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SECTION A
1X Relativity
(i) In special relativity, let the electromagnetic field tensor Eµν be derived
from a potential A by
Eµν = Aν,µ − Aµ,ν .

Copyright © 2006 University of Cambridge. Not to be quoted or reproduced without permission.

Suppose the 4-current density is J µ .
Show that Maxwell’s equation,

E µν ,µ = J µ ,
implies that the 4-current density satisfies
J µ ,µ = 0 .
Interpret this result physically.

(ii) Consider a static metric
2

ds2 = e−2φ/c dt2 − gij dxi dxj
where gij and φ are independent of t.
Let ξ α be the vector field (1, 0). Derive Killing’s equation,
ξα ;β +ξβ ;α = 0 ,
by evaluating the relevant connections.
For a freely falling particle with 4-velocity U α , show that ξα U α is conserved
along the worldline.
Explain this result physically.

[CONTINUED...
2

2Y Astrophysical Fluid Dynamics

Copyright © 2006 University of Cambridge. Not to be quoted or reproduced without permission.

(i) Show that, for a spherical system in hydrostatic equilibrium under its
own gravity, the pressure p(r) and density ρ(r) satisfy the equation


1 d r2 dp
= −4πGρ.
(∗)
r2 dr ρ dr
Estimate the temperature of the gas in a cluster of galaxies of mass M =
2 × 1014 M and radius R = 1Mpc.

(ii) A spherical star has a polytropic equation of state
p = Kρ1+1/n ,
where K and n are constants. The dimensionless variables θ and ξ are defined
by
ρ = ρc θ n ,
r = aξ,
where ρc is the central density of the star and a is a constant. Show from
(*) that in hydrostatic equilibrium, the variables θ and ξ must satisfy the
Lane-Emden equation


1 d
2 dθ
ξ
= −θn .
(∗∗)
ξ 2 dξ
dξ
Derive an expression for the constant a.
By transforming to the variable y = ξθ, or otherwise, find the solution of
(∗∗) for the special case n = 1.
Show that for n = 1, the radius of the star is given by
R=



Kπ
2G

1/2

.

[TURN OVER
3

3X Statistical Physics
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(i) Show that the photon flux, F , and number density of photons, n, are
related by
1
F = nc .
4
Hence, assuming the form of the Planck spectrum, show that the mean energy
per photon for radiation in a cavity at temperature T is

ε = kT

x4 dx
0 ex −1
R ∞ x3 dx
0 ex −1

"R ∞

#

.

(∗)

(ii) Show that the pressure due to a photon gas is related to the energy
density by
1
P = u.
3
Assume that the internal energy of radiation in thermal equilibrium with the
walls of a cavity with the volume V and temperature T is given by
U = aT 4 V .
Derive the relationship between T and V for reversible adiabatic changes of
the system.
Show, using (∗) or otherwise, that the number of photons in the cavity is
invariant in the case of reversible adiabatic changes.
Assume that the cavity contains a trace of gas. How does the ratio of gas
pressure to radiation pressure vary during such changes?

[End of Section A]

[CONTINUED...
4

SECTION B
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4Z Structure and Evolution of Stars
(i) According to Heisenberg’s uncertainty principle, the energy width of an
absorption line, ∆E, formed in the photosphere of a star satisfies ∆E∆t ∼ ~,
where ∆t is the lifetime of the electron in a particular energy state prior to the
radiative transition. Assume that the lifetime is set by the mean time between
interatomic collisions with cross section σ. Derive an approximate condition
for the number density, n, and temperature, T , of the photosphere for which
the line width due to this mechanism exceeds the thermal width of a line of
frequency ν0 . Hence provide a qualitative explanation for the different line
widths of giants and main sequence stars of given effective temperature.

