The Evolution of Eccentricity of X-ray Binaries


In some binary systems, mass transfer occurs between the two components. This transfer leads to variations in the orbital parameters, including the eccentricity, orbital period and separation. In some binary systems, the accreting component is degenerate, that is a neutron star, or black hole. The infalling matter thus loses a large amount of gravitational energy as it falls to the surface. This gravitational energy is then lost as the matter strikes the surface of the star, in the form of hot X-ray emission. It is believed that this process is responsible for many of the X-ray sources in our galaxy. There are two main mechanisms of mass transfer. The first is Roche lobe overflow. This is believed to occur in lower mass systems, with small orbital separation. The normal component of the system overflows its Roche lobe, and mass is lost and transferred onto the degenerate companion. This often involves the formation of a disk of accreting matter about the companion, which spirals onto the star. In larger mass systems, a second mechanism tends to dominate. This is wind driven transfer. Giant stars can lose material from their outer layers, which forms a wind. The companion moves through this wind, and so will accrete matter as it orbits. In this case, the shape of the orbit is important in determining subsequent evolution. As the star orbits, it will be moving at different angles to the wind, and at different relative velocities, depending upon which part of the orbit it is at. This affects the rate of accretion, which in turn affects the evolution of the orbit. 


Many X-ray sources, believed to be binary systems, have been observed in our galaxy, and so their study is of great interest. Much work has been done on the general theory of accretion, and of the evolution of orbital parameters. In this essay I will look at the effect of accretion on the orbit, in particular the eccentricity. Binary systems with a degenerate component are often formed as remnants after supernovae. The supernova explosion tends to leave the system in an eccentric orbit. Whether the subsequent evolution leads to circularisation is therefore of interest, as this determines the ultimate fate of the system. If the orbit becomes more eccentric, we would expect the system to eventually become unbound, leaving two single stars instead of a binary. If the orbit circularises, we might expect the system to eventually undergo a phase of common-envelope evolution, and form a single giant. Observations suggest that most X-ray binaries are in circular orbits, which would indicate that circularisation dominates. However, it is still of interest to see if any situations can lead to an increase in eccentricity. I will only consider the process of wind accretion, rather than Roche lobe overflow, as changes in eccentricity are much more important in the first case. Roche lobe overflow tends to occur only in circular orbits, and so the eccentricity is always 0.


A number of papers have considered the effect of mass transfer on the eccentricity of the system. These papers consider the transfer of momentum, without looking at the wind in great detail. As a result, there is a discrepancy in the results obtained. Some models predict de/dt > 0, and some de/dt < 0. I aim to look at the structure of the wind in more detail, and so resolve this disagreement.


I will begin with a general description of binary orbits, and a discussion of the effect of changes of mass and momentum on the orbital parameters and will attempt to explain the origin of the discrepancy in the previous work. I will then consider the Bondi-Hoyle model of accretion. I will apply this to the binary system, initially in the case of a spherically symmetric wind, with M1>>M2. I will then attempt to improve the model, by considering deviations from this simple case. I will finish by a brief consideration of the other extreme, M2>>M1. 

General Theory of Orbits


Consider a binary system, with stars of mass M1 and M2, and position vectors r1 and  r2 with respect to some fixed origin O. Denote by r = r2 – r1 the position vector of star 2 with respect to star 1. The stars act on each other gravitationally, and if the separation of the stars is reasonably large, we can ignore relativistic effects and regard gravity as Newtonian.


Newton=>



M1  EQ \f(d2r1,dt2) = GM1M2 EQ \f(r,r3)
  M2  EQ \f(d2r2,dt2) = -GM1M2  EQ \f(r,r3)
·  EQ \f(d2r,dt2) = -G(M1 + M2)  EQ \f(r,r3)  = -GM  EQ \f((,r2)
-- (1)

where M=(M1 + M2) and ( =  EQ \f(r,r) is a unit vector in the direction of r.


We denote by a1 and a2 the positions of the two particles relative to the centre of mass of the system, G, at position vector g relative to O.


Then, M1 a1 + M2 a2 = 0   =>  a1 = - EQ \f(M2,M) r   and   a2 =  EQ \f(M1,M)r 


From this we note that  EQ \f(d2g,dt2)=  EQ \f(d2r1,dt2) -  EQ \f(d2a1,dt2)
 = -GM2  EQ \f((,r2) +  EQ \f(M2,M) GM  EQ \f((,r2) = 0.


So, the centre of mass is unaccelerated. Thus, we can consider motion in the inertial frame moving with the centre of mass. I.e. we can take the fixed origin O to be the centre of mass G.


Now, r ( (1) =>  EQ \f(d,dt) (r (  EQ \f(dr,dt)) = 0, so r and  EQ \f(dr,dt) lie in a plane for all time. If we take plane polar coordinates (r,() in this plane, and resolve (1) in the r and ( directions, we have the equations:-


 EQ \f(d2r,dt2)– r ( EQ \f(d(,dt))2 = - EQ \f(GM,r2) 

(r direction – central gravitational force)


r  EQ \f(d2(,dt2) + 2 EQ \f(dr,dt)  EQ \f(d(,dt) = 0

(( direction – no tangential force).


The second equation gives us  EQ \f(d,dt) (r2 EQ \f(d(,dt)) = 0, so r2 EQ \f(d(,dt) = h, constant. This is the conservation of angular momentum equation, which is typical for any system acted on by a central force. We can now substitute for  EQ \f(d(,dt) in the equation for the r component. This gives us the evolution equation:-



 EQ \f(d2r,dt2) –  EQ \f(h2,r3) = - EQ \f(GM,r2). 

We want r as a function of (, so we note that  EQ \f(dr,dt) =  EQ \f(dr,d()  EQ \f(d(,dt) =  EQ \f(h,r2)  EQ \f(dr,d()  

=>  EQ \f(d2r,dt2) = ( EQ \f(h,r2)  EQ \f(d2r,d(2) – 2 EQ \f(h,r3) ( EQ \f(dr,d())2)  EQ \f(d(,dt) = ( EQ \f(d2r,d(2) –  EQ \f(2,r) ( EQ \f(dr,d() )2)  EQ \f(h2,r4).

Substitution in the evolution equation gives us:-


  
 EQ \f(h2,r4)r’’ – 2 EQ \f(h2,r5) (r’)2 –  EQ \f(h2,r3) = -  EQ \f(GM,r2), where ‘ denotes  EQ \f(d,d().

To find a solution we make the substitution u =  EQ \f(1,r). 

Then r’ = -  EQ \f(u',u2) , and r’’ = -  EQ \f(u'',u2)  +  EQ \f(2,u3) (u’)2. 

