate hydrostatic equilibrium (as is observed in clusters of galaxies). If the gas
distribution is roughly isothermal, ρgas ∝ r−2 , and the temperature is independent of radius,
the equations of hydrostatic equilibrium (Eq. 5.5) require a gas temperature
1
kTvirial ≈ vc2 µmp ,
(14.4)
2
where µ is the mean molecular weight of the gas. (We will assume a primordial composition in
this section, in which case µ ≈ 0.58). The temperature Tvirial is called the virial temperature.
Inserting numbers:

2
vc
Tvirial = 1.4 × 106
K,
(14.5a)
200 km s−1
2/3

MH (r200 )
(1 + z) K.
(14.5b)
= 1.4 × 106
5.1 × 1012 M
A large galaxy therefore has a virial temperature of about a million degrees. If we assume
that the protocloud at the turnaround radius has a uniform density ρturn , the free-fall time is

1/2
3π
tff ≈
,
32Gρturn
≈ 8.7 × 109 (1 + z)−3/2 y.

(14.6)

The rate at which has loses energy per unit volume via radiative cooling is written as
˙ = Λ(T )n2H , where nH is the density of hydrogen atoms. The cooling function for gas with
a primordial composition in collisional ionization equilibrium is plotted in Fig. 14.3. Here
it is assumed that collisions between electrons and ions maintain the components in thermal
Boltzmann distributions at temperature T and that the gas is optically thin to the radiation that it emits. At high temperatures (appropriate for clusters of galaxies) the dominant
cooling mechanism is thermal Bremstrahlung radiation and Λ(T ) ∝ T 1/2 . At temperatures
< 106 K the dominant radiation mechanism is recombination line
appropriate for galaxies, T ∼
+
radiation from H and He . The cooling curve drops sharply at a temperature of ∼ 104 K
since at these temperatures the hydrogen and helium are neutral. We can therefore define a
characterstic cooling time for the gas:
3kT nH
,
2n2H Λ(T )

≈ 1.1 × 108

tcool ≈

(14.7a)
T
105 K



∆
200
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Figure 14.4. Cooling diagram showing the locus tcool = tff in the nH − T plane. The two sets of lines
show computations for cooling functions for primordial gas (marked Z = 0, with the cooling function
plotted in Fig. 14.3) and for solar metallicity (marked Z = Z ). The tilted dashed lines show lines
of constant gas mass in M . The horizontal dotted lines show the gas densities with overdensity
∆ = 200 at various redshifts. (From [132].)

where Λ−22 is the cooling rate in units of 10−22 erg cm3 s−1 .
The free-fall time and cooling times for gas clouds are compared in Fig. 14.4. Interestingly, this diagram picks out a characterstic baryonic mass of ∼ 1011 M , which is about
the mass of a large galaxy80 . Higher mass clouds cannot cool radiatively. The gas in higher
mass systems cannot cool radiatively even within a Hubble time. Gas in such systems will
form a hot highly ionized plasma in approximate hydrostatic equilibrium. This is a very
important result, but as we will discuss in Sect. 14.2.5 arguments based on radiative cooling
alone cannot explain the exponential fall-off of the Schechter galaxy luminosity function (Eq.
5.8) at high luminosities.

14.2.3

Angular momentum

Consider the situation shown in Fig. 14.5. Here we have an ellipsoid separated by distance r
from an object of mass M . Let us assume that the ellipsoid is a homogeneous oblate spheroid
of density ρ, mass MG , semi-major axis a and semi-minor axis b. The magnitude of the torque
80

This was pointed out by [149] in a classic paper
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on the spheroid is (r  a)

Z
3GM
(sin 2θ)ρ (x2 − z 2 )d3 x
Γ=
2r3
3GM Q
2
=
sin 2θ, Q = MG (a2 − b2 ),
(14.8)
4r3
5
where Q is the quadrupole moment of the spheroid. In time t, the ellipsoid will therefore gain
an angular momentum J ∼ Γt.
As structure forms from Gaussian initial
conditions we will, of course, not see idealized structures such as those depicted in Fig.
14.5. However, the stochastic nature of the
mass distribution means that as haloes form
they will acquire angular momentum via tidal
torques from the surrounding mass distribution. This process is best studied using numerical simulations. [150] computed the dimensionless spin parameter λ,
λ = J|E|1/2 G−1 M −5/2 ,

(14.9)