(ii) A population of homogeneous, radiative stars shares the same chemical
composition. The opacity K is given by K = K0 Z(1 + X)ρT −3.5 and the
energy generation rate per unit mass is given by ε = ε0 X 2 ρT 4 where X is the
mass fraction of hydrogen and Z the mass fraction of heavy elements, ρ is the
density and T is the temperature within the star. ε0 and K0 are constants. Gas
pressure is dominant and the mean molecular weight N is equal to 4/(3 + 5X).
For stars of fixed mass, use homology arguments to show that the radius varies
with X and Z according to:
R ∝ X 4/13 (1 + X)2/13 (3 + 5X)7/13 Z 2/13 .
Assuming without proof that the corresponding scaling expression for luminosity is
L ∝ X −2/13 (1 + X)−14/13(3 + 5X)−101/13Z −14/13

(1)

sketch on a Hertzsprung-Russell diagram how the position of a star of fixed
mass and fixed mass fraction of heavy elements, Z, varies with helium content.

[TURN OVER
5

5X Physical Cosmology
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(i) A galaxy spectrum shows two emission lines at wavelength 1.08 µm and
5.832 µm respectively. Assume that the lines belong to the Lyman and Balmer
series of hydrogen, respectively. What is the redshift of the galaxy?
[The rest frame wavelength of the Lyman and Balmer series of hydrogen
can be written as
 2 
λLyman = 9.1176 n2n−1 .10−8 m n = 2, 3, 4, ... ,
λBalmer = 9.1176



4n2
n2 −4



.10−8 m n = 3, 4, 5, ...]

(ii) Define what is meant by the angular diameter distance dθ .
Assume a flat (k = 0) Friedmann-Robertson-Walker Universe with pressureless matter of density ρmat and a cosmological constant Λ. Derive the
dependence of dθ on z, Ωmat,0 ΩΛ,0 and H0 where Ωmat,0 ΩΛ,0 , H0 are the
Λc2
mat
, ΩΛ = 3H
present-day values of Ωmat = 8πGρ
2 and the Hubble parameter
3H 2
Ṙ
H = R.
What is the angular size of a galaxy with proper size 10 kpc at z = 3 if
Ωmat,0 = 0.3, ΩΛ,0 = 0.7 and H0 = 70 kms−1 Mpc−1 ?
R3
[You may assume that 0 0.3(1+z10 )3 +0.7 dz 0 ≈ 0.884.]

[CONTINUED...
6

6Y Stellar Dynamics & Structure of Galaxies
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(i) A binary system consists of two stars of masses m1 and m2 in circular
orbits with a separation R. Show that the angular frequency Ω in an inertial
frame is given by
Ω2 R3 = G(m1 + m2 ) .
(ii) For the system in part (i), show that if a particle of negligible mass is
to experience a net acceleration due to the gravitational field of the two stars
directed towards the centre of mass of the system, then the particle must be
equidistant from the two stars.
A particle is placed equidistant between the two stars along the line connecting the two stars and with a velocity that is perpendicular to the line
connecting the two stars. Show that if this velocity
is chosen such that the
√
angular velocity about the centre of mass is 2 2Ω (where Ω is the angular
frequency given in part (i)) then its centripetal acceleration exactly matches
its gravitational acceleration towards the centre of mass.
Discuss whether the particle would remain in a circular orbit about the
centre of mass.

[TURN OVER
7

7Z Topics
(i) An O star producing 1049 ionising photons per second is formed in the
centre of a spherical cloud of radius 1 pc and hydrogen number density 109 m−3 .
Estimate the minimum time required to ionise the whole cloud.

Copyright © 2006 University of Cambridge. Not to be quoted or reproduced without permission.

Explain why in practice cloud ionisation will take longer than this.
Show that in the case of a very low density uniform cloud, the radius of
the ionised region, Rion , grows with time according to Rion ∝ t1/3 .

