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ORBITS

(1) THE ISOCHRONE!

A galaxy has the gravitational potential

φ(r) = −
GM

b +
√
r2 + b2

Explain why the energy E and the angular momentum L of a star are conserved quantities.
Show that the radial period Tr of a bound orbit is

Tr =
2πGM

(−2E)3/2

(2) NIELS HENRIK ABEL AGAIN!

Find a one-dimensional potential for which the action J and energy E are related by
J ∝ E2. Is your solution unique? If not, can it be continuously deformed through a set of
potentials with the same property?

(3) THE SHEARING SHEET**

Consider an idealisation of a disk (whether planetary or galactic) as a shearing two–
dimensional sheet and let the angular frequency of rotation vary with radius r like Ω(r).
Consider a patch centred on radius r0 with angular frequency Ω0 = Ω(r0). Introducing
coordinates x = r− r0 and y = r0(θ −Ω0t), derive the linearised equations of motion of a
particle as

ẍ− 2Ω0ẏ = 4Ω0A0x,

ÿ + 2Ω0ẋ = 0,

where

A0 = −
r0

2

[dΩ

dr

]

r=r0

Explain carefully the physical interpretation of every term in the equations of motion.
Estimate values of A appropriate to the dynamics of (1) a disk star in the Milky Way and
(2) a lump of breccia orbiting in the A ring of Saturn. Solve the equations of motion and
describe the orbits qualitatively.(These are Hill’s equations).

(4) EHRENFEST’S LEGACY

Show that the adiabatic invariance of the actions implies (in general) that closed orbits
remain closed when the potential is slowly and adiabatically deformed. An initially circular
orbit in a spherical potential ψ does not remain closed when ψ is squashed along any line
that is not parallel to the orbit’s original angular momentum vector. Why not? Is there
any way the squashing could be done leaving some orbits closed? Paul Ehrenfest, the great
discoverer of adiabatic invariance, shot himself.



(5) ONE, TWO, THREE, FOUR OR FIVE?

A particle moves in the Keplerian potential

Vkep = −
k

r

By separating the Hamilton-Jacobi equation in spherical polar and rotational parabolic
coordinates, show that there are five functionally independent isolating integrals of motion?
What implication does this have for the orbits? Now suppose a particle moves in the
potential

Vkep = −
k

r
+
k1

x2
+
k2

y2
+
k3

z2

How many integrals of motion are there now? What are the orbits ? What are the integrals
of motion (research problem)? Hint: These potentials are super-integrable.

GALAXY MODELS

(6) HYPERVIRIALITY

Suppose a star cluster of total mass M has the spherically symmetric density distribution
(the Plummer model)

ρ =
3Mb2

4π(r2 + b2)5/2
,

where b is a constant with the dimensions of length. Prove that the projected density Σ
seen at radius R on the plane of the sky is

Σ(R) =
4ρ0b

5

3(R2 + b2)2
,

where ρ0 denotes the central value of the density. Use Eddington’s formula to show the
distribution function is

F (E) =
32

√
2

7π2
ρ0ψ

−3/2

0

( E

ψ0

)7/2

,

where E is the binding energy per unit mass and ψ0 is the central value of the potential.
Find the velocity dispersion, kinetic energy and potential energy at any point in the star
cluster. Why is this remarkable?

(7) THE SHRINKING CLUSTER?**

Every star in a spherical system loses mass slowly and isotropically. Suppose the initial
distribution function is of the form f(E), where E is the binding energy. What is the
distribution function fp after every star has been reduced to a fraction p of its original
mass. Is fp a function of binding energy alone? How has the gravitational radius of the
system changed?