Figure 14.5. An ellipsoid with quadrupole moment Q separated by distance r from a mass M . for virialized halos where J, E and M are the

angular momentum, binding energy and mass
within the virialized region, and found λ ∼ 0.05. The parameter λ is roughly the ratio of
the rotational to kinetic energy of the system, so tidal torques do not generate much angular
momentum. However, if we assume that at the point of maximum expansion, the gas and
dark matter in a spherical cloud (of radius Ri ) have the same specific angular momentum and
that the gas conserves angular momentum as it collapses, then we can calculate the collapse
factor of the gas. Assuming that the gas ends up in a rotationally supported thin exponential
disc with scale length α, angular momentum conservation requires
√
2
αRi ≈
≈ 30,
(14.10)
λ
if λ ∼ 30. Thus, although tidal torques are not particularly efficient, they generate enough
angular momentum to explain the sizes of present day disc galaxies with scale lengths of a
few kpc [151].
14.2.4

The MBH − σ relation

Every galaxy has a supermassive black hole at its centre. Dynamical measurements have
established a correlation between the mass of a supermassive black hole MBH and the velocity
dispersion σ of the stars in the central regions of the galaxy. This is known as the MBH − σ
relation. A recent version of this relation [152] is shown in Fig. 14.6. Power law fits to the
data shown in this figure give




MBH
σ
log10
= 8.32 + 5.64 log10
, all galaxies,
(14.11a)
M
200 km s−1




MBH
σ
log10
= 8.39 + 5.20 log10
, early − type galaxies, (14.11b)
M
200 km s−1




MBH
σ
log10
= 8.07 + 5.06 log10
, late − type galaxies. (14.11c)
M
200 km s−1
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Note that the slopes in these relations are considerably steeper than early estimates of this
correlation (which gave MBH ∝ σ 4 ) and the relation itself is not particularly tight.
Nevertheless, this is an astonishing
relation. For example, the data for M87
(the supergiant elliptical galaxy in the centre of the Virgo cluster) shows that this
galaxy has a central black hole with a mass
of ∼ 6.5 × 109 M (see the inset). This is
more than a thousand times the mass of
the black hole at the centre of the Milky
way (∼ 3.6 × 106 M )! At present, there
is no clear understanding of how these supermassive black holes form.
What is the significance of this result
for galaxy formation? Consider the efficiency of nuclear reactions in stars. The
conversion of hydrogen to helium generates 26 Mev per He nucleus. The radiation
efficiency is therefore
(4mp − mHe )
η=
= 0.007,
4mp

Figure 14.6. The history of star formation inferred
(14.12) from UV light (green, blue and purple points) and
from IR surveys (red and brown points). (From
[147].)

in other words, nuclear reactions in stars
convert less than a percent of the rest mass into radiation. In contrast, accretion discs around
supermassive black holes have a much higher radiation efficiency. For a Schwarzchild black
hole, the maximum radiation efficiency is equal to the gravitational binding energy at the
inner most stable circular orbit at r = 6GM/c2 . This gives
ηacc

√
2 2
=1−
= 0.057,
3

(14.13)

which is an order of magnitude higher than the efficiency of nuclear reactions in stars. It is
possible to get even higher radiation efficiencies by using the rotational energy of a Kerr black
hole (raising the radiation efficiency to a maximum of 42%).
M87 has a V-band magnitude of mV = 8.79 and is at a distance of D = 16.7 Mpc. It
therefore has an absolute magnitude of
MV = mv − 25 − 5 log10 D = −22.32,
or a luminosity of about L ≈ 7.2 × 1010 L 81 . Adopting a mass-to-light ratio of M/L = 6.3
(typical of an early type galaxy), the mass in stars is about M∗ ≈ 4.5 × 1011 M . The binding
energy of the central galaxy is of order M∗ σ∗2 , where σ∗ is the stellar velocity dispersion
(σ∗ ≈ 350 km s−1 ). Comparing this to the accretion energy of the central black hole, we find
η 
ηacc MBH c2
acc
∼
500
.
M∗ σ∗2
0.05
81

Since the Sun has an absolute magnitude MV = 4.83 in the V-band.
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If even a tiny fraction of the accretion energy coupled to the gas, it would be enough to unbind
the entire galaxy! It is therefore possible that massive black holes played a role in structuring
galaxies. The fact that the black hole mass is correlated with the central stellar velocity
dispersion is strongly suggestive that the growth of supermassive black holes is closely linked
in some way with the growth of galaxies [153–155].
The Event Horizon Telescope: Last year, a team of radio astronomers used a global
network of radio telescopes to perform interferometry with a resolution high enough to
resolve the event horizon of nearby black holes.
The image in the figure shows observations of
the centre of M87 at a wavelength of 1.3 mm.
The bright ring is formed as light bends in the
intense gravitational field around the central
black hole. The asymmetry in the brightness of
the ring can be explained by relativistic beaming
of the emission from a plasma rotating close to
the speed of light around a Kerr black hole. From these observations, the EHT team
deduced a black hole mass of MBH = (6.5 ± 0.7) × 109 M [156], which is in good
agreement with the dynamical mass estimate of Fig. 14.6.
14.2.5

Cooling ‘dribbles’

In a rich cluster of galaxies, the temperature of the intra-cluster gas is high enough that the
dominant source of cooling is thermal Bremstrahlung radiation, for which the cooling function
Λ(T ) ∝ T 1/2 . The cooling time therefore varies as
tcool ∝ T 1/2 n−1
e .