(ii) Stars of mass m travel perpendicularly, with velocity V , through a gas
disc in the nucleus of a galaxy. Show that gas located at a perpendicular distance x from the flight path of the centre of the star will be strongly perturbed
by the encounter if x . xcrit = Gm
.
V2
Assume that the distance xcrit defines a cylindrical volume of gas which
strongly interacts with the star. Estimate the mass of gas with which a white
dwarf (M = 1M , R = 5 × 106 m) interacts each time it crosses a disc of
thickness 0.1 pc, density 10−13 kg m−3 , and velocity V = 200 kms−1 .
Estimate the number of orbits over which the white dwarf’s orbit is significantly affected by the gas disc.
Explain why the number of orbits over which the star’s orbit is perturbed
is different in the case of a red giant star (M = 1M , R = 1010 m).
END OF PAPER
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1X Relativity
(i) Show that if a vector S is parallel-transported along an affine-parametrised
geodesic with tangent vector T, then the angle between S and T is constant
along the curve.
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(ii) Let events in Newtonian spacetime be parametrised by coordinates
(t, xi ). Show that the equations of motion of a freely falling particle are
d2 t
= 0
du2
 2
d2 xi
∂φ dt
+
=0
du2
∂xi du
for a suitable parameter u, where φ(xi ) is the Newtonian potential.
By comparison with the geodesic equation, show that the connection has
components
∂φ
∂xi
= 0 otherwise .

Γioo =
Γabc
Hence show that

i
i
Rojo
= −Rooj
,

i
where Rjkl
is the Riemann tensor.

Now suppose that connection is a metric connection. Deduce that
Riojo 6= Roijo ,
and explain the significance of this result.

[CONTINUED...
2

2Y Astrophysical Fluid Dynamics
(i) Write down the equations governing the evolution of the perturbed
quantities ∆ρ and ∆ux (to first order in perturbed quantities) in the case of
an initially static, uniform medium (density ρ0 ) where the perturbations obey
dp
≡ c2s .
a barotropic equation of state (p = p(ρ)) and where dρ
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Show that these equations are satisfied by perturbations of the form:
∆ρ = f1 (x − cs t) + f2 (x + cs t)
cs
∆ux =
[f1 (x − cs t) − f2 (x + cs t)] ,
ρ0
and hence derive expressions for f1 and f2 in terms of the form of the perturbation (∆ρ(x, 0); ∆ux (x, 0)) at t = 0.
The initial perturbation of a uniform static system (density ρo = 1) consists
of a 1% boost to the density in the region −1 < x < 1, with the fluid remaining
at zero velocity. Sketch profiles of the perturbed quantities ∆ρ and ∆u as a
function of x (being as quantitative as you can) a) at t = 0 and b) at t = 10
for the case that cs = 1.

(ii) Explain physically why shocks may form in supersonic fluid flows.
Starting from the Rankine-Hugoniot relations, show that the post-shock to
pre-shock density ratio across an adiabatic shock is given by
(γ + 1)p2 + (γ − 1)p1
ρ2
=
ρ1
(γ + 1)p1 + (γ − 1)p2
where γ is the ratio of specific heats (assumed constant across the shock) and
p2 and p1 are the post-shock and pre-shock pressures respectively.
Show also that the ratio of pressures across the shock is given by
p2
(γ − 1) + 2M 2
=
.
p1
(γ + 1)
where M is the pre-shock Mach number of the flow. The relationship between
pressure and density in the pre-shock and post-shock region is given respectively by p1 = K1 ργ1 and p2 = K2 ργ2 . Explain why the ratio K2 /K1 is greater
than 1 and why this is compatible with the shock being adiabatic.
[TURN OVER

3

3X Statistical Physics
(i) Particles of mass m, in thermal equilibrium at temperature T are subject
to gravitational acceleration in the z direction of the form gz = −w2 z where
w is constant.
Determine how
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a) the velocity of an individual particle
b) the rms velocity in the z direction of the particle distribution
and
c) the particle number density
varies with z.
Briefly explain how the answers to a) and b) can be reconciled with each
other.

(ii) Particles in thermal equilibrium at temperature T move in one dimension between a pair of barriers with separation L. Determine the specific heat
capacities at constant volume, CV , and constant pressure Cp for such a gas.
Assume that if L is slowly varied so that the system undergoes a reversible
adiabatic change. Calculate how T depends on L.
Produce a phase space diagram (position versus velocity) for the case that
the barrier separation is L0 , and the temperature is T0 , by sketching the position of a number of particles so as to indicate the thermal equilibrium distribution in phase space. Provide indicative values on the axes.
The system is adiabatically compressed so that the barrier separation is
λL0 . Using the result derived above for the dependence of T on L, construct
a new phase space diagram with appropriately labelled axes.
How has the density of points in phase space changed as a result of this
adiabatic compression?

