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GALAXY MODELS

(1) THE ISOCHRONE, AGAIN

The isochrone potential is

ψ(r) = − GM

b+
√
b2 + r2

Find the mass density that generates the potential. Hence, find ρ(ψ) and use Eddington’s
formula to find the isotropic distribution function f(E). If a DF only depends on energy,
how are the equipotential and isodensity surfaces related ? ( Hint: Try expanding ρ(ψ) as
a power series in ψ, and leave your answer as a hypergeometric function. Or see Binney
& Tremaine, Section 4.4)

(2) JEANS EQUATIONS

Write down the collisionless Boltzmann equation in spherical polar coordinates. Suppose
that the velocity dispersion tensor of a steady-state spherical galaxy is diagonalised in the
spherical polar coordinate system (i.e., 〈vrvθ〉 = 〈vrvφ〉 = 〈vθvφ〉 = 0).

By multiplying the collisionless Boltzmann equation by vr, derive the Jeans equations
in the form

d(ρ〈v2
r〉)

dr
+

2ρ

r
(〈v2

r〉 − 〈v2
θ〉 − 〈v2

φ〉) = −ρdφ
dr

where ρ is the mass density and φ the gravitational potential.
Suppose now that the galaxy has a distribution function of the form F (E,L) =

L−2βf(E), where β is a constant. Obtain the Jeans equation in the form

d(ρ〈v2
r〉)

dr
+

2βρ〈v2
r 〉

r
= −ρdφ

dr

Find an integrating factor and hence show that the equation can always be solved formally
for the velocity dispersion 〈v2

r 〉 if the density and potential are known.

(3) THE ISOTHERMAL SPHERE

A widely used and simple model of a Galactic potential is (the isothermal sphere)

ψ = −v2
0 log(r/r0),

where v0 and r0 are constants. What is the velocity of cold gas or stars on circular orbits
in this model? Show from Jeans’ theorem that that the distribution of velocities of the
stars is Maxwellian with

f =
1

π3/2v3
0

exp(−v2/v2
0)

What is the (three-dimensional) velocity dispersion? What is the escape speed? What is
the rms speed?



(4) ANISOTROPY

Suppose the phase space distribution function f depends on binding energy E alone.
Show that the velocity dispersion tensor is isotropic. Now suppose that the phase space
distribution function of a spherical system depends on the binding energy E and the
modulus of the angular momentum vector L via

f(E,L) = L−2βg(E),

where β is a constant and g is an arbitrary function. Demonstrate that the ratio of the
radial velocity dispersion to the tangential velocity dispersion is constant.

We already met Hernquist’s model in problem sheet 1. It has the potential-density pair

φ(r) = − GM

r + a
, ρ(r) =

M

2π

a

r(r + a)3
.

Show that the model has an anisotropic distribution function

f(E,L) = C
E2

L

where C is a constant to be identified, and E and L are the energy and the angular
momentum. What is the ratio of the radial velocity dispersion to the tangential velocity
dispersion in the model?

(5) A PRESENT FROM THE OLD DAMTP**

Ken Freeman, working in the old DAMTP building on Silver St, discovered an exact family
of galaxy models. Suppose we have an infintesimally thin elliptical disk of stars with surface
density

Σ(x, y) = Σ0

[

1 − (x/a)2 − (y/b)2

]1/2

Show the gravitational potential has form

φ(x, y) = Ax2 +By2 + C

and determine A,B and C. Write down the equations of motion and hence find the
adiabatic invariants J1 and J2. Show that the distribution function has the form

F (J1, J2) =

[

1 − c1J
2
1 − c2J

2
2

]

−1/2

with constants c1 and c2.



STABILITY

(6) WHY DO FLAGS FLAP?**

Consider an idealised disk galaxy as an infinitesimally thin, homogeneous, self–gravitating
sheet of infinite extent. Suppose a ripple causes the vertical position of the sheet zs to
oscillate like

zs = ǫz0 exp i(kx− ωt)

Neglect any horizontal motions or external vertical potential so that the equation of motion
is just

∂2zs

∂t2
= Fv(x, t)

where Fv is the vertical force due to the self–gravity of the perturbed sheet. Show that
the potential of the sheet is

φ = GΣ0

∫

∞

−∞

dx′ log[(x− x′)2 + (z − zs(x
′, t))2].

Show that the vertical force per unit mass on an element of the sheet is

Fv(x, t) = −2πGΣ0|k|zs(x, t).

Prove that the dispersion relation for bending modes is

ω2 = 2πGΣ0|k|.

Is the galaxy stable to the ripple? Why might this answer be misleading?

COLLISIONS AND STATISTICAL PHYSICS

(7) A GRAIN OF SAND

How do you make a binary star with a grain of sand? In other words, two stars approach
on a hyperbolic orbit and your task is to throw in a grain of sand so as to extract enough
kinetic energy to bind them into a binary.

(8) COLLISIONS

A test particle approaches a compact object of mass M and radius R from infinity with
speed v∞ and impact parameter p. Use the particle’s energy and angular momentum with
respect to the object to derive expressions for the semi-major axis and eccentricity of the
hyperbolic orbit followed by the test particle, and for the pericentric distance r0. Show
that the eccentricity may be written e = 1 = 2v2

∞
/v2

0 , where v0 is the escape velocity at r0.
Use the expression for the true anomaly corresponding to the asymptote of the hyperbola
(r → ∞) to show that the overall deflection of the test particle’s orbit after it leaves the
vicinity of the compact object ψ is given by sin(ψ/2) = 1/e. What is the condition for the
avoidance of a physical collision?



(9) NEGATIVE SPECIFIC HEAT CAPACITY

Consider a system in which the interparticle potential has the form

φij = C|xi − xj |p+1

where C is a constant. Show that the scalar virial theorem takes the form

2T − (p+ 1)W = 0

where T is the kinetic energy and W the potential energy of the system. For which values
of p does the system have a negative heat capacity.


