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Overview

Pulsars, and precision timing
Searching for gravitational waves
Supermassive black-hole binaries as sources of 
nanohertz gravitational waves
Impact of binary environmental couplings on 
GW signals
Pulsar-timing constraints on binary environments
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Discovered in 1967 by Hewish, Bell, et al.

Rapid rotation (P~1s), and strong 
magnetic field (~       G)

Radio emission along magnetic field axis

Misalignment of rotation and magnetic 
field axes creates lighthouse effect

1012

Image credit: Bill Saxton

Pulsars
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Rapid rotation (P~1s), and strong 
magnetic field (~       G)

Radio emission along magnetic field axis

Misalignment of rotation and magnetic 
field axes creates lighthouse effect
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Image credit: Bill Saxton
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Millisecond Pulsars
Discovered in 1982 with a 
rotational period of ~1.6 ms

Diminished magnetic field but 
much faster rotational frequency

They have accreted material from 
a companion star (they are 
“recycled”)

R o t a t i o n a l s t a b i l i t y w a s 
comparable to atomic clocks
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Pulsar timing

Sophisticated timing models depend on P, Pdot, pulsar 
sky location, ISM properties, pulsar binary parameters 
etc…..

Image credit: Duncan Lorimer
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good timing-solution

error in frequency 
derivative

error in position

unmodeled proper motion

Lorimer & Kramer (2005)
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John Rowe Animation/Australia Telescope National Facility, CSIRO
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Sensitivity band set by total observation time (1/decades) and observational 
cadence (1/weeks) — [ ~ 1- 100 nHz ]
Primary candidate is population of supermassive black-hole 
binaries

Searching for GWs with pulsar timing
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Sensitivity band set by total observation time (1/decades) and observational 
cadence (1/weeks) — [ ~ 1- 100 nHz ]
Primary candidate is population of supermassive black-hole 
binaries

Image credit: CSIRO

Searching for GWs with pulsar timing
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Sensitivity band set by total observation time (1/decades) and observational 
cadence (1/weeks) — [ ~ 1- 100 nHz ]
Primary candidate is population of supermassive black-hole 
binaries

Image credit: CSIRO

Searching for GWs with pulsar timing
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Sensitivity band set by total observation time (1/decades) and observational 
cadence (1/weeks) — [ ~ 1- 100 nHz ]
Primary candidate is population of supermassive black-hole 
binaries

Image credit: CSIRO

Searching for GWs with pulsar timing

Other sources in the nHz band may be decaying cosmic-string 
networks, or relic GWs from the early Universe
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Other sources in the nHz band may be decaying cosmic-string 
networks, or relic GWs from the early Universe

Searching for GWs with pulsar timing
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Image credit: David Champion
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Image credit: David Champion

Hellings & Downs (1983)



Stephen Taylor
“The Disc Migration Issue”, Cambridge UK, 05-24-2017

0 20 40 60 80 100 120 140 160 180
pulsar angular separation [deg]

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

ar
riv

al
tim

e
co

rr
el

at
io

n

N = 1

Npairs = N(N � 1)/2

GW Detection Signature



Stephen Taylor
“The Disc Migration Issue”, Cambridge UK, 05-24-2017

0 20 40 60 80 100 120 140 160 180
pulsar angular separation [deg]

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

ar
riv

al
tim

e
co

rr
el

at
io

n

N = 1

0 20 40 60 80 100 120 140 160 180
pulsar angular separation [deg]

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

ar
riv

al
tim

e
co

rr
el

at
io

n

N = 4

Npairs = N(N � 1)/2

GW Detection Signature



Stephen Taylor
“The Disc Migration Issue”, Cambridge UK, 05-24-2017

0 20 40 60 80 100 120 140 160 180
pulsar angular separation [deg]

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

ar
riv

al
tim

e
co

rr
el

at
io

n

N = 1

0 20 40 60 80 100 120 140 160 180
pulsar angular separation [deg]

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

ar
riv

al
tim

e
co

rr
el

at
io

n

N = 4

0 20 40 60 80 100 120 140 160 180
pulsar angular separation [deg]