(14.15)

The arguments of Sect. 14.2.2 were based on uniform density gas clouds, but in reality the
gas will form an atmosphere with a higher density in the central regions than in the outskirts.
The X-ray luminosity of a cluster of galaxies gives a direct measure of the electron density
within the intracluster medium. This in turn gives us an estimate of the cooling time. For
rich clusters of galaxies, the cooling time is less than the Hubble time within r ∼ 1kpc for
the vast majority of rich clusters of galaxies. As pointed out by Cowie and Binney [157] in
the absence of any heating source the gas within the central regions of a cluster of galaxies
should cool and flow towards the centre of the cluster. The inferred mass deposition rate
within radius r is related to the X-ray luminosity within radius r via
Ṁ (< r) =

2µmp
Lx (< r).
5kT

(14.16)

This gives mass deposition rates of typically 50 − 500M y−1 (see e.g. Table 1 of [158]) far
in excess of observed star formation rates. For a while, some researchers speculated that
the cooling gas formed ‘jupiter’ type objects. However, an alternative explanation is that
there exists a heating mechanism that balances the radiative losses. Since rich clusters have
a luminous early type galaxy at their centres, and we have seen from Fig. 14.6 that every
large galaxy harbours a supermassive black hole, it is plausible that energy associated with a
supermassive black hole provides the heating.

– 181 –

c G. Efstathiou

There is considerable evidence to
support this idea. Fig. 14.7 shows
a deep X-ray image of the central regions of the Perseus cluster [159]. One
can see ‘cavities’ with X-ray bright rims
that are cooler than the surrounding
gas. These cavities provide clear evidence of an interaction between the
central radio source and the X-ray
emitting gas. The bubbles are filled
with radio plasma originating from the
central black hole. The intra-cluster
gas has been swept aside by the radio lobes and compressed to form the Figure 14.7. Chandra X-ray image of the central regions of the Perseus cluster. (From [159].)
bright X-ray shells.

Figure 14.8.
AGN plotted
of the cluster
(From [160].)

14.3

One can measure the surrounding pressure
and volume of the cavities to compute the work
done by the radio source on the intra-cluster gas.
This has been done by Rafferty and collaborators
[160] who show that the emprically derived ‘cavity power’ roughly balances the radiative losses
within the cooling radius (see Fig. 14.8). In
fact, there is evidence from X-ray spectroscopy
and from soft X-ray emission that some of the
gas is indeed cooling, but at much lower rates
than implied by Eq. (14.16). This is why I
have titled this subsection as ‘cooling dribbles’
rather than ‘cooling flows’. There is also strong
evidence for star formation in the central cluster galaxies that is roughly consistent with the
mass deposition rates of the cooling dribbles. AlCavity power of the central
though there is strong evidence that AGN activagainst the X-ray luminosity
gas within the cooling radius. ity suppresses cooling flows, the exact heating
mechanism is not yet understood and remains
an area of active research.

Putting it all together: large hydrodynamical simulations

We can try to put all of this together and attempt to simulate galaxy formation using large
hydrodynamical simulations starting from ΛCDM initial conditions. This cannot be done ‘ab
initio’. Instead simulators have to invoke heuristic rules to model complicated physics which
cannot be resolved by the simulations (this is usually referred to as ‘sub-grid physics’). I will
not go into the details of specific models, but will try to give you an idea of what is involved.
We need to invoke rules to model:
• star formation from cold high density gas;

• photo-heating of the IGM (often done by imposing a uniform photo-ionizing background
using a model like the one shown in Fig. 13.11);
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• if only photo-heating of the IGM is included, too many low mass galaxies are produced. To
solve this problem, simulators invoke models of supernovae driven feedback. Some fraction of
the energy produced by supernovae is assumed to couple to the gas driving a wind from the
galaxy;
• supernovae feedback is, however, ineffective in large galaxies. If no other feedback mechanism were included, catastrophic cooling flows at the centres of groups and clusters would
lead to a large fraction of the baryonic material collapsing into ‘supergalaxies’, in violent
disagreement with observations. Some type of AGN feedback is therefore required;
• to model AGN feedback requires rules governing the growth of supermassive black holes;