[End of Section A]
[CONTINUED ...
4

SECTION B
4Z Structure and Evolution of Stars
(i) Show that under suitable approximations (which you should state) that
the mean molecular mass in the stellar interior is given by
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N=

4
,
(3 + 5X)

where X is the hydrogen mass fraction.
Derive an approximate expression for the relation between the hydrogen
mass fraction and the number of free electrons per nucleon within a stellar
interior.

(ii) In a star of mass M , the density as a function of radius r is

 r 2 
ρ = ρc 1 −
R
where ρc is the central density and R is the radius of the star.
Show that ρc =

15M
8πR3

and the central pressure, Pc , is given by Pc =

15GM 2
.
16πR4

Hence if the star obeys an ideal gas equation of state determine how the
central temperature depends on M and R.
Explain why the role of selection degeneracy pressure imposes a minimum
mass on hydrogen burning stars. Given that the equation of state of a fully
5/3

ρc
7
N m−2 and that the central
degenerate gas is given by Pdeg = 10 kg m−3

temperature required for hydrogen burning is 4×106 K, estimate the minimum
mass of a hydrogen burning star.

[TURN OVER
5

5X Physical Cosmology
(i) Describe what are meant by the terms “recombination” and “surface of
last scattering” in the context of the cosmic microwave background. You may
find it helpful to provide a sketch of the last scattering surface.
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(ii) Assume that the epoch of last scattering of the cosmic microwave
background occurred when the universe had a temperature of 3000K.
Use the Friedman equation to calculate the Hubble constant at the epoch
of last scattering.
Calculate the age of the universe at the epoch of last scattering and compare it to the age of the universe at the present time. You may neglect the
contribution of radiation to the energy density. Carefully justify all other
assumptions you make.

6Y Stellar Dynamics & Structure of Galaxies
(i) A spherical cluster of stars has a radial luminosity density j(r), where
r is the radial distance from the centre.
Show that the surface brightness I(R) is given by
Z ∞
j(r)rdr
√
,
I(R) = 2
r 2 − R2
R

(∗)

where R is the radial distance projected on to the plane of the sky.
A hypothetical system has j(r) = j0 for r ≤ r0
= 0 for r > r0 .
Show that I(R) falls to 1/2 its central value when
√
3
R=
r0 .
2

(ii) Show that I(R) and j(r) as defined in part (i) satisfy
Z
1 d ∞ I(R)RdR
√
j(r) = −
.
2πr dr r
R2 − r 2
[CONTINUED...
6

6Y Stellar Dynamics & Structure of Galaxies - continued
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Show how this should be modified if the cluster is tidally stripped and
therefore has a maximum radius r0 .
Rb
[You may assume that a (b−t)1/2dt(t−a)1/2 = π ]

7Z Topics
(i) Two images of a gravitationally lensed object are separated by 3′′ . Image
A shows a sudden increase in brightness. Image B shows the same sudden
increase in brightness 400 days later. Estimate the mass and approximate
distance, D, of the lensing object. What type of object is it likely to be?
 21
where M is
[Gravitational lensing deflects light by an angle θE ≈ 4GM
2
c D
the mass of the lens.]

(ii) A star in the Large Magellanic Cloud (LMC), distance 50kpc, is lensed
by a compact object of mass 0.1M⊙ located halfway to the LMC and moving
with the tangential velocity of v = 200 kms−1 . Estimate the duration of the
lensing event and show that for a uniform mass density ρ of lensing objects in
the halo of the Galaxy, the “optical depth” for lensing (i.e. the chance that
the line of sight to the star is within θE of a lens) is τ ∼ GρD2 /c2 . Why is
there no dependence on the mass of the lensing objects?