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

ar
riv

al
tim

e
co

rr
el

at
io

n

N = 10

Npairs = N(N � 1)/2

GW Detection Signature



Stephen Taylor
“The Disc Migration Issue”, Cambridge UK, 05-24-2017

0 20 40 60 80 100 120 140 160 180
pulsar angular separation [deg]

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

ar
riv

al
tim

e
co

rr
el

at
io

n

N = 1

0 20 40 60 80 100 120 140 160 180
pulsar angular separation [deg]

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

ar
riv

al
tim

e
co

rr
el

at
io

n

N = 4

0 20 40 60 80 100 120 140 160 180
pulsar angular separation [deg]

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

ar
riv

al
tim

e
co

rr
el

at
io

n

N = 10

0 20 40 60 80 100 120 140 160 180
pulsar angular separation [deg]

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

ar
riv

al
tim

e
co

rr
el

at
io

n

N = 30

Npairs = N(N � 1)/2

GW Detection Signature



Stephen Taylor
“The Disc Migration Issue”, Cambridge UK, 05-24-2017

0 20 40 60 80 100 120 140 160 180
pulsar angular separation [deg]

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

ar
riv

al
tim

e
co

rr
el

at
io

n

N = 1

0 20 40 60 80 100 120 140 160 180
pulsar angular separation [deg]

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

ar
riv

al
tim

e
co

rr
el

at
io

n

N = 4

0 20 40 60 80 100 120 140 160 180
pulsar angular separation [deg]

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

ar
riv

al
tim

e
co

rr
el

at
io

n

N = 10

0 20 40 60 80 100 120 140 160 180
pulsar angular separation [deg]

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

ar
riv

al
tim

e
co

rr
el

at
io

n

N = 30

0 20 40 60 80 100 120 140 160 180
pulsar angular separation [deg]

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

ar
riv

al
tim

e
co

rr
el

at
io

n

N = 50

Npairs = N(N � 1)/2

GW Detection Signature



Stephen Taylor
“The Disc Migration Issue”, Cambridge UK, 05-24-2017

Sources & Spectrum
How do we build a stochastic signal from these binaries, and how do 

the different physical processes affect the spectrum?
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the different physical processes affect the spectrum?
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Sources & Spectrum
How do we build a stochastic signal from these binaries, and how do 

the different physical processes affect the spectrum?
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(a) (b)

(c)

(a) Comoving merger rate — affects overall signal level
(b)Binary evolution — affects shape of spectrum through time 

binaries spend emitting at each frequency (binary environmental 
influences enter here)

(c) Eccentricity — affects shape of spectrum through binary orbital 
evolution
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Upper limits reference the characteristic strain 
amplitude at a GW frequency of 1/yr (~32 nHz)

. 3.0⇥ 10�15

Environmental Coupling
• Stellar hardening 
• Gas-driven inspiral 
• Eccentricity Galaxy Population 

Uncertainties
• Merger timescale 
• SMBH - host relations 
• Pair fraction 
• Redshift evolution

Diminished GW Signal
• BSMBH stalling 
• GW absorption
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Fig. 10.— A conceptual view of how various uncertainties in the BSMBH population and the GWs we can
detect from them can influence the amplitude and shape of the GWB. The line gives the mean of the power-
law spectrum of Sesana (2013b), while the range shows the 68% range of power-law amplitude predictions
based on the variance in observational limits on SMBH host galaxy properties. See §5.2 for a discussion of
the e↵ects shown in this figure.

may be so e�cient that the binary is not purely
driven by GWs through the nHz-µHz band, hence
changing the expected form of the GW signal.
Figures 1 and 10 show how such “super-e�cient
evolution” could make the expected GWB deviate
from a simple power-law at low frequency (see also
Enoki & Nagashima 2007; Kocsis & Sesana 2011;
Sesana 2013a; McWilliams, Ostriker & Pretorius
2014; Ravi et al. 2014).