Using these in the previous equation gives us a simple equation for u as a function of (:  u’’ + u =  EQ \f(GM,h2).

The complimentary function for this equation satisfies u’’ + u = 0, and so the general solution is u = A cos(( + (), where A and ( are constants. For the particular integral, we guess u = constant =  EQ \f(GM,h2). Putting these together, and redefining (=0 appropriately, we have the general equation for the orbit:-


u =  EQ \f(GM,h2) (1 + e cos() => r =  EQ \f(l,(1 + ecos()), where l =  EQ \f(h2,GM). 

This is the general equation for an ellipse. So we see that the orbit of one star in the binary with respect to the other is elliptical. l is the semi-latus rectum, and e is the eccentricity of the ellipse. 

Before we move on, we must relate the eccentricity, period and semi-major axis of the ellipse to other, more fundamental, properties of the motion, namely the masses, the energy, and the angular momentum.

Relative to the centre of mass, the orbital angular momentum of the system, J is given by J = M1a1 (  EQ \f(da1 ,dt)+ M2 a2 (  EQ \f(da2 ,dt), with a1 and a2 defined as before.

Using a1 = - EQ \f(M2,M) r and a2 =  EQ \f(M1,M) r, we have:


J =  EQ \f(M1M22 + M2M12,M2) (r (  EQ \f(dr ,dt)) =  EQ \f(M1M2,M)(r (  EQ \f(dr ,dt)).

Now, |(r (  EQ \f(dr ,dt))| = h, so |J| = (h, where ( =  EQ \f(M1M2,M) is the reduced mass. So, h is the orbital angular momentum per unit reduced mass in the centre of mass frame. 

The energy, E, in the centre of mass frame is given by the sum of the kinetic and potential energies in that frame:


energy = ½ (M1( EQ \f(da1,dt))2 + M2( EQ \f(da2,dt))2) –  EQ \f(GM1M2,r).

As before, we can write the first (K.E.) term, as ½  EQ \f(M1M2,M) ( EQ \f(dr,dt))2. 

Now ( EQ \f(dr,dt))2 = ( EQ \f(dr,dt))2 + (r EQ \f(d(,dt))2. Using  EQ \f(dr,dt) = r’  EQ \f(d(,dt), and the general equation of the ellipse above, we have  EQ \f(dr,dt) = e sin(  EQ \f(h,l). 

Thus ( EQ \f(dr,dt))2 = ( EQ \f(h e sin(,l))2 +  EQ \f(h2,r2) =  EQ \f(2GM,r) –  EQ \f(h2(1-e2),l2), using the equation of the ellipse to express r in terms of (, e and l. So, we obtain an expression for the energy per unit reduced mass, as

E = (-1( EQ \f(GM1M2,r) – ½ EQ \f(M1M2h2(1-e2),M l2)  –   EQ \f(GM1M2,r)) = -  EQ \f(h2(1-e2),2l2).

The semi-major axis, a, is defined to be half the distance between periastron and apastron. These occur at (=0 and (=( respectively. Hence, using the equation of the ellipse:


2a =  EQ \f(l,1+e) +  EQ \f(l,1-e) =  EQ \f(2l,1-e2) => a =  EQ \f(l,1-e2).

Using l =  EQ \f(h2,GM), we can then re-express E = - EQ \f(GM,2a), or a = - EQ \f(GM,2E).

We can then write e2 – 1 = - EQ \f(l,a) =  EQ \f(h2,GM)  EQ \f(2E,GM) =  EQ \f(2Eh2,G2M2).

Finally, we seek an expression for the period of the orbit in terms of the same parameters. The line joining the two stars sweeps out area at a rate ½ r2 EQ \f(d(,dt) = ½ h, which is constant by our previous results. The area of an ellipse is (ab, where a and b are the semi-major and semi-minor axes. Now, b = a(1-e2)½ by simple trigonometry. So, the period P =  EQ \f(2(ab,h) =  EQ \f(2(a2(1-e2)½,(GMl)½) =  EQ \f(2(a3/2,(GM)½), or  ( EQ \f(P,2())2 =  EQ \f(a3,GM).

We have thus related the eccentricity, e, the semi-major axis, a, and the period, P, to the parameters of the orbit, namely the masses, M1 and M2, and the energy, E, and angular momentum, h, per unit reduced mass in the centre of mass frame.

These results were all derived assuming that the parameters were not varying. If we assume that the parameters do change, but make the assumption that, for slow variations, the orbit always obeys these expressions (i.e. always only an infinitesimal distance away from a static elliptical orbit), we can express the variation in e, a and P in terms of the variation in M1, M2, E and h.
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This approach was the one adopted by Huang ([12]). We would expect it to be valid as long as the changes in the parameters take place slowly, and hence the assumption that the orbit is always approximately elliptical is valid.
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Generally speaking, the rate of change of the parameters at any particular instant will depend on the position of the star at that time. A position-independent expression is more useful, and to do this we average the position-dependent one over a number of periods. For this to be useful, we have to assume that the orbital parameters remain approximately constant over a period, i.e. the rate of change of e etc. is small compared to the orbital velocity. In this case, we can take the average:


Various useful averages are computed in the appendix.


Eggleton, Kiseleva and Hut ([8]) treated the problem more generally, in the case for which a perturbing force acted on the orbit, so that the equation of motion is then  EQ \f(d2r,dt2) = -  EQ \f(GMr,r3) + f, where f is the perturbing force. They defined orbital parameters a, b, l and P in terms of the energy and angular momentum per unit reduced mass, E and h, and the eccentricity vector e =  EQ \f(1,GM)(  EQ \f(dr,dt) ( (r (  EQ \f(dr,dt)) –  EQ \f(GMr,r)), by the equations:


a = - EQ \f(GM,2E),     b = a (1 - e2)½,     l = a (1 – e2),     P =  EQ \f(2(ab,h).

Simple calculations for general f give the nice results that:

2 h2E + G2M2(1 - e2) = 0,
e.h = 0,
h2 = GMl,
( EQ \f(P,2())2 =  EQ \f(a3,GM).

Which are the same expressions we have already obtained for the Keplerian orbit above. The e.h = 0 equation merely states that the eccentricity vector and angular momentum vector are perpendicular, which is equivalent to the Keplerian result that the orbit takes place in a plane, defined by the (constant) angular momentum vector h.

This implies that the orbit is always ‘instantaneously Keplerian’, so the assumption that (2), (3) and (4) can be used seems justifiable.