END OF PAPER
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SECTION A
1X Relativity
(i) The energy momentum tensor of a perfect fluid with pressure p and
4-velocity ua is

p
T ab = 2 + ρ ua ub − pg ab .
c
Copyright © 2006 University of Cambridge. Not to be quoted or reproduced without permission.

Let hab be the tensor
hab = g ab − ua ub ,

where g ab is the metric tensor.

Show that hab ub = 0 and interpret this result geometrically.
Hence derive the relativistic Euler equation
p

+ ρ c2 ua ;b ub = hab p,b .
c2
(ii) The Schwarzschild metric is

2

ds = c

2



2GM
1−
rc2





2GM
dt − 1 −
rc2
2

−1

dr2 − r2 dθ2
− r2 sin2 θdφ2 .

Show that a particle starting at rest at a radial distance r = r0 has motion
described by
r
dr
2GM
= −
dτ
r

r
dr
2GM
2GM
= − 1−
,
dt
rc2
r

where τ is the time measured by a clock at rest with respect to the particle
and t is the time measured by an observer at infinity.
Hence show that
(i) the particle takes a finite time to reach the singularity at r = 0
(ii) an observer at infinity sees the particle take an infinite time to reach
r = 2GM/c2 .
[CONTINUED...
2

2Y Astrophysical Fluid Dynamics
(i) Show that the magnetic field B in a fluid of conductivity σ and nonrelativistic flow velocity v satisfies the induction equation,
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1 2
∂B
= ∇ ∧ (v ∧ B) +
∇ B.
∂t
µ0 σ

(∗)

Give a physical interpretation of the two terms on the right hand side of
(∗).
[You may assume j = σ (E + u ∧ B) and any relevant formulae on the
formulae sheet.]

(ii) Consider an axially symmetric fluid of infinite conductivity rotating
with angular velocity Ω(r, z)ẑ, where R, φ, z define a cylindrical coordinate
system. The fluid is threaded by a steady poloidal magnetic field with components (BR , 0, Bz ). Show that the magnetic field can be written in terms of a
scalar function ψ(R, z),
BR = −

1 ∂ψ
,
R ∂z

Bz =

1 ∂ψ
.
R ∂R

Use the induction equation (*) to show that the function ψ(R, z) must
satisfy
∂Ω ∂ψ
∂Ω ∂ψ
=
.
∂z ∂r
∂r ∂z
Show that this relation requires that Ω is a function of ψ only.
Show that B.∇Ω = 0 and hence describe how the magnetic field structure
relates to surfaces of constant Ω.

[TURN OVER
3

3X Statistical Physics
(i) A diatomic molecule X2 consists of two atoms, mass m, separated by
a bond of length a, whose vibrational motion can be described as a simple
harmonic oscillator with frequency ω.

Copyright © 2006 University of Cambridge. Not to be quoted or reproduced without permission.

Determine a condition for the rotational modes of the molecule to be excited
at lower temperature than the vibrational modes.
Sketch, for this case, the variation of a) CV and b) γ with T . Indicate the
temperatures separating each regime and the respective values of CV and γ.
Why can the contribution of rotation around the bond to the value of CV
be neglected?
[ You may assume that the quantised energy levels for molecular vibration

and rotation are respectively En = n + 21 ~w and EJ = J(J+1)
~2 where I is
2I
the moment of inertia ]

(ii) A sealed box contains a collection of particles, all of which travel a distance of exactly λ before colliding with other particles (irrespective of whether
the previous collision was with other particles or the box walls). A small patch
of area A on the inside of the box is centred at the origin of a spherical coordinate system (r, θ, φ) where θ is measured with respect to the inward normal to
the box wall. Show, clearly stating any assumptions, that for particles colliding at (λ, θ, φ), the fraction of collisions involving particles whose last collision
was with the patch is given by:
fpatch =

A cos θ
.
+ cos θ)

2πλ2 (1

The box is placed in an evacuated chamber and the patch is replaced by a
hole of area A. Describe how the properties of the gas at (λ, θ, φ) are modified
by the presence of the hole, and how this depends on the value of A.
Assume that the flux of escaping particles is given by F = 14 nv (where n is
the number density and v the mean particle speed). Determine the timescale
on which the gas density in the box falls by a factor of 10, for the case that the
gas temperature, T , is 300K, the area of the hole is 1mm2 and the box volume
is 1m3 .