• recent simulations invoke two types of AGN feedback: (i) a radiatively inefficient ‘radio
mode’ in which radio jets heat the surrounding gas; (ii) a radiatively efficient ‘quasar mode’.
These are just some of the complexities required for a simulation of galaxy formation82 .
Nevertheless, remarkable progress has been made over the last few years. I will show a few
results from the IllustrisTNG suite of simulations [161, 162]. A competing series of simulations
has been carried out by the EAGLE collaboration (see e.g. [163]).
Fig. 14.9 shows the stellar mass
function from the IllustrisTNG simulations from z = 4 to the present day.
The red lines marked ‘Illustris’ show an
earlier set of simulations. The curves
marked ‘TNG100’ and ‘TNG300’ show
simulations with different spatial resolutions and computational box lengths.
The feedback prescriptions have been
tuned to give an acceptable match to
the observed stellar mass function at
z = 0, but as this figure shows the
model gives a remarkably good match
to the observations from z = 0 to z = 4
(covering the redshift range over which
the vast majority of stars were formed,
cf. Fig. 14.2). By a redshift of z = 4
the stellar mass functions of the observations and simulations are strongly
suppressed compared to the mass function at z = 0.
The morphological appearance of
some of the galaxies in the IllustrisTNG
simulations are shown in Fig. 14.10. In
Figure 14.9. The galaxy stellar mass functions from this set of simulations, and also in the
the Illustris/Illustris TNG simulations from z = 4 to
EAGLE simulations, the final stellar
the present day. The symbols show various observational
systems resemble the full range of the
measurements. (From [161].)
Hubble sequence shown in Fig. 14.1.
82

There are many others. For example, Fig. 14.4 shows that the cooling rates depend on metallicity. To
model cooling correctly, we would need to follow the metallicity evolution of the gas, including mixing of
enriched wind material with the surrounding gas.
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Figure 14.10. The background shows the dark matter distribution across 300 Mpc box in the
IllustrisTNG 300 simulation. The inset in the upper right shows the distribution of stellar mass
across the 100 Mpc box in the IllustrisTNG100 simulation.In each case, the projections show slices
a third of the box length in depth. The insets to the left show examples of interacting galaxies and
massive elliptical galaxies. (From [161].)

In the narrow sense that I outlined in the introduction, one could argue that the problem of
galaxy formation is solved - at least in broad brush. However, galaxies are diverse, complex,
multi-scale systems and there are many aspects are not understood. What remains to be
done is to use numerical simulations and observations to understand the ‘sub-grid’ physics in
more detail (if possible). Whether this will lead to a better understanding of the nature of
dark matter and early Universe physics is not yet clear.
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A

Useful Numbers

General parameters.
Hubble time : 1/H0 = 9.78 × 109 h−1 yrs
3H02
critical density : ρc =
= 1.88 × 10−26 h2 kg m−3
8πG
= 2.78 × 1011 h2 M Mpc−3

CMB temperature : T = 2.7260 ± 0.0013 K

baryon − photon ratio : η = nb /nγ = 2.75 × 10−8 (Ωb h2 )
Parameters of the ΛCDM model.
physical baryon density : ωb = Ωb h2 = 0.02226 ± 0.00015
physical CDM density : ωc = Ωc h2 = 0.1196 ± 0.0013
scalar spectral index : ns = 0.9671 ± 0.0045

Hubble constant : H0 = 67.44 ± 0.58 km s−1 Mpc−1

cosmological constant : ΩΛ = 0.6865 ± 0.0081
fluctuation amplitude : σ8 = 0.8095 ± 0.0076

reionization optical depth : τ = 0.0533 ± 0.0079

sound horizon : rdrag = 147.31 ± 0.31 Mpc

Miscellaneous numbers
Mpc = 3.086 × 1022 m
M

= 2.989 × 1030 kg

radiation constant : a = 7.5657 × 10−16 Jm−3 K−4

Thomson cross section : σT = 6.652 × 10−29 m2
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B

Problem Set I

(I.1) Show that the Einstein field equations
1
Rµν − gµν R + Λgµν = −8πGTµν ,
2
can be rewritten as


Rµν − Λgµν = −8πG Tµν


1
σ
− gµν Tσ .
2

(I.2) Use conformal time (defined by dτ = dt/R(t)) to show that the Friedman equations
with Λ = 0 can be rewritten as
kc2
= Ω − 1,
H2

2

dH
= −(3w + 1)(H2 + kc2 ),
dτ

where H = R−1 dR/dτ , w (assumed constant) is the equation of state parameter P = wρc2 ,
Ω is the density parameter ρ/ρcrit and ρcrit = 3H2 /(8πGR2 ). Hence derive the evolution
equation of Ω given in the lectures:
dΩ
= (3w + 1)HΩ(Ω − 1).
dτ
For both w = 0 and w = −1, sketch the evolution of Ω as a function of τ for the two cases
Ω > 1 and Ω < 1 at early times.
(I.3) The deceleration parameter is defined as