I have now run through the basic theory of orbits and derived three expressions ((2), (3) and (4) above) for the variation in the eccentricity, separation and period of a binary system, as a result of changes in the masses, energy and angular momentum of the stars. We can now consider processes that will lead to changes in these parameters, and can use these expressions to compute the resultant variation in the orbit. In the next section I will consider past approaches to this problem, before moving on to construct a model based on Bondi-Hoyle accretion.

Previous Approaches to the Problem


A number of authors have considered the change in eccentricity of orbits as a result of mass transfer between the components of the system. Each author has made different assumptions and hence obtained different results. I shall discuss briefly three previous approaches to the problem, by Boffin and Jorissen ([1], following from Huang [12]), Theuns et al. ([19]) and Karakas et. al. ([15]). I will give a brief run down of the approach tried by each, and the result obtained.

Boffin and Jorissen ([1])


In their paper, Boffin and Jorissen considered a numerical model of wind accretion in order to model the production of barium stars in a binary system. They followed an approach originally suggested by Huang ([12]), in which he models the accretion of matter by an effective drag on the star, in the ( direction, combined with a ‘kick’ in the radial direction. They assume that, at some moment, the accreting star accretes a mass (M2, while the mass losing star loses mass (M1. We suppose that this leads to a change ((M2dr/dt) = (M2 U of momentum in the radial direction, and a change ((M2 r d(/dt) = ((M1 + (M2) V in the ( direction, where U and V are positive quantities. We also assume a constant fraction ( of the mass lost by M1 is accreted by M2, so that (M2 = - ( (M1. 

Using this approach, Huang obtains the result:

(e/(1-e2)½ = 3/2 ( e (M2/M2, with ( = (1-()VP/(2((a).

The paper of Boffin and Jorissen is actually wrong. They obtain the expression:-


e (e/(1-e2)½ = (M2/M2 (1.5 ( e2 + (1-e2)½ - (1-e2)).

The discrepancy arises from evaluation of the average <1/r2>. Boffin and Jorissen claim that Huang uses the value 1/(a2(1-e2)), rather than the correct one, 1/(a2(1-e2)½), derived in the appendix. However, repeating the calculation seems to indicate that Huang uses the correct value, and it is Boffin and Jorissen who have used the wrong one. This mistake means that there is no cancellation, and so a more complicated expression for (e results.

From the expression for (, we see that (<0, as we have assumed that V is a positive quantity, and that (M1<0, i.e. M1 is losing mass. This indicates that the eccentricity should always decrease, i.e. the orbit will circularise. There are problems with Huang’s model, however. It makes assumptions about the momentum transfer in the system and, more importantly, makes no allowance for differences in the accretion rate at different parts of the orbit. There is room for improvement in this model.

Theuns et al. ([19])


Theuns et al. approach the problem in a different way. Rather than considering the change in momentum due to accretion, they work in terms of the drag force acting along the orbit, and hence work with rates of change in momentum. They assume the orbit is nearly circular, and so expand to lowest order in the eccentricity e. They also consider the rate of change of parameters,  EQ \f(dA,dt), averaged over a number of periods, rather than the actual change, (A, averaged over a period, used by Huang. 

The result obtained is:



 EQ \f(1,e)  EQ \f(de,dt) = -0.5  EQ \f(1,M2)  EQ \f(dM2,dt) + 1.5  EQ \f(Fy,M2Vc),

[image: image5.wmf]


where Fy is the tangential component of the force acting, and Vc is the velocity of the circular orbit with the same semi-major axis, Vc = ( EQ \f(GM,a))½.


This predicts that the eccentricity can increase if the rate of accretion is low. This effect arises from the fact that the material lags behind the accreting star, causing a drag on it. 


Once again, this model is not perfect. Theuns et al. assume that the force Fy is constant along the orbit, making no allowance for variations with orbital phase. This is reasonable in the case they consider, namely a nearly circular orbit, but would be flawed for other systems.

Karakas et al. ([15])


The model of Karakas et al. is an improvement on the other two, as they take account of the variation in accretion rate with orbital phase. The model used is quite simple. Mass conservation suggests that the amount of mass accreted should fall off like 1/r2. Hence, the instantaneous rate of accretion dm2/dt ( r-2 dM2/dt, where dM2/dt is the accretion rate averaged over a number of orbits. A simple model of accretion implies that the relative velocity should change according to d2v/dt2 = - M2-1 dM2/dt v. Using these two assumptions and averaging over a number of periods, as before, the result is: 


 EQ \f(1,e)  EQ \f(de,dt) = -  EQ \f(dM2,dt) ( EQ \f(1,M) +  EQ \f(2,M2)).


Since dM2/dt > 0, the expression for de/dt is always negative, the eccentricity must always decrease, and so the orbit must circularise. This model is better than the previous two, as some allowance is made for different rates of accretion at different orbital phases. The model assumed (i.e. dM2/dt ( 1/r2, d2 v/dt2 ( v) is quite simplified, but quite justifiable. I obtain a similar result later, when I construct a moderately simple model as an illustration of the problem.


These authors have made different assumptions and obtained different results. The favoured result seems to be that the eccentricity decreases, although Theuns et al. allow for an increase. Boffin and Jorissen and Karakas et al. used their theoretical model as a basis for computer simulations, using the Bondi-Hoyle accretion formula as part of the model. However, they used it only as an estimate of the accretion rate dM2/dt, rather than looking at the process in detail. I will now give a discussion of the Bondi-Hoyle process, and attempt to apply it to the binary system, in the hope of obtaining an improved model and better result.

Bondi-Hoyle Accretion


Bondi-Hoyle accretion is a simplified approach to the accretion of matter by stars. It was developed initially by Hoyle and Lyttleton ([11]), who considered the accretion of matter onto a mass moving through a cloud of uniform density at constant speed. They model the gas as a system of particles, which move under the gravitational influence of the accreting star, until streams from opposite sides of the star collide on the ‘accretion axis’ on the other side of the star. This collision destroys all the angular momentum of the particles, and they are subsequently captured if their radial velocity at collision is less than the escape velocity there. Bondi and Hoyle ([3]) improved this model, by considering the ‘accretion column’ in more detail. They also considered time-dependent perturbations to the flow, and found that the range of steady accretion rates was quite narrow. Bondi ([2]) then considered a different type of accretion, using fluid dynamics to model spherically symmetric accretion onto a stationary star. He obtained a similar result to Bondi and Hoyle, but his depended on the sound speed in the fluid, rather than the speed of the star. He proposed a simple interpolation formula between these two extremes, which seems to work well in simulations (see e.g. Theuns et al., [19]). Since then, various other improvements have been made. Ruderman and Spiegel ([16]) considered accretion in a shocked flow, matching the ‘gravitational flow’ to the ‘fluid dynamical’ flow, across the shock. Foglizzo and Ruffert ([9]) considered the problem in even greater detail, deriving results for subsonic and supersonic accretion in a shocked flow, which are dependent on the adiabatic index of the fluid. All subsequent results have been compared back to the Bondi-Hoyle model. I shall use this model to derive an initial result, and then consider modifications to it qualitatively to consider how this will affect the process.