Recent e↵orts have broken down how uncertain-
ties in galaxy and BSMBH evolution e↵ect GW
signals (Ravi et al. 2015; Simon & Burke-Spolaor
2015; Shannon et al. 2015). A conceptual view of
the influence of various uncertainties is shown in
Figure 10. The below factors are noted approxi-
mately in the order of what have the most to least
amount of influence on GW signals (strength, rate
of occurrance, and form) in the PTA band:

• E↵ect of environment on BSMBH evo-
lution: As described above, we have basi-
cally no observational data on how BSMBHs
couple with their environment during their
evolution on scales of .10 pc. This is the
most significant wildcard in GW predictions,
although it is only expected to a↵ect the low-

est frequencies, f . 10�8 Hz.

• BSMBH stalling, as a counter to the pre-
vious point, is essentially caused by the
non-interaction of the BSMBH with its
environment, leading to an exceptionally
long time spent at separations ⇠ 0.1–10 pc.
Long stalling times can potentially cause a
large drop in the overall amplitude of the
GWB, directly lowering the total number
of BSMBHs contributing to the dN•/d(...)
term in Eq. 6.

• Eccentricity redistributes power to higher
harmonics in GW frequency and changes the
waveform of a CW. If eccentricity is com-
mon it would increase the complexity of CW
searches, although may raise the probability
of CW detection over that of GWB detection
(Taylor et al. 2015b; Huerta et al. 2015). It
may also raise the expected rate of bursts,
although that has not yet been investigated.
Unless all BSMBH systems are driven by en-
vironments to extreme orbits (e & 0.9), the
GWB strength will be diminished, but not
by much (Enoki & Nagashima 2007; Ravi
et al. 2014; Huerta et al. 2015).

14

Burke-Spolaor (2015)

Sources & Spectrum
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of occurrance, and form) in the PTA band:
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although it is only expected to a↵ect the low-
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large drop in the overall amplitude of the
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mon it would increase the complexity of CW
searches, although may raise the probability
of CW detection over that of GWB detection
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may also raise the expected rate of bursts,
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14

Final-
parsec 
physics

Merger rate,
BH-galaxy 

relationships

Burke-Spolaor (2015)

Sources & Spectrum
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Lentati, Taylor et al. (2015)  

Shannon et al. (2015) 

Arzoumanian et al. (2015)  
[led by Ellis, inc. Taylor, Mingarelli,  
van Haasteren, Vallisneri, Lazio]

Upper limits reference the characteristic strain 
amplitude at a GW frequency of 1/yr (~32 nHz)

. 1.5⇥ 10�15

. 3.0⇥ 10�15

. 1.0⇥ 10�15

stituent arrays in only the last few years. In addi-
tion to coordinating data and combined-PTA sci-
ence, the IPTA hosts annual PTA science meetings
around the world, and organizes related public ef-
forts like PTA Mock Data Challenges (e. g. van
Haasteren et al. 2013; Ellis, Siemens & Chamber-
lin 2012; Cornish 2012).

3. Upper Limits and Detection of GWs

There are four distinct “classes” of signals
which might appear in the nHz-µHz GW band,
with several astrophysical sources that can pro-
duce them. A simulated example of how each
might appear in timing residuals is shown in Fig. 4.

Di↵erent techniques have been developed to
place upper limits on each class of signal. How-
ever, for all classes, the only way to verify a detec-
tion is to demonstrate the expected quadrupolar
signature, for instance via the so-called “Hellings
and Downs curve,” which demonstrates the ex-
pected cross-correlation function for two pulsars
as a function of their angular separation on the
sky (Hellings & Downs 1983; Finn, Larson & Ro-
mano 2009).7 For this reason, while upper limits
can be placed using data from one pulsar, at least
three pulsars must be used in an array to demon-
strate that a GW has been detected.

