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Newton’s Equations
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New solution at t = ∆t
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Basic Integration

Taylor series F = F0 + F
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Fourth-order scheme Explicit F and F
(1)

Corrector for i
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Convergent time-step ∆t =

(

η|F|

|F(2)|

)1/2

Relative criterion ∆t independent of mass

Block-steps ∆tn =
∆t1
2n−1

, ∆t1 = 1

Scheduling i = min (tj + ∆tj)



Neighbour Scheme

Total force F(t) =
n

∑

j=1

Fj + Fd(t)

Prediction

F(t) = Fn + Ḟd(t − t0) + Fd(t0)

Ḟ = Ḟn + Ḟd

Time-scales

∆tn << ∆td, n << N

Neighbour sphere Rnew
s = Rold

s

(

np

n

)1/3

Neighbour selection |ri − rj| < Rs

Derivative corrections F
(2)
ij , F

(3)
ij



Close Encounters

Binaries Two-body regularization (1965)

Triples Three-body regularization (1972)

Multiples Chain regularization (1989)

Hierarchies Stability criterion (2008)

Aim Improved treatment & efficiency

Cost Programming complexity

Advantage Two-body description



Hierarchical Systems

Hierarchical formation B + B ⇒ T + S or B + B̃, eout < 1

Dynamical molecules [B,S], [B,B], [[B,S],S], [[B,B],S]

Formation rate binary–binary (Mikkola 1982)

Stability general criterion (Mardling 2008)

Chaos boundary fuzzy region & holes

Inclination effect prograde vs retrograde stability

Kozai cycles cos2 i (1 − e2

in
) = const

Higher-order systems quartet, quintuplet, sextuplet

Instability ėout > 0 ⇒ slingshot



Binary Processes

Tidal circularization a (1 − e2) = const ⇒ ȧ < 0

Roche-lobe mass transfer r∗ > rRL, ∆ m2 = −f∆ m1

Common envelope evolution mc > 0, MS + giant

Magnetic braking ȧMB ∝ a−4

Gravitational radiation ȧGR ∝ a−3

Spin-orbit coupling Jtot = Jorb + Jspin

Stellar collisions a (1 − e) < 0.75 (r∗1 + r∗2)

Blue stragglers mass transfer or MS collisions

Cataclysmic variables WD + giant

X-ray objects WD + MS, NS + MS

Doubly degenerates WD + WD, P ≃ 10 mins

Type Ia supernova WD – WD collision or inspiral
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Post-Newtonian Terms

Equation of motion
d2

r

dt2
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First-order precession M = m1 + m2, η =
m1m2

M 2
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Higher-order precession A2 = ..., B2 = ..., A3 = ..., B3 = ...

Gravitational radiation A5/2 =
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Total GR perturbation
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c2r2
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Radiation energy loss ∆EGR =
m1m2

M

∫

PGR · v dt

GR radiation time-scale tGR =
5

64

c5 g(e) a4

X(1 + X) m3
x

, c =
3 × 105

V ∗

Decision-making graduated PN terms from v/c or tGR
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GPU System

Standard PC Quad CPU

Gaming card NVIDIA

Programming CUDA library

Implementation Parallel force calc

Code NBODY6 + GPU

Speed-up Factor of 30 for $250

Performance Exceeds GRAPE-6A

Timing N = 64K, CPU = 10mins/Tcr