The Bondi-Hoyle model is described in detail in appendix B, but the result obtained is that the accretion rate is given by:


 EQ \f(dM,dt) = ( . 2(( .  EQ \f(G2M2,V3), where 1 < ( <2.


( is the density of the medium, and V the velocity of the star through it. The rate of change of momentum that this produces is directed along the line of relative motion, and is given by:


 
 EQ \f(d(MV),dt) = - ( .  EQ \f(2((G2M2,V2), where ( = ( + log wmax.


The ( term comes from the mass being accreted, and the log wmax term from the matter going off to infinity. wmax is a cut off distance, at the point where the star ceases to influence the motion. In general, this is of the order of an interstellar distance, but in our model, it will be quite small, as the mass losing star dominates the flow a short distance beyond the accreting star.


I shall use these results to derive a model for the changes in eccentricity due to accretion.

The Stellar Wind


Having established a description of the orbit and a model of accretion, the last thing we need before we can tackle the problem is a model of the wind from the mass losing star. We assume a spherically symmetric wind, with velocity v(r). A number of such models have been constructed in the past, making various assumptions. The spherically symmetric accretion model of Bondi ([2]) can be used as a model. This models the flow fluid dynamically, considering mass and momentum conservation in an adiabatic flow. Isothermal models can also be constructed, which use P/( = a2, where a is the isothermal sound speed. These exhibit the same kind of behaviour as the Bondi model, and result in an equation of the form f(V) = g(R), where V and R are velocity and radius parameters. The adiabatic model of Bondi involves the ratio of specific heats, (, and cannot be solved to give v as an explicit function of r. The isothermal model depends on the isothermal sound speed, a, and again cannot be solved explicitly. However, the general behaviour at large distances can be deduced, with v falling off like r-2 or v going like ln r, and hence being approximately constant. Illarionov and Sunyaev ([13]) use the result that v(const.=V0 at large distances, with the estimate V0 = (( EQ \f(2GM,R0))½, the value of the parameter ( depending on the mechanism of mass loss. Wang ([20]) quotes a result of Castor et al. ([5]) for radiatively driven winds, that vw(r) = v((1 -  EQ \f(R0,r))½, where R0 is the radius of the star and v( is the wind velocity ‘at (’. Again, if the orbital separation is quite large compared to the radius of the star, this would give vw ( const. along the orbit of the companion. In their computer simulations, Theuns et al. ([19]) also used this model, assuming that the radiative acceleration of the wind was exactly balanced by its gravitational deceleration by the mass losing star. Observations seem to support this model for mass-losing systems in our galaxy. Therefore, I shall use this as the model for the stellar wind, assuming that the wind speed vw is independent of position along the accreting star’s orbit. This is hard to envisage if the orbit is extremely eccentric, with periastron very close to the companion, but is probably reasonable in other cases.


Mass conservation in a spherically symmetric system implies that 4(r2(v= EQ \f(dM1,dt) = const. Thus, if v is approximately constant at large distances, the density p falls off like r-2. As the accretion rate is proportional to the density, this would mean the accretion rate goes like r-2 as well, which was the model used by Karakas et al. ([15]).

A Model of Mass Transfer


I have now discussed orbits, accretion and the structure of a wind. It is now possible to put everything together and construct a model of an accreting binary system. We suppose that we have a binary system in which a normal star, of mass M1, is losing mass via a radiatively driven wind. The companion, of mass M2, is a compact star and is accreting from this wind as it orbits. We assume that the orbit is already eccentric, and so the accretion rate will depend on the position in the orbit. We assume that the separation of the two stars is sufficiently large that relativistic effects may be ignored, and the orbit can be considered to be the Keplerian one described previously. If this separation is also large compared to the accretion radius RA, we can model the accretion at each moment by the static Bondi-Hoyle mechanism. For the first model, we assume that M1 >> M2. In this case the gravitational field of the mass losing star dominates the motion of the system, and we can assume that the wind is perfectly spherically symmetric in the rest frame of M1. Obviously, as we have assumed the separation is reasonably large, this is not true, as the accreting star will perturb the system from this shape. This will be discussed later.
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Figure 4


We denote the position of the accreting star relative to the mass losing star by plane polar coordinates, (r, (), in the orbital plane. The orbital plane is constant for any static system, as derived above. In this case, the symmetry of the accretion about the orbital plane suggests that this will remain true. The situation is illustrated in figure 4 below.


We denote the speed of the accreting star in this frame by u(r) and the speed of the wind by v, which we assume constant along the orbit of the accreting star. We denote by a and e the semi-major axis and eccentricity of the orbit at any given time. We assume, as before, that the orbit is always instantaneously Keplerian, and so at any time, we can describe the orbit by:




r =  EQ \f(l,1+ecos(), where l =  EQ \f(h2,GM).


h is the angular momentum, h = r2 d(/dt, and M = M1 + M2 is the total mass of the system.


We assume that the parameters are changing slowly, so that this always holds, even though h, e and M are changing. Then, 




 EQ \f(dr,dt) =  EQ \f(l e sin(,(1+ecos()2)  EQ \f(d(,dt) =  EQ \f(e h sin(,l).




 EQ \f(d(,dt) =  EQ \f(h,r2) =  EQ \f(h (1+ecos()2,l2).


When the star is at a position (r, (), it has, in general, both r and ( components of velocity. The Bondi-Hoyle formalism assumes that the star is moving at constant velocity through a cloud at rest. In this case, the star is actually moving obliquely into a gas that is also moving. However, in the frame of the accreting star, the cloud is moving at a velocity v – u. If this was a static situation, we could then suppose that Bondi-Hoyle accretion takes place as normal, for a star of velocity |v - u|, moving through a stationary cloud in the direction of u - v. In our case, the relative velocity is continually changing, so no static situation could be established. Even if we assume that the accretion is always instantaneously Bondi-Hoyle, there will be a lag effect. The particles reaching the ‘accretion column’ at a given time would have come from an earlier part of the orbit, and hence would have the corresponding velocity and mean density for that part of the orbit!! Also, the Bondi-Hoyle formalism assumes the particles have come from infinity. In this case, we assume that the particles are only affected by the accreting star when they are very close to it, and so they are not coming from ‘infinity’. Clearly, the situation is very complicated. Numerical methods could be employed to solve the problem, either using the time-dependent accretion picture (equation (12) above), or else by using the SPH approach of, for instance, Theuns et al. ([19]). 