[CONTINUED...
4

3X Statistical Physics - continued
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Assume that the box contains 1kg of nitrogen (molecular mass m = 28
atomic mass units, molecular diameter 1 nm). Discuss whether the expression
F = 14 nv is likely to be a good approximation to the flux of escaping particles.
q i
h
You may assume without proof that v = 8kT
πm
[End of Section A]

[TURN OVER
5

SECTION B
4Z Structure and Evolution of Stars
(i) Explain why the fusion reaction
12
6 C

24
+12
6 C →12 M g + γ

Copyright © 2006 University of Cambridge. Not to be quoted or reproduced without permission.

is a) energetically possible and b) not a major energy source for stars on the
main sequence.
(ii) Write an essay describing the later stages of the evolution of stars that
lead to the creation of white dwarfs, neutron stars and black holes. Include
estimates of the masses of the remnants and of the mass of the stars on the
main sequence that produce each type of remnant.
What observational evidence is there for the existence of each type of remnant?

5X Physical Cosmology
(i) Explain what is meant by the term “particle horizon”. Show that in a
flat Universe which started to expand at t = 0 the (proper) horizon is
Z t
cdt0
dH (t) = R(t)
.
0
0 R(t )
Deduce that, if R(t) ∝ tα with α > −1, dH =

1
ct.
−α+1

(ii) Assume that electron-positron annihilation occurs when the Universe
was 5s old.
What is the temperature of the Universe at this time?
Explain briefly why, at the time of electron-positron annihilation, the Universe can be treated as flat.
Find the proper size of the particle horizon at this time, and its corresponding size in the current universe.

[CONTINUED ...
6

6Y Stellar Dynamics & Structure of Galaxies
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(i) Outline the ‘proof’ of the Jeans Theorem, which states that (i) any
steady state solution of the collisionless Boltzmann equation depends on the
phase-space coordinates only through integrals of the motion in a static potential, and that (ii) any function of the integrals yields a steady-state solution of
the collisionless Boltzmann equation.

(ii) Show that if the distribution function for a spherical system has the
form
f (, L) = f0 ()L−1 ,
where  is the relative energy, L is the absolute value of the angular momentum
and f0 () is an arbitrary function, then at any point the velocity dispersions
in spherical coordinates are related by
1
Vθ2 = Vφ2 = Vr2 .
2

7Z Topics
(i) Two percent of solar-type stars have “hot jupiters”, i.e Jupiter-sized
planetary companions in circular orbits of 0.05 AU radius. A transit is seen
when the flux from the star is dimmed by the planet when it passes in front
of it. By how much, in magnitudes, is the luminosity of the star decreased
during the transit?
Calculate what fraction of solar-type stars would be expected to exhibit
hot Jupiter transits, stating clearly any assumptions you make.
[ diameter of the sun = 1.4 × 106 km
diameter of Jupiter = 1.4 × 105 km
1 AU = 1.5 × 108 km ]

[TURN OVER
7

(ii) An initially non rotating white dwarf, mass M0 , accretes material from
a disc in Keplerian rotation at the white dwarf surface. Assuming that the
mass-radius relation for a white dwarf is M ∝ R−3 show that when the white
dwarf mass has grown to M , its angular velocity is given by
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"

4/3 #
M0
3
Ω
= 2 1−
,
ΩK
4k
M
where ΩK is the Keplerian angular velocity of material at the surface of the
white dwarf. The moment of inertia of the white dwarf is given by I = k 2 M R2 ,
where k 2 is a constant. State any additional assumptions in your derivation.
In a classical nova system, the white dwarf is observed to rotate with an
angular velocity close to ΩK . Estimate M0 for this system.
If the white dwarf is accreting matter at 10−8 M yr−1 , estimate for how
long it has been accreting. [You may assume k 2 ∼ 0.6 for a white dwarf.]