3.1. Stochastic Gravitational-Wave Back-
ground (GWB)

This describes a signal built from the ensemble
contributions of discrete GW sources. It mani-
fests as randomly varying strain fluctuations with
a well-defined spectral distribution. The GWB’s
spectrum, as a fractional contribution of the GWB
to the energy density of the Universe in a logarith-
mic frequency interval, can be expressed (assum-
ing a Freedman-Robertson-Walker universe) as

⌦gw(f) =
2⇡2

3H2
0

f2hc(f)2 , (3)

(e. g. Maggiore 2000), where H0 is the Hubble
constant, and hc(f) represents the “characteristic

7This curve has been shown to hold both for a stochastic
background, and for a discrete source of GWs. However,
the expected overlap reduction function may di↵er for non-
general-relativistic theories of gravity (e. g. Chamberlin &
Siemens 2012). The pulsar term (§2.2) will also cause scat-
ter around the predicted curve.
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Fig. 5.— Upper limits on the power-law GWB
for a spectral index ↵ = �2/3. Limits improved
steadily after dedicated timing of millisecond pul-
sars commenced. The sudden drop after 2013
arises, most importantly, from optimized PTA ex-
periments finally coming to fruition. The red,
orange, and yellow ranges give the 68, 95 and
99.7% confidence intervals of the Sesana (2013b)
model. References: Backer et al. (1982); Blandford, Ro-

mani & Narayan (1984); Rawley et al. (1987); Stinebring et al.

(1990); Kaspi, Taylor & Ryba (1994); McHugh et al. (1996);

Lommen (2001); Jenet et al. (2006); van Haasteren et al.

(2011); Demorest et al. (2013); Shannon et al. (2013); Arzou-

manian et al. (2015a); Shannon et al. (2015); Lentati et al.

(2015)

strain spectrum,” which is built from the quadra-
ture sum over the individual strains from a GW
source population.

For a time, most predictions of the GWB pa-
rameterized the strain spectrum by a power law,
such that the strength of the background can be
characterized by an amplitude A1yr for an index
↵,

hc(f) = A1yr

 
f

1 yr

!↵

. (4)

Pulsar timing limits are often quoted in one of
three ways: either the hc or ⌦gw limit at f where
f & T�1, or as a limit on A1yr for a specific ↵
value. The most sensitive limits are placed at f >
T�1 because of signal absorption by pulsar fitting
at f . T�1 (Fig. 3). Reporting an (A1yr,↵) pair
allows easy comparison between upper limits from
di↵erent PTA experiments.

Current consensus is that the dominant GWB
signal in the nanohertz waveband will be from bi-
nary supermassive black holes (BSMBHs; where

5

Burke-Spolaor (2015)

Sources & Spectrum
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Supermassive black-hole binary evolution
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Supermassive black-hole binary evolution
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Supermassive black-hole binary evolution
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“Final parsec problem” 

Dynamical friction not a sufficient driving mechanism to 
induce merger within a Hubble time 

e.g., Milosavljevic & Merritt (2003)

Supermassive black-hole binary evolution
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“Final parsec problem” 

Dynamical friction not a sufficient driving mechanism to 
induce merger within a Hubble time 

e.g., Milosavljevic & Merritt (2003)

Additional environmental couplings may extract 
energy and angular momentum from binary to 

drive it to sub-pc separations

Supermassive black-hole binary evolution
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circumbinary disk interactionstellar hardening binary eccentricity
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circumbinary disk interactionstellar hardening binary eccentricity
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circumbinary disk interactionstellar hardening binary eccentricity

GW dominated evolution
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circumbinary disk interactionstellar hardening binary eccentricity

GW dominated evolution
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circumbinary disk interactionstellar hardening binary eccentricity
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circumbinary disk interactionstellar hardening binary eccentricity

Figure 2. Eccentricity population of MBHBs detectable by ELISA/NGO and PTAs, expected
in stellar and gaseous environments. Left panel: The solid histograms represent the efficient
models whereas the dashed histograms are for the inefficient models. Right panel: solid his-
tograms include all sources producing timing residuals above 3 ns, dashed histograms include
all sources producing residual above 10 ns.

mechanism (gas/star) we consider two scenarios (efficient/inefficient), to give an idea of the
expected eccentricity range. The models are the following

(i) gas-efficient: α = 0.3, ṁ = 1. The migration timescale is maximized for this high values
of the disc parameters, and the decoupling occurs in the very late stage of the MBHB
evolution;

(ii) gas-inefficient: α = 0.1, ṁ = 0.1. Decoupling occurs at much larger (factor 3-to-5) separa-
tions, and MBHBs have much more room to circularize;

(iii) stars-efficient: p(ei) ∝ e. Initial eccentricities are taken according to a thermal probability
density function [33];

(iv) stars-inefficient: ei = 0. Binaries are initially circular, a condition that minimizes the
effectiveness of eccentricity growth.