For an analytic solution, we must make assumptions. The accretion rate is dependent on the accretion radius, RA =  EQ \f(2GM2,V2), where V is the relative velocity. The lengthscale of the orbit is a, and so we require RA << a in order to make this approximation. Moreover, the timescale of accretion is determined by RA/V, where V is the relative velocity. The timescale of the orbit is a/vorb, where vorb is the orbital velocity. We want accretion to take place much more quickly than the orbit is changing, and so require RA/V << a/vorb, which follows from RA << a, if V is of a similar size to vorb or bigger. Now, a typical value of a is given by 2GM/vorb2 (which is true for a circular orbit). RA = 2GM2/V2, so RA << a implies that Mvorb-2 << M2V-2. We have M1 >> M2, so M(M1, thus this condition will follow, if V and vorb are of a similar size. So, in our approximation, the Bondi-Hoyle formula should be reasonably valid. It is even more likely to be valid in the case V>>vorb, which implies that the wind velocity v>>vorb, i.e. a fast wind limit. This makes sense, as the model was derived for a star moving through a uniform cloud at rest. In a fast wind, the actual situation is much closer to this ideal. I shall make the fast wind approximation later. Using the approximation of Illarionov and Sunyaev ([13]), that v = (( EQ \f(2GM,R0))½, then v>>vorb => a>>R0. So, if the orbit is quite wide compared to the radius of the mass losing star, this approximation should hold.

So, we can suppose that the accretion rate is always given by the instantaneous value of the Bondi-Hoyle accretion rate, and that the ‘accretion column’ is in the direction of v – u, and so the matter is accreted in a co-orbiting tube, directed along the line of this relative velocity. This was the picture envisaged by Illarionov and Sunayev ([13]), Shapiro and Lightman ([17]) and Wang ([20]). Basically, we are assuming that the accretion adjusts to a change in the orbit faster than the orbit itself is changing, and so we have ‘instantaneous adjustment’ on a scale set by the orbital variation.


Using the value of u = dr/dt given above, we have:



vrel = u – v = ( EQ \f(e h sin(,l) - v,  EQ \f(h (1+ecos()2,l2)) 






in (r, () coordinates.


The local density of the wind, by mass conservation, is given by:



 EQ \f(dM1,dt) = 4((r2v
=>
( =  EQ \f(1,4(r2v)  EQ \f(dM1,dt).


From the Bondi-Hoyle description above, the rate of accretion of mass is therefore instantaneously:




 EQ \f(dM2,dt) = (.  EQ \f(2((G2M22,V3), where 1<(<2.


And the rate of change of momentum is in the direction of the relative velocity, and equal to:




 EQ \f(d(M2V),dt) = - ( .  EQ \f(2((G2M22,V2).


( depends on where we cut off the accretion column. In this case, as we assume that the accreting star only affects the wind over a short distance, we can assume that the only angular momentum lost is due to the matter being accreted, rather than the stuff escaping, so then ( = (. We must also remember that we have conserved momentum in the rest frame of the star, and therefore  EQ \f(d(M2V),dt) = M2  EQ \f(dV,dt) + V  EQ \f(dM2,dt) = M2  EQ \f(dV,dt), since the velocity of the star is 0 in that frame. This gives us:



 EQ \f(dV,dt)  = -  EQ \f(1,M2) (.  EQ \f(2((G2M22,V3).


Using the fact that this change takes place in the direction of vrel gives us:



dvrel/dt = - M2-1 dM2/dt vrel, which, as v is constant, becomes:




 EQ \f(du,dt) = -  EQ \f(1,M2)  EQ \f(dM2,dt) (u – v).




 EQ \f(dM2,dt) = (.  EQ \f(2((G2M22,vrel3).


The angular momentum per unit reduced mass, h, is also changing.                  h = r. r d(/dt, which is r.(transverse component of velocity). So, (h = r. ((rd(/dt), and ((rd(/dt) is equal to - M2-1 dM2/dt (rd(/dt) (t. Thus:




 EQ \f(1,h)  EQ \f(dh,dt) = - EQ \f(1,M2)  EQ \f(dM2,dt).


The mass is changing at a rate:




 EQ \f(1,M)   EQ \f(dM,dt) =  EQ \f(1,M)  EQ \f(dM1,dt) +  EQ \f(1,M)  EQ \f(dM2,dt).


And the energy, E is changing at a rate which we may also compute:




   E = T – GM/r,
where T = ½((dr/dt)2 +(rd(/dt)2) 

(E = (T - G(M/r

      =  EQ \f(dr,dt) (( EQ \f(dr,dt)) + r  EQ \f(d(,dt) ((r  EQ \f(d(,dt)) - G(M/r.


Our equation for du/dt above tells us:




(E = -2  EQ \f(dM2/dt,M2) (t T +  EQ \f(1,M2)  EQ \f(dM2,dt) v  EQ \f(dr,dt) (t - G(M/r.


We now use the expression we derived above for the rate of change of eccentricity due to slow changes in the parameters:



 EQ \f(e,1-e2)  EQ \f(de,dt) =  EQ \f(1,M)  EQ \f(dM,dt) -  EQ \f(1,2E)  EQ \f(dE,dt) -  EQ \f(1,h)  EQ \f(dh,dt).


Substituting the previous expressions, and using E = -GM/(2a), T = E+GM/r, we have:

 EQ \f(e,1-e2)  EQ \f(de,dt) =  EQ \f(1,M)  EQ \f(dM1,dt) +  EQ \f(1,M)  EQ \f(dM2,dt) -  EQ \f(a,Mr)  EQ \f(dM,dt) -  EQ \f(2a,GMM2)  EQ \f(dM2,dt) (E+ EQ \f(GM,r)) +  EQ \f(av,GMM2)  EQ \f(dM2,dt)  EQ \f(dr,dt) 

+   EQ \f(1,M2)  EQ \f(dM2,dt).


Rearranging, we have:


 EQ \f(e,1-e2)  EQ \f(de,dt) = ( EQ \f(1,M) -  EQ \f(a,Mr))  EQ \f(dM1,dt) + { EQ \f(1,M) -  EQ \f(a,Mr) +  EQ \f(1,M2) -  EQ \f(2a,M2r) +  EQ \f(av,GMM2)  EQ \f(dr,dt)+  EQ \f(1,M2)}  EQ \f(dM2,dt)  ---(13)


and
 EQ \f(dM2,dt) = (.  EQ \f(2((G2M22,vrel3).