END OF PAPER
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SECTION A
1X Relativity
(i) Consider a metric of the form


dr2
2
2
2
2
2
2 2
2
+ r (dθ + sin θdφ )
ds = c dt − a (t)
1 − kr2

(∗)
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where a(t) is a scale-factor and k = 0, 1 or −1 is a constant.
By transforming from (t, r, θ, φ) coordinates to (η, χ, θ, φ) coordinates, where
η and χ are to be found, show that the metric can be cast into the form
ds2 = b2 (η)[dη 2 − dχ2 − f 2 (χ)(dθ2 + sin2 θdφ2 )]
for suitable choices of b(η) and f (χ).

(ii) Consider a universe described by a metric of the form (∗). The energy
density ρ and pressure p of the universe are related to the scale factor a and
the constant k through
ȧ2 + k
a2

=

8πGρ
3
(∗∗)

2

2ä ȧ + k
+
a
a2

= −8πG

p
c2

Show that if (ρc2 + 3p) > 0, then the Universe must have had a singular
beginning at some time tsing such that
a
to − tsing <
ȧ to

where to is the present time.

Show that the equations (∗∗) can be rewritten as
c2

da3
d
(ρa3 ) = −p
.
dt
dt

How does ρ vary with a if the equation of state has the form p = wρc2 ?
Find how a varies with t if k = 0.
[CONTINUED...
2

2Y Astrophysical Fluid Dynamics
(i) The energy per unit volume of a fluid of density ρ is


1 2
E=ρ
v +Φ+ε ,
2
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where v is the velocity of the fluid, Φ is the gravitational potential, and ε is the
internal energy per unit mass. Show that E (for an ideal fluid with pressure
p) satisfies the equation,
∂E
˙ ∂Φ ,
+ ∇.((E + p)v) = −ρQ+ρ
∂t
∂t
where Q̇ is the coding rate minus the heating rate per unit mass.

(ii) Explain without detailed calculation why the condition for thermal
instability is of the form
!
∂ Q̇
< 0,
∂T
p

where Q̇ is the cooling rate minus the heating rate per unit mass.
The net cooling rate for a gas depends on its temperature and pressure
according to
#
"
3


T
T
−4 −3
− 4 + 52 − B,
Q̇ = Ap
T1
T1
where A, B and T1 are constants. Determine the pressure range over which
there are three phases in thermal equilibrium.
Determine the temperatures of these three phases if
p=

B
.
52A

Which of these phases, if any, is thermally stable?

[TURN OVER
3

3X Statistical Physics
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(i) Monatomic hydrogen gas of density 1012 particles m−3 and temperature
10K collapses to form a star. By using a plausible estimate for the temperature
and density within the star, show that the gas cannot undergo this change
through reversible adiabatic compression. Suggest a mechanism by which the
necessary change in entropy can be achieved.

(ii) Outline the argument why a zero temperature gas of N fermions, contained in volume V occupies energy states up to a maximum value
h2
EF =
2m



3N
8πV

2/3

.

Show that the mean energy per fermion is 53 EF . Explain without detailed
calculation why the energy of a Fermi gas at low temperature is of the form


kT
3
kT ,
E = N EF + AN
5
EF
where A is a constant of order unity.
The volume occupied by a zero-temperature thermally-isolated Fermi gas
with energy E0 is slowly increased from V to V (1 + ε) (where ε  1). The gas
is then heated at constant volume until its energy is restored to its original
value (E0 ). Show that its temperature at this point is given by
kT ∼



2ε
5A

1/2

EF .

Explain, without detailed calculation, the sign of the entropy changes of
the gas during the two phases of this experiment.