Results are shown in the left panel of figure 2, where we plot the residual eccentricity of all
sources detected with SNR> 8, when they enter in the ELISA/NGO band4. In general, MBHBs
evolving in gaseous environments are expected to retain a larger eccentricity, with a distribution
tail possibly extending to e ∼ 0.5. Residual eccentricities are mostly in the 10−4 − 10−2 range,
and are generally lower for star driven systems. Note that the distribution predicted by the
star-efficient model just overlaps to the one predicted by the gas-inefficient one. Therefore,
apart from those two extreme cases, the distributions predicted by the two families of models
are generally distinct, especially at the high e tail. A sufficient source detection statistics should
allow discrimination between gas and star driven dynamics, providing valuable information of
the MBHB environment.
4 The band entrance is defined as the frequency where the strain of the source hs squared equals the one-sided
noise spectral density of the detector S(f).

7

Roedig & Sesana (2012) Armitage & Natarajan (2005)
Roedig et al. (2011)



Stephen Taylor
“The Disc Migration Issue”, Cambridge UK, 05-24-2017



Stephen Taylor
“The Disc Migration Issue”, Cambridge UK, 05-24-2017

circumbinary disk interactionstellar hardening binary eccentricity



Stephen Taylor
“The Disc Migration Issue”, Cambridge UK, 05-24-2017

circumbinary disk interactionstellar hardening binary eccentricity

10-9 10-8 10-7

f [Hz]

10-15

10-14

h c
(f

)

hc( f = 1yr-1) = A = 1⇥10-15

T = 9 yrs



Stephen Taylor
“The Disc Migration Issue”, Cambridge UK, 05-24-2017

circumbinary disk interactionstellar hardening binary eccentricity

10-9 10-8 10-7

f [Hz]

10-15

10-14

h c
(f

)

hc( f = 1yr-1) = A = 1⇥10-15

T = 9 yrs

10-9 10-8 10-7

f [Hz]

10-15

10-14

h c
(f

)

hc( f = 1yr-1) = A = 1⇥10-15

T = 11 yrs



Stephen Taylor
“The Disc Migration Issue”, Cambridge UK, 05-24-2017

circumbinary disk interactionstellar hardening binary eccentricity

10-9 10-8 10-7

f [Hz]

10-15

10-14

h c
(f

)

hc( f = 1yr-1) = A = 1⇥10-15

T = 9 yrs

10-9 10-8 10-7

f [Hz]

10-15

10-14

h c
(f

)

hc( f = 1yr-1) = A = 1⇥10-15

T = 11 yrs

10-9 10-8 10-7

f [Hz]

10-15

10-14

h c
(f

)

hc( f = 1yr-1) = A = 1⇥10-15

T = 15 yrs



Stephen Taylor
“The Disc Migration Issue”, Cambridge UK, 05-24-2017

circumbinary disk interactionstellar hardening binary eccentricity

10-9 10-8 10-7

f [Hz]

10-15

10-14

h c
(f

)

hc( f = 1yr-1) = A = 1⇥10-15

T = 9 yrs

10-9 10-8 10-7

f [Hz]

10-15

10-14

h c
(f

)

hc( f = 1yr-1) = A = 1⇥10-15

T = 11 yrs

10-9 10-8 10-7

f [Hz]

10-15

10-14

h c
(f

)

hc( f = 1yr-1) = A = 1⇥10-15

T = 15 yrs

10-9 10-8 10-7

f [Hz]

10-15

10-14

h c
(f

)

hc( f = 1yr-1) = A = 1⇥10-15

T = 30 yrs



Stephen Taylor
“The Disc Migration Issue”, Cambridge UK, 05-24-2017

Probing Final-parsec Processes
Binary evolution will be dominated by environment at 
low frequencies, and radiation reaction at high 
frequencies

dt

d ln f
= f

"
X

i

df

dt

����
i

#



Stephen Taylor
“The Disc Migration Issue”, Cambridge UK, 05-24-2017

Probing Final-parsec Processes

10

Figure 3. Upper limit on the GWB as a function of power spectral index.