This gives us an expression for the instantaneous rate of change of the eccentricity, as a function of orbital position. We want to obtain a net rate of change of eccentricity, as a function only of the orbital parameters at the time. To do this, we must average the previous expression over a number of periods. So we need the four averages:


 EQ \b \bc\< (\f(1,r)),
 EQ \b \bc\< (\f(dM2,dt)),

 EQ \b \bc\< (\f(1,r) \f(dM2,dt)),

 EQ \b \bc\< (\f(dM2,dt) \f(dr,dt)).


The first is easy (see appendix), and equals a-1. This means that the dM1/dt term cancels, and we have a contribution from the dM2/dt terms only. The other three averages are trickier, due to the dM2/dt term. Our expression for dM2/dt above indicates that it is proportional to ( (which is inversely proportional to r2), and inversely proportional to vrel3, which is a function of orbital position as well.

If we were to assume that v and vorb were both approximately constant round the orbit, we would have dM2/dt ( r-2. Performing the averages above, we obtain:

    EQ \b \bc\< (\f(dM2,dt)) =  EQ \f((,a2(1-e2)1/2),     EQ \b \bc\< (\f(1,r) \f(dM2,dt)) =  EQ \f((,a3(1-e2)3/2),
 EQ \b \bc\< (\f(dM2,dt) \f(dr,dt)) = 0.



where ( = ( EQ \f(GM2,v2))2  EQ \f((,2(1+u2)3/2)  EQ \f(dM1,dt), 
and u = vorb/v.


Redefining dM2/dt  = <dM2/dt>, we can rewrite:




 EQ \b \bc\< (\f(1,r) \f(dM2,dt)) =  EQ \f(1,a(1-e2))  EQ \f(dM2,dt). 

 
Substitution in (13) gives us the result:

 EQ \f(e,1-e2)  EQ \f(de,dt) = { EQ \f(1,M) -  EQ \f(1,M(1-e2)) +  EQ \f(1,M2) -  EQ \f(2,M2(1-e2)) +  EQ \f(1,M2)}  EQ \f(dM2,dt)



=  EQ \f(-e2,(1-e2)) ( EQ \f(1,M) +  EQ \f(2,M2))  EQ \f(dM2,dt).


and so:

 EQ \f(1,e)  EQ \f(de,dt) = -  EQ \f(dM2,dt) ( EQ \f(1,M) +  EQ \f(2,M2)),


with 

 EQ \f(dM2,dt) =  EQ \f(1,a2(1-e2)1/2) ( EQ \f(GM2,v2))2 EQ \f((,2(1+u2)3/2)  EQ \f(dM1,dt).


Which is the result quoted by Karakas et al. ([15]), and implies that the eccentricity must always decrease.


The assumption made (i.e. that vorb was approximately constant around the orbit) is quite valid for nearly circular orbits, but is not valid for more eccentric ones. So, to deal with this case, we can evaluate the above expressions without ignoring the orbital velocity. To do so, we need to compute more complicated averages. 


vrel2 = ( EQ \f(dr,dt) – v)2 + (r EQ \f(d(,dt))2 = 2T – 2v  EQ \f(dr,dt) + v2 


       = 2(E +  EQ \f(GM,r)) – 2v  EQ \f(dr,dt) + v2 = (2E +  EQ \f(2GM,l) + v2) +2GMe cos( +  EQ \f(e h sin(,l).


When we compute the averages, we have integrals of the form:

 
   EQ \i (0,2(,\f(1,(A + Bsin( + Csin()3/2))d(,    EQ \i (0,2(,\f(sin(,(A + Bsin( + Csin()3/2))d(,
 EQ \i (0,2(,\f(cos(,(A + Bsin( + Csin()3/2))d(.


For <dM2/dt>, <dr/dt dM2/dt> and <r-1 dM2/dt> respectively. This uses the fact that dM2/dt ( (vrel-3 and ( ( r-2, so that:


<A EQ \f(dM2,dt)> =  EQ \i (0,2(,\f(AdM2/dt,P d(/dt)) d( (  EQ \i (0,2(,\f(A,h vrel3)) d(.


We can express these integrals in terms of elliptical functions using, for instance, Gradshteyn and Ryshik ([10]). However, we are more interested in the qualitative behaviour, which we can obtain by expressing (13) as:


 EQ \f(e,1-e2)  EQ \f(de,dt) = ( EQ \f(1,M) +  EQ \f(2,M2)) < EQ \f(dM2,dt)> - ( EQ \f(1,M) +  EQ \f(2,M2)) < EQ \f(a,r)  EQ \f(dM2,dt)> +  EQ \f(av,GMM2) < EQ \f(dr,dt)  EQ \f(dM2,dt)>. 



 = -  EQ \f(e2,(1-e2)) ( EQ \f(1,M) +  EQ \f(2,M2)) < EQ \f(dM2,dt)> - ( EQ \f(1,M) +  EQ \f(2,M2)) < EQ \f(e cos(,l)  EQ \f(dM2,dt)>

 +  EQ \f(av,GMM2) < EQ \f(dr,dt)  EQ \f(dM2,dt)>.


The first term leads to decreasing eccentricity. The second probably leads to a decrease as well. The third term, however, could lead to a growing eccentricity, since dM2/dt will be greater in the half of the orbit where dr/dt > 0 than in the half where it is < 0. To obtain a better idea of what is going on, we make the fast wind approximation, v>>vorb. By our previous discussion, this is the case in which the Bondi-Hoyle picture is most likely to hold, and so we should obtain a good expression for the accretion rate in such a case.


Expanding vrel in powers of v:



vrel = (v2 – 2v  EQ \f(dr,dt) + 2T)½ = v (1 –  EQ \f(2,v)

 EQ \f(dr,dt) +  EQ \f(2T,v2))½ = v -  EQ \f(dr,dt) + O(v-1).


So
vrel-3 = v-3 (1 +  EQ \f(3,v)  EQ \f(dr,dt) + O(v-2).


Writing  EQ \f(dM2,dt) = ( r-2vrel-3, we then get:


< EQ \f(dM2,dt)> =  EQ \f(2((,hPv3) (1 + O(v-2)), 

< EQ \f(1,r)  EQ \f(dM2,dt)> =  EQ \f(2((a,lhPv3)(1 + O(v-2)), 


< EQ \f(dr,dt)  EQ \f(dM2,dt)> = ( EQ \f(eh,l))2  EQ \f((,hPv3)  EQ \f(3,v) ( (1 + O(v-2)).