[End of Section A]

[CONTINUED...
4

SECTION B
4Z Structure and Evolution of Stars
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(i) The extinction due to the presence of interstellar dust in the galaxy
is given by Aλ = 0.8λ−1 mag pc−1 where λ is the wavelength of light in nm.
Calculate the extinction experienced by light from a star located 5kpc away in
the U, B and V bands. [The effective wavelengths of U, B and V bands may
be taken as 365, 430 and 560 nm respectively]
The effect of interstellar extinction is to shift the positions of stars in a U-B
versus B-V two colour diagram. Sketch the shift in the U-B, B-V two colour
plane, indicating its slope and clearly indicating the direction of increasing
reddening. Discuss under what circumstances the position of a star in the
U-B, B-V two colour plane can be used to infer the colour that the star would
have in the absence of extinction?

(ii) A gas cloud collapses to form a star cluster. The number of stars
formed with masses in the range (M, M + dM ) is given by
dN = ψ(M )dM
where ψ(M ) ∝ M −2.35 . As stars leave the main sequence, those with mass
M > MSN return 90% of their mass to the interstellar medium in a supernova
explosion. Stars with mass M < MSN produce white dwarfs with mass MWD =
0.6M , returning the remainder of their main sequence mass to the interstellar
medium.
Derive an expression for the fraction, fret , of the total mass of the cluster
returned to the interstellar medium when the main sequence turn off occurs
at a mass of 1M .
Choose suitable values for the maximum and minimum stellar mass in
the cluster, and the mass, MSN , above which stars experience a supernova
explosion.
Provide a numerical estimate of fret . Explain why this answer is relatively
insensitive to the value of MMAX , the maximum stellar mass.

[TURN OVER
5

5X Physical Cosmology
(i) The density contrast of a fluctuation δ(t) in a matter-dominated universe evolves according to the equation
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Ṙ
δ̈ + 2 δ̇ − 4πGρδ = 0 ,
R

(∗)

where R(t) is the scale factor, ρ is the mean density and G is the gravitational
constant. Explain the assumptions involved in deriving this equation, and the
physical meaning of each term.
Solve this equation for the case of a static universe.

(ii) Find the solution of equation (∗) in the Einstein-de Sitter (Λ = 0, Ω = 1)
case.
If a fluctuation had δ = 10−4 and δ̇ = 0 when the universe was 1 million
years old, how large is the fluctuation (in linear theory) when the universe is
1010 years old?

[CONTINUED...
6

6Y Stellar Dynamics & Structure of Galaxies
(i) Show that the crossing time for a typical star in a cluster of N stars
each of mass m which has radius R is
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tcross '

r

R3
.
GN m

2b
A star crossing the cluster suffers perturbations in velocity of ∆v⊥ ' Gm
b2 v
perpendicular to its motion when it passes a star with velocity v at impact
parameter b. Show that the collisionless approximation breaks down on a
timescale

trelax '

N
tcross .
16 ln N

(ii) Using the results of part (i), estimate the relaxation timescale for a
globular cluster with radius 50pc consisting of 106 stars each of 0.6M .
What is the relaxation time for the cluster core, which contains 104 stars
within a 1.5pc radius?
How do these timescales compare with the ages of globular clusters in our
galaxy?
Describe the evolution of a globular cluster through this and other processes.

[TURN OVER
7

7Z Topics
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(i) Suppose the space density of quasars with luminosity > L evolves with
redshift z according to n ∝ L−2 (1 + z)6 . Assuming that space is Euclidean,
calculate how the number density of quasars per unit redshift selected to be
brighter than a fixed apparent magnitude depends on redshift.

(ii) A galaxy with initial gas mass Mg forms a supermassive black hole
of mass Mbh in its nucleus by accretion of gas. The typical binding energy
per unit mass of gas in the galaxy is 21 V 2 . Show that the energy liberated
by accretion on to the black hole is enough to unbind the residual gas in the
galaxy when the hole has grown to a mass Mbh = Munb where
Munb =

Mg
2
1 + 2c
V2

[ is the efficiency with which rest mass energy is converted into radiation in
the case of accretion onto a black hole].
Estimate Munb for a typical large galaxy and compare it with typical estimates for supermassive black hole masses in galactic nuclei. Suggest two
reasons why in practice supermassive black holes can grow to masses greater
than Munb .

END OF PAPER
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