els, respectively. Using the aforementioned distributions and
Eq. (21) we find that our data are 0.8% and 20% consistent
with models A and B, respectively, under the assumption of a
power-law. This indicates that either the assumptions that go
into these models are incorrect, our universe is a realization
of the GWB that has an amplitude in the tail of the probability
distributions mentioned above, or that environmental effects
are depleting SMBHB sources at low frequencies making the
power-law assumption faulty. The implications of this last
point are discussed in Section 5.

In addition to our power law limits on the stochastic back-
ground (i.e., strain spectral index -2/3), we have also com-
puted the upper limit on a the GWB for a range of differ-
ent spectral indices. In Figure 3 we plot the upper limits
obtained at varying spectral indices (red points) vs. power
spectral index. We also provide the best fit model for the up-
per limit as a function of power spectral index where we find
A95%

gw / 10-0.4� / T 0.83↵. This differs from DFG13 where they
find A95%

gw / T↵, arguing that this is due to the fact that the sen-
sitivity is dominated by the lowest frequency of 1/T . Our fit,
giving a slightly weaker dependence on ↵ is consistent with
what we have seen above, namely that our limits are not com-
pletely dominated by the lowest frequency.

In a Bayesian analysis, the posterior distribution is the prior
distribution updated by the data. Here we illustrate this by
comparing our power-law upper limits, using identical meth-
ods, on the 5-year (DFG13) and 9-year (Arzoumanian et al.
2015) NANOGrav data releases. The results of this compar-
ison are shown in Figure 4 where we plot the marginalized
posterior distributions of log10 Agw for the 9- and 5-year data
releases in blue and red, respectively. The gaussian prior dis-
tributions described above are shown in green for model A
and model B. For the uniform prior case we see quite a dra-
matic improvement (i.e., the factor of 5 mentioned above) in
the upper limits. For model A; the 5-year dataset does some-
what inform the prior, whereas the 9-year data set results in
a posterior that is largely inconsistent with the prior distribu-
tion. For model B the 5-year data set do not inform the prior at
all, whereas the 9-year data set does indeed update the prior.

4.2.2. Broken Power-law Limits

We place constraints on the strength of environmental cou-
pling effects that will likely affect our GWB signal at low
frequencies (i.e., large orbital separations) via a simple pa-
rameterization of the GWB spectrum that allows for a “bend”
frequency at which there is a transition from environmentally-
driven evolution to GW-driven evolution. The following dis-

Figure 4. Marginalized posterior probability density of log10 Agw computed
using the nine (blue) and five (red) year NANOGrav data releases for uniform,
MOP14 model gaussian, and S13/RWS14 model gaussian prior distributions.
The gaussian priors are shown in green.

cussion and analysis techniques are based on Sampson et al.
(2015). Here we give a brief overview of this more general-
ized GWB spectrum.

The characteristic amplitude of a stochastic background
from an ensemble of SMBHBs in circular orbits is (Phinney
2001; Sesana et al. 2008; McWilliams et al. 2014)

hc( f )2 =
Z 1

0
dz
Z 1

0
dM d3N

dzdMdt
dt

d ln f
h2( f ), (22)

where d3N/(dzdMdt) is the differential number of inspi-
raling binaries per unit z, M and t, where z is the redshift,
M = (m1m2)3/5/(m1 + m2)1/5 is the chirp mass of the binary,
and t is the time measured in the binary rest frame. The
dt/d ln f term describes the frequency evolution of the binary
system, and h( f ) is the strain spectrum emitted by a single
circular binary with orbital frequency f /2. Typically, it has
been assumed that the binary is purely GW-driven which re-
sults in our usual expression for hc( f ) given in Eq. (2); how-
ever, physical mechanisms other than GW radiation that are
necessary to drive the binary to coalescence (Milosavljević
& Merritt 2003) will change the frequency dependence (i.e.,
the dt/d ln f term) of this equation (see Colpi 2014, for a
review of SMBHB coalescence). Following Sampson et al.
(2015) we can generalize the frequency dependence of the
strain spectrum to
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where i ranges over many physical processes that are driv-
ing the binary to coalescence. If we restrict this sum to GW-
driven evolution and an unspecified physical process then the
strain spectrum is now