The last comes from the integral of sin2( (which is from (dr/dt)2).


If we make our high-speed wind approximation again, and ignore the higher order terms in v, we do not now get the same answer as Karakas et al. This is because of the <dr/dt dM2/dt> term. Although this is O(v-4) as opposed to v-3, it is multiplied by v, and so is of the same magnitude as the other terms. Consequently we get a correction to their model. We use  EQ \f(ah2,GMl2) = (1-e2)-1, and obtain:




 EQ \f(1,e)  EQ \f(de,dt) = - < EQ \f(dM2,dt)> ( EQ \f(1,M) +  EQ \f(2,M2)) + < EQ \f(dM2,dt)>  EQ \f(3,2M2).

        = - < EQ \f(dM2,dt)> ( EQ \f(1,M) +  EQ \f(1,2M2)).


The correction from the v dr/dt term is positive, and reduces the rate of change of eccentricity to a quarter of the previous value (as M2 << M, so the M2-1 term dominates).


We can also estimate <dM2/dt>. dM2/dt =  EQ \f((.2((.G2M22,vrel3). But, 4((r2v = dM1/dt, and to lowest order in v, vrel = v. So, we have:


 EQ \f(dM2,dt) =  EQ \f((,2) ( EQ \f(GM2,v2))2  EQ \f(1,r2)  EQ \f(dM1,dt)    =>   < EQ \f(dM2,dt)> = ( EQ \f(GM2,v2))2  EQ \f((,2a2(1-e2)1/2)  EQ \f(dM1,dt).


These expressions should be a good approximation to the situation in binaries for which a>>R0, the radius of the mass-loser, in which v>>vorb.

So, we have derived a formula for the change of eccentricity due to accretion in a binary, under the assumption that the wind is fast compared to the orbital velocity, which means RA<<a. The result predicts a decrease in eccentricity for any range of masses, so the orbit circularises. However, the rate of circularisation is less than that previously estimated by Karakas et al., for a nearly circular system.


Having looked at one particular model in some detail, we can now consider ways in which the real situation differs from this model. We have obtained this result by making a number of assumptions. Knowing how the model behaves under these assumptions allows a better understanding of how deviations from this model will affect the orbit.

Deviations from the Model


In constructing the model we made a number of assumptions. In general, these will not hold exactly. It is interesting to see how such deviations will effect the evolution of e.

Improvements to the Bondi-Hoyle Model


The model used was derived for a star moving through a stationary cloud at constant velocity, and took into account gravitational effects only. The cloud acts like a fluid, and so pressure should be taken into account in constructing an accretion model. Bondi ([2]), considered the other extreme, in which the star was at rest and accreting from the cloud by a hydrodynamic process. In this case, the accretion rate again depends on an unknown parameter, but there is a unique transsonic solution, which has the minimum energy. In this state the accretion rate is:

( EQ \f(dM,dt))B =  EQ \f(4(G2M2(,c3).2-((+1)/(2(-2).[  EQ \f(4,5-3()](5-3()/(2(-2) =  EQ \f(2(G2M2(,c3) for (=1.5.

where ( and c are the density and sound speed at infinity.

Bondi proposed an interpolation formula between this and the Bondi-Hoyle formula, which was then increased by a factor of 2 by later authors (see [9]). The resultant rate is;

( EQ \f(dM,dt))BH =  EQ \f(4(G2M2(,(c2 + v2)3/2), 

         which allows for both a sound speed c and velocity v at infinity.


In the model above, I effectively assumed that v>>c, and so we could neglect the sound speed, and use the Hoyle-Lyttleton rate. Thus, one way to improve the model is to introduce the sound speed in this way. If we then assumed that c and vrel were approximately constant on the orbit, we would get exactly the same expression for de/dt, in terms of dM2/dt, but the latter would be reduced. Allowing for variations in c and vrel makes life more complicated. However, it would seem likely that this improvement in itself would not lead to a growing eccentricity, as it would have a similar qualitative effect on each part of the orbit. Only if c was smaller on the dr/dt<0 part of the orbit (which leads to a greater contribution from the v dr/dt term in (??)), or near apastron, could an increasing affect on the eccentricity result. This is hard to envisage, and even harder to compute, short of using numerical methods.


Another factor to take into account is the formation of shock waves, which we have ignored in the model. In general, the flow will have a shock, over which there will be jumps in the entropy, normal velocity, sound speed and so on. This is treated by Ruderman and Spiegel ([16]), and also by Foglizzo and Ruffert ([9]). The presence of a shock will alter the mass accretion rate. There will also be different behaviour depending on whether the shock is or is not attached to the accretor. Foglizzo and Ruffert ([9]) looked at this in detail, and considered the case in which an object was accreting from a gas with both kinetic energy and thermal energy (i.e. non zero c) at infinity. For the spherically symmetric case, with no shock, they have the result that dM/dt = [1 + ((-1)U2/2](5-3()/(2(-2) (dM/dt)B, where U is the mach number at infinity (i.e. U = v/c in previous notation). In the presence of a shock, this is further modified, due to the jumps in velocity etc., which can be found from the Rankine-Hugoniot conditions. The exact accretion rate then depends on the position of the shock, which has to be found numerically. The spherical model is obviously not ideal for accretion in a binary, but we can imagine it to be equivalent, by regarding the accreting matter as moving through tubes, which are equivalent to radial directions in the spherical case. So, we could make use of this result, either in a shocked, or shock free situation. Once again, the U dependence will give us an orbital phase variation, due to the changes in c and v. If these are approximately constant, the accretion rate is modified, but the effect on the eccentricity will be the same, and given by (?). Once again, it is probable that these considerations will not lead to an increase in eccentricity, as the general accretion picture is still the same.


Another problem with the model is the ‘instantaneous adjustment’ approximation. We assumed that at any moment the accretion is determined by the local density and velocity. But we know from the Bondi-Hoyle model that the particles move past the star, and then fall into it on the accretion axis. This takes time. The particles will start ‘falling’ before the star reaches them, and take a certain amount of time to accrete, during which time their momentum first increases, and then decreases. So, the process is not instantaneous, nor spherically symmetric. To account for this we have to make some allowance for when the accreting star starts to affect the motion of the particles, and realise that the momentum of the particles is not instantaneously transferred to the star. In a system in which RA << a, the accretion is occurring sufficiently fast that this is not a problem, and so our model is valid. In an eccentric orbit, with v(vorb, this will not be the case. An orbit is eccentric if the star has too high a velocity at periastron (compared to the circular velocity there), and too low a velocity at apastron. To circularise, we need to lose more velocity at perisastron than apastron. In a model in which the accretion rate goes like r-2, this will happen, as more mass is accreted at periastron than apastron. However, if the orbital velocity was faster, it might be conceivable that it took until apastron for the mass at periastron to accrete. This ‘lag’ would lead to an increasing eccentricity. How feasible this might be is hard to estimate, as the process is very complicated. Numerical simulations might shed more light on the matter.