1
1 d2 R
q0 = 2 −
,
R dt2 t0
H0
where R is the scale factor and H0 is the Hubble parameter at the present time t0 . Prove
that in a matter dominated universe with Λ = 0,
Ω0 = 2q0 .
Hence show that
Ṙ
R0

!2
=

H02




R0
.
1 − 2q0 + 2q0
R

Show that the solutions of (*) are as follows:
(A) q0 > 1/2
H0 t = q0 (2q0 − 1)−3/2 [θ − sin θ],
where the development angle θ is defined by


2q0 − 1 R(t)
1 − cos θ =
.
q0
R0
(B) q0 = 1/2
H0 t =

2
3



R
R0
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(C) 0 < q0 < 1/2

H0 t = q0 (1 − 2q0 )−3/2 [sinh ψ − ψ],

where the development angle θ is defined by

cosh ψ − 1 =

1 − 2q0
q0



R(t)
.
R0

(I.4) Show that in a spatially flat universe with ΩK = 0, Ωm +ΩΛ = 1, the age of the universe
is


2
1 + cos θ
,
t(z) =
ln
1/2
sin θ
3H0 Ω
Λ

where

tan θ =

Ωm
ΩΛ

1/2

(1 + z)3/2 .

Evaluate the present age of the Universe if H0 = 67.5 km s−1 Mpc−1 and Ωm = 0.31.
(I.5) Consider a spherical comoving volume of the cosmological flud whose surface is defined
by χ = constant, where χ is the coordinate distance defined in Eq. (3.3). As the universe
expands show that, for the infinitesimal time interval t → t + dt, conservation of energy
requires that
c2 ρV = c2 (ρ + dρ)(V + dV ) + P dV,
where ρc2 an P are the energy density and pressure of the fluid respectively. Hence show that
dρ
ρ
= −3(1 + w) ,
dR
R
where w = P/(ρc2 ). If w = constant, show that ρ ∝ R−3(1+w) .
(I.6) At cosmic time t1 , a massive particle is shot out into an expanding FRW universe
with velocity v relative to comoving cosmological observers. At a later cosmic time t2 the
particle has velocity v2 with respect to comoving cosmological observers. Show that, at
any intermediate cosmic time t, the velocity of the particle as measured by a comoving
cosmological observer is
dχ
v(t) = R(t) .
dt
Hence show that
γv2 v2
R(t1 )
=
,
γv1 v1
R(t2 )
where γv = (1 − v 2 /c2 )−1/2 . Show that in the limit v1 → c the photon redshift formula is
recovered.
(I.7) Consider two galaxies, A and B. As viewed from Earth, galaxy A is at redshift zA = 1
and galaxy B is at zB = 9. What is the redshift of galaxy B as measured by a hypothetical
observer on galaxy A?
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C

Problem Set II

(II.1) Ignoring neutrinos, show that in the radiation-dominated phase of the Universe, the
temperature T of the radiation satisfies the equation
Ṫ
T

!2

8
aT 4
= πG 2 ,
3
c

where a is the radiation constant
a=

8π 5 k 4
.
15h3 c3

Hence show that

T =

3c2
32πGa

1/4
t

−1/2

10



≈ 1.5 × 10

t
1 sec

−1/2

K.

Calculate the age of the Universe in years at the time of matter and radiation equality. Repeat
the above calulations but now including three neutrino species.
(II.2) The number density of partices of rest mass m in equilibrium in the early Universe is
given by the integral
4πgi
n= 3
h

Z
0

∞

p2 dp
,
exp[(E(p) − µ)/kT ± 1



+ fermions,
− bosons,

(∗)

p
where E = c p2 + m2 c2 . Give a physical interpretation of the chemical potential µ.
Evaluate (*) for relativistic particles assuming µ = 0.
Assuming µ  mc2 , show that in the non-relativistic limit the number density can be
approximated as


2πmkT 3/2
n ≈ gi
exp[(µ − mc2 )/kT ].
h2
(II.3) (PartII:2014 Paper4 Q3)The cross-section for neutrino interactions is σ = 3.5 ×
10−67 T 2 m2 and the number density of neutrinos is given by
nν =

3aT 3
.
8k

Show that the interaction timescale for neutrinos is
tν = 1.4 × 1051 T −5 s.
At what temperature and at what time did neutrinos decouple?
(II.4) (Part II:2015 Paper1 Q3) During nucleosynthesis the effective degeneracy factor geff is
given by
X
X 7
geff =
gi +
gi ,
8
bosons

fermions
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where gi is the number of possible states of species i. In the standard model of particle physics
there are three neutrino types and for each type there is a particle and its corresponding
antiparticle. The following reactions
νe + n ←→ p + e− ,

e+ + n ←→ p + ν e ,

stop at the freeze-out temperature TF . Assuming that electron-positron annihilation and
neutrino decoupling occur simultaneously at the freeze-out temperature, derive an expression
for geff before freeze-out in terms of the number of neutrino types Nν and calculate its value
for both 3 and 4 neutrino types.
Assuming that the effective degeneracy parameter geff ∝ TF6 and kTF = 0.8MeV for
Nν = 3, show that kTF = 0.82MeV for Nν = 4.
For both protons and neutrons the number density is given by


mc2
,
N = AT 3/2 exp −
kT
where m is the particle rest mass and A is a constant. Use this to derive an expression for
the ratio of the number of neutrons to the number of protons (Nn /Np )F at the freeze-out
temperature for both Nν = 3 and Nν = 4.
After freeze-out free neutrons are destroyed by the reaction
n −→ p + e− + ν e ,
until there are no free neutrons and most of the surviving neutrons end up in He nuclei.
Assuming that cosmic time t ∝ T −2 show that
h i
"
Nn
−1/2 #

Np end
t3
7
h i ≈ exp −
,
1 + ∆Nν
Nn
τn
43
Np F

where ∆Nν is the change in the number of neutrino types with respect to Nν = 3, t3 is the
age of the universe
h i at the end of nucleosynthesis for Nν = 3, τn = 887 s is the free-neutron
n
lifetime and N
Np end is the neutron to proton ratio at the end of nucleosynthesis.
If t3 = 300 s show that the change of the primordial helium abundance ∆Y due to a
change in the number of neutrino types is
∆Y ≈ 0.014∆Nν .
(II.5) At around t = 100 seconds, deuterium D forms through the nuclear fusion reaction
p + n ←→ D. In equilibrium, what is the relationship between the chemical potentials of the
three species? Show that the ratio of their n number densities is


πmp kT −3/2
nD
≈
exp[BD /kT ].
nn np
h2
where the deuterium binding energy is BD = (mn + mp − mD )c2 .
Now consider the fractional densities Xa = na /nB where nB is the baryon number
density. Relate the ratio XD /(Xn Xp ) to the baryon-to-photon ratio η.
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Why does deuterium form only at temperatures much lower than T = BD /k?
(II.6) Black holes lose mass by emitting Hawking radiation; on sufficiently long timescales
this leads to the evaporation of the black hole. Primordial black-holes (PBHs) of mass M
evaporate on a timescale
10240π 2 2 3
G M .
tev ∼
hc4
(i) Estimate the minimum mass of a PBH formed in the early Universe (in units of M ), if it
is to survive to the present day, t0 ' 13.7 × 109 yr.

(ii) Assume that the energy density of the Universe is ρc2 = (geff /2)aT 4 , where geff is the
effective statistical weight at temperature T . Calculate the mass (in units of M ) contained
within the Hubble radius, ct, at temperature kT = 200 GeV when geff ∼ 100.
(iii) If PBHs formed at kT = 200 GeV, calculate the maximum fraction of the energy density
of the Universe that could have collapsed into PBHs to avoid exceeding the critical density
at the present day.
(iv) Discuss your result.
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D

Problem Set III

(III.1) The galaxy luminosity function can be approximated as follows:
 α
L
n∗
for L < L∗ ,
φ(L) =
L∗ L∗
n∗
=
exp(−L/L∗ )
for L > L∗ ,
L∗
where for spiral galaxies L∗,s = 1011 L , αs = −1.5, while for elliptical galaxies L∗,e = 1012 L ,
αe = −0.5, and n∗,e = 4n∗,s .
(i) A survey observes all galaxies that have a luminosity greater than L1 = 5 × 1011 L within
some volume. Calculate the fraction of spiral galaxies in the survey. Assume that all galaxies
are either spirals or ellipticals.
(ii) Repeat this calculation for a deeper survey that finds all galaxies down to a luminosity
L2 = 109 L , and comment on your result.
(III.2) In a magnitude limited sample, a galaxy of luminosity L can be seen out to a maximum
distance dmax enclosing a volume Vmax . Prove that if the galaxy distribution is uniform, then
1
hxi = ,
2
where