Finally, there is the ‘stationary’ problem. All the results quoted for accretion, either with or without sound speed, and with or without shocks, have assumed the system is static. This is certainly not true, as we are trying to get results for the changes in parameters! The Bondi and Hoyle ([3]) do give a time-dependent approach, which could perhaps be used to resolve this problem. However, this is only analytically tractible in very special cases, and so would have to be dealt with numerically. For the time being, we must hope that the variations are sufficiently slow that these formulae may be used to give order of magnitude answers.

Departures from Spherical Symmetry


This point was already touched on in the previous section. The presence of the accreting star necessarily affects the wind, as otherwise no accretion takes place. The magnitude of the effect depends on the ratio of the two masses. In the case that M1>>M2, the effect will only be significant close to M2, so our approach is valid. In general, we might expect the point at which M2 begins to dominate the motion is where the two forces are equal, i.e. r1/r2 = (M1/M2)½, where r1 and r2 are the distances to the two stars. This will describe an ellipse within the orbit of the accreting star. We might expect the effect to be similar at all parts of the orbit, as it is dependent on this fixed ratio. Qualitatively, the gravity of M2 will tend to distort the wind towards it. This might lead to an accretion disk, as the matter spirals in towards it, or else to material ‘following the star’ along its orbit. This will tend to affect the tangential velocity of the star. Suppose it suffers a change ((r d(/dt) as a result of this drag, but no change in mass. Then, (h = r ((r d(/dt), and (E = (r d(/dt) ((r d(/dt), by the arguments used previously. So, using the eccentricity evolution equation (??), and ignoring (M, the effect on the eccentricity is:


 EQ \f(e(e,1-e2) = -( EQ \f((E,2E) +  EQ \f((h,h)) = - ((r d(/dt) ( EQ \f(r,h) -  EQ \f(ha,GMr)).


Assuming that ((r d(/dt) is independent of orbital position, we can compute the orbital average, as before:


<  EQ \f(e(e,1-e2) > = - ((r d(/dt) ( EQ \f(a,h) (1+ EQ \f(e2,2)) -  EQ \f(h,GM)) = - ((r d(/dt)  EQ \f(3ae2,2h).


And so, if ((r d(/dt) < 0 (i.e. a drag), this will tend to increase the eccentricity. So, allowing for deviations from spherical symmetry, we could have a growing eccentricity. This was modelled by Theuns et al. ([19]) numerically. They did observe the drag effect but found that for reasonable choices of their parameters, the eccentricity still decreased.

Other Factors


In this model, the only process considered was the transfer of mass between the binary components, modelled by a Bondi-Hoyle process. There are other factors which should be taken into account in further models. I took the wind to be approximately constant along the orbit of the accreting star. Although quite valid in general, this would not be acceptable for a very close binary, as the wind is highly radius dependent close to the surface. A different model, for example vw(r) = v((1 -  EQ \f(R0,r))½, as used by Wang ([20]), following from Castor ([5]), could be used. This adds an extra radial dependence to the problem. It would mean even more matter was accreted at periastron than apastron, as compared to the constant v model. This would then lead to an even greater decrease in eccentricity, by our previous arguments.


Another thing to account for is the X-ray emission. The point of this investigation was to develop a model for X-ray binaries. The X-ray emission will have two effects. It will heat the accreting gas, which leads to additional pressure gradients, that must be accounted for. Further, X-ray’s falling on the mass loser can stimulate mass loss. Thus, the mass loss might no longer be spherically symmetric, depending instead on which part of the star was being excited. Moreover, a new model of the wind would have to be designed to include this.


General Relativity might also have to be considered. The companion is a neutron star or black hole. These bodies are dominated by relativistic effects. In a distant binary, our Newtonian approximation is probably quite valid, but will be much less so if the orbit was close. 


The stars will also have magnetic fields. These fields will interact with the accreting gas and affect its behaviour. Also, the magnetic field of the accreting star will have an affect on the accretion. This was considered by Davidson and Ostriker ([7]), who modelled the repulsive effect of the magnetic field by a decreased mass of the accretor.


There is a question of perihelion precession. In my working, I made the assumption that periastron and apastron were in the same place throughout the changes. This will not in general be true (as demonstrated in Huang ([12]). If the changes are slow, this slow precess will not matter much. However, it could influence the motion in some cases.


Finally, there are other models of accretion and other things that affect the eccentricity. If the orbital motion is quite rapid, the accretion may be mediated by an accretion disk around the accretor. In that case, the Bondi-Hoyle interpretation is not at all valid, and so other models must be used. The gravitational fields of the two stars will also create tides in them. The tidal lobes lag behind the orbital motion, creating torques which affect the orbital parameters. The paper of Eggleton, Kiseleva and Hut ([8]) considers this in some detail, and find that this tidal force will cause the eccentricity to change (decrease). For a more accurate answer, this must also be accounted for.

Summary


I have considered the accretion problem as an attempt to model the change in eccentricity in a binary system. After consideration of orbits and Bondi-Hoyle accretion, I constructed a model of accretion, for the case that the wind velocity, v >> vorb, the orbital velocity of the accreting component. This model suggests that the eccentricity will always decrease, and so the orbit circularises. Consideration of other effects suggests the inherent complexity of the problem. In orbits for which the separation is small, the wind velocity will be of a similar size to the orbital velocity, and so this approximation is no longer valid. In general, it seems that the eccentricity will always decrease. Deviations from spherical symmetry could lead to growing eccentricity in certain cases, but numerical simulations ([19]) seem to rule this possibility out. To make further progress in these more difficult situations, numerical simulations will have to be employed. These could consider the gas as a collection of particles, and treat the problem gravitationally, or regard it as a fluid, and use SPH methods. A simulation using the time-dependent Bondi-Hoyle model could also be tried, to account for the fact that the system is not stationary. To obtain accurate answers, these simulations must ultimately account for all other effects, like GR, magnetic fields, and tidal forces.


To conclude, the problem is a very complicated one. It has been possible to do a lot analytically and a lot numerically. But, in all cases, assumptions have to be made in order to eliminate possibilities. A more general treatment, accounting for the full range of effects, is still some way off.
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