N
1 X V (i)
x=
,
N
Vmax (i)
i=1

where N is the number of galaxies in the sample, V (i) is the volume enclosed within the
distance to galaxy i and Vmax (i) is the maximum volume out to which the galaxy can be seen.
What is the expected variance of x? How can this expression be used to test for evolution in
a sample of galaxies or quasars? (Hint: See Schmidt, M., 1968, ApJ, 151, 393.)
(III.3) Show that a scalar field acts like a perfect fluid with an energy density and pressure
given by
1
1
∇φ)2 ,
ρφ = φ̇2 + V (φ) + (∇
2
2
1
1
∇φ)2 .
Pφ = φ̇2 − V (φ) − (∇
2
6
Show further that if the field φ is spatially constant, then inflation will occur provided that
φ̇2 < V (φ). If, in addition, the scalar field does not change with time show that its equation
of state is Pφ = −ρφ and that it acts as an effective cosmological constant.
(III.4) For a potential of the form
V (φ) = V0 exp(−λφ),
where V0 and λ are constants, show that the equation of motion of the scalar field Eq. (10.14a)
can be solved exactly to give
"
#
  22
1/2
t λ
2
V0
2
R(t) = R0
,
φ(t) = φ0 + ln
λ t .
t0
λ
2(6 − λ2 )
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√
Hence show that if λ < 2, the solution corresponds to a period of inflation. Show further
that the slow-roll parameters for this model (Eqs. 10.51) are
1
1
 = η = λ2 ,
2
2
and so inflation never ends.
(III.5) The equation of motion of a homogeneous scalar field is
φ̈ + 3H φ̇ = −V 0 (φ),
where the Hubble parameter H is
H2 =

1
3



1
V (φ) + φ̇2 ,
2

and dots and primes denote differentiation with respect to time and φ respectively.
Show that
1
Ḣ = − φ̇2 .
2
Hence derive the Hamilton-Jacobi equation
1
3
(H 0 )2 − H 2 = − V (φ).
2
2

(∗)

If we define the slow roll parameter

H = 2

H 0)
H

2
,

show that (*) can be written as If we define the slow roll parameter


1
1
2
H 1 − H = V (φ).
3
3
Relate the parameter H to the slow roll parameter defined in the lectures
1
=
2



V0
V

2
,

to first order in slow roll parameters.
(III.6) For slow roll inflation (φ̈  3H φ̇, φ̇2  V (φ)), with a power law potential
V (φ) =

1 n
λφ ,
n

show that the scale factor varies as

R(φ) ≈ Ri exp


1 2
2
(φ − φ (t)) ,
2n i

where Ri and φi are constants.
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E

Problem Set IV

(IV.1) When observing a distant galaxy, we measure a combination of kinematic and cosmological redshifts, as galaxies respond to the local gravitational field which adds a ‘peculiar’
velocity (of either positive or negative sign) on the uniform Hubble expansion.
(i) Show that the combined redshift due to these effects (kinematic and cosmological) is
1 + ztot = (1 + zcosm )(1 + zkin ).
(ii) Typical peculiar velocities of galaxies are vp = ±600 km s−1 . For a constant Hubble
parameter H0 = 100h km s−1 Mpc−1 , what is the minimum distance, rmin , at which a galaxy
must be for its redshift to give an estimate of its true distance accurate to better than 5%?
(IV.2)A spherical pressureless perturbation of mass M and radius r superimposed on an
Einstein de Sitter universe satisfies the equation of motion
r̈ = −

GM
,
r

(∗)

where dots denote differentiation with respect to time. Show that (*) has the parameteric
solution
r = A(1 − cos θ),

t = B(θ − sin θ),

A3 = GM B 2 .

(∗∗)

Show that for θ  1,


1 2
4
θ = s 1 + s + O(s ) ,
20
3

3


s=

6t
B

1/3
.

Hence show that the overdensity of the perturbation is
 
3 6t 2/3
∆=
,
θ  1.
20 B
Derive an expression for the peculiar velocity of the perurbation at radius r.
An observer measures the redshifts of galaxies in a nearby rich cluser of galaxies. If the observer interprets redshifts as distance via d = cz/H0 , sketch the three-dimensional appearance
of the cluster inferred by the observer if it is described by the solution (**): (a) for θ = π/4;
(b) for θ = π/2.
(IV.3) Show that the sound speed cs in the early Universe is given by


dP
1
4ρr
2
cs =
=
c2 ,
dρ
3 3ρb + 4ρr
where ρr is the radiation density and ρb is the baryon density. Show that the sound horizon
at recombination
Z
rs = cs dτ,
where τ is the conformal time, dτ = dt/R, with the scale factor normalized to unity at the
present day, is given by the Eq. (9.31b) in the lecture notes
Z 1/(1+zrec )
c
1
da
rs = √
,
(∗)
1/2
1/2
(a + aequ ) (1 + Ba)1/2
3 H0 Ωm 0
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where
2
a−1
equ = (1 + zequ ) = 24185(Ωm h ),

B = 30496(Ωb h2 ).

If the baryon density can be neglected, perform the integral in (*) analytically to show that
h
i
2
c
1/2
1/2
(a
+
a
)
−
a
rs ≈ √
rec
equ
equ ,
3 H0 Ω1/2
m
where a−1
rec = (1 + zrec ).
Evaluate this expression if Ωm = 0.31, H0 = 67.5 kms−1 Mpc−1 , (1 + zrec ) = 1200.
Compare your answer to the value of rs = 136 Mpc given in the lecture notes and explain
the difference.
(IV.4) Show that the equation of motion for a particle in comoving coordinates (x = r/R(t)
is
d2 x
2 dR dx
1
+
= − 2 ∇x φ,
(∗)
dt2
R dt dt
R
where R(t) is the scale factor and, ∇x denotes the gradient with respect to the comoving
coordinates x and φ is the solution to
∇2x φ = 4πG(ρ(x, t) − ρ)R2 ,
where ρ is the mean background density.
(i) Show that in the absence of gravitational forces, the peculiar velocity of a particle v =
Rdx/dt, decays as 1/R(t).
(ii) Show that in linear perturbation theory, the peculiar velocity associated with growing
modes is
g 1 dD
v=
,
4πGρ D dt
where D(t) is the growing mode solution of the linear perturbation equation Eq. (7.6) and g
is the peculiar gravitational acceleration. [Hint: see [77] Sect. 14.]
(iii) Write a computer programme to evaluate and plot
f (Ωm (z)) =

R dD(t)
,
D dt

as a function of the matter density parameter Ωm (z) for a spatially flat universe with a
cosmological constant and pressureless matter with ΩΛ = 1 − Ωm (z = 0).

(iv) Suppose we have a uniform distribution of particles with unperturbed comoving coordinates q. At time ti , we impose a single sinusoidal plane wave perturbation. Show that in the
continuum limit
x = q + A(t) cos(k.q),
A(t)|k| < 1,
is an exact solution to (*). What happens when A(t)|k| > 1?
(IV.5) Consider a power spectrum of the form


k
P (k) = Ak n exp −
,
kc
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where A, n and kc are constants. Assuming statistical isotropy show that the two-point
correlation function is
1
Akcn+3
Γ(2 + n) sin[(2 + n) tan−1 y],
ξ(r) =
2
2π y(1 + y 2 )1+n/2
where y = kc r and Γ(x) is the gamma function.
Plot this function for n = 0, 1, 2 and comment on the results.
(IV.6) Figure E.1 shows sections of the Lyman alpha forest in three quasars. Three lines are
marked.
(i) Discuss on which portion of the curveof-growth each line falls.
(ii) Measure the equivalent widths of lines
(1) and (2). Why is it not possible to measure the equivalent width of line (3) accurately?
(iii) Assuming that lines (1) and (2) are
Lyα lines, deduce the corresponding column densities of neutral hydrogen, N (H i),
if it is possible to do so. If it is not possible
to do so, state what additional information you require. How would you measure
N (H i) in cloud (3)?
(iv) Does cloud (1) correspond to an overor under-density of matter? What is its
likely linear size? And its density (in units
cm−3 ) of neutral gas? What is the angle subtended by this Lyα cloud on the Figure E.1. Portions of the Lyα forest. The x-axis
sky? (You may assume an Einstein-de Sit- is observed wavelength, while the y-axis is relative
intensity.
ter universe).
(IV.6) Imagine a black hole of mass MBH that is spherically accreting matter. Show that
radiation pressure balances gravitational forces if the accretion luminosity is equal to the
Eddington value
4πGMBH mp c
LEd =
,
(E.1)
σT
where σT is the Thomson cross section.
(i) If a quasar converts mass into radiation with an efficiency ηacc = 0.1, how long does it
take the black hole to double its mass?
(ii) Could black holes with masses of 109 M have formed by redshift z = 6 through Eddington
accretion?
> 1039 J s−1 ) are short-lived
(iii) How is it possible to test whether luminous quasars (L ∼
< 108 y) or long-lived ( > 109 y)?
(∼
∼

(IV.7) (Part II: 2015 Q3X) A population of sources has a redshift-independent comoving
number density n0 and luminosities as a function of frequency ν given by
 −α
ν
L(ν) = L(ν0 )
,
ν0
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where L(ν0 ) is a fiducial luminosity at frequency ν0 . Show that the observed flux density
S(ν0 ) of sources at frequency ν0 is given by
S(ν0 ) =

L(ν0 )(1 + z)1−α
.
4πd2L

Now show that for α > −3/2 in an Einstein-de Sitter (Λ = 0, ΩK = 0) universe, the integrated
background intensity at frequency ν0 from this population of sources distributed out to very
high redshift is
2cn0 L(ν0 )
I(ν0 ) ≈
,
H0 (2α + 3)
where H0 is the Hubble constant and I(ν0 ) has units of flux per unit solid angle.
Explain what happens when α ≤ −3/2.
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