hc( f ) = A
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els, respectively. Using the aforementioned distributions and
Eq. (21) we find that our data are 0.8% and 20% consistent
with models A and B, respectively, under the assumption of a
power-law. This indicates that either the assumptions that go
into these models are incorrect, our universe is a realization
of the GWB that has an amplitude in the tail of the probability
distributions mentioned above, or that environmental effects
are depleting SMBHB sources at low frequencies making the
power-law assumption faulty. The implications of this last
point are discussed in Section 5.

In addition to our power law limits on the stochastic back-
ground (i.e., strain spectral index -2/3), we have also com-
puted the upper limit on a the GWB for a range of differ-
ent spectral indices. In Figure 3 we plot the upper limits
obtained at varying spectral indices (red points) vs. power
spectral index. We also provide the best fit model for the up-
per limit as a function of power spectral index where we find
A95%

gw / 10-0.4� / T 0.83↵. This differs from DFG13 where they
find A95%

gw / T↵, arguing that this is due to the fact that the sen-
sitivity is dominated by the lowest frequency of 1/T . Our fit,
giving a slightly weaker dependence on ↵ is consistent with
what we have seen above, namely that our limits are not com-
pletely dominated by the lowest frequency.

In a Bayesian analysis, the posterior distribution is the prior
distribution updated by the data. Here we illustrate this by
comparing our power-law upper limits, using identical meth-
ods, on the 5-year (DFG13) and 9-year (Arzoumanian et al.
2015) NANOGrav data releases. The results of this compar-
ison are shown in Figure 4 where we plot the marginalized
posterior distributions of log10 Agw for the 9- and 5-year data
releases in blue and red, respectively. The gaussian prior dis-
tributions described above are shown in green for model A
and model B. For the uniform prior case we see quite a dra-
matic improvement (i.e., the factor of 5 mentioned above) in
the upper limits. For model A; the 5-year dataset does some-
what inform the prior, whereas the 9-year data set results in
a posterior that is largely inconsistent with the prior distribu-
tion. For model B the 5-year data set do not inform the prior at
all, whereas the 9-year data set does indeed update the prior.

4.2.2. Broken Power-law Limits

We place constraints on the strength of environmental cou-
pling effects that will likely affect our GWB signal at low
frequencies (i.e., large orbital separations) via a simple pa-
rameterization of the GWB spectrum that allows for a “bend”
frequency at which there is a transition from environmentally-
driven evolution to GW-driven evolution. The following dis-

Figure 4. Marginalized posterior probability density of log10 Agw computed
using the nine (blue) and five (red) year NANOGrav data releases for uniform,
MOP14 model gaussian, and S13/RWS14 model gaussian prior distributions.
The gaussian priors are shown in green.

cussion and analysis techniques are based on Sampson et al.
(2015). Here we give a brief overview of this more general-
ized GWB spectrum.

The characteristic amplitude of a stochastic background
from an ensemble of SMBHBs in circular orbits is (Phinney
2001; Sesana et al. 2008; McWilliams et al. 2014)

hc( f )2 =
Z 1

0
dz
Z 1

0
dM d3N

dzdMdt
dt

d ln f
h2( f ), (22)

where d3N/(dzdMdt) is the differential number of inspi-
raling binaries per unit z, M and t, where z is the redshift,
M = (m1m2)3/5/(m1 + m2)1/5 is the chirp mass of the binary,
and t is the time measured in the binary rest frame. The
dt/d ln f term describes the frequency evolution of the binary
system, and h( f ) is the strain spectrum emitted by a single
circular binary with orbital frequency f /2. Typically, it has
been assumed that the binary is purely GW-driven which re-
sults in our usual expression for hc( f ) given in Eq. (2); how-
ever, physical mechanisms other than GW radiation that are
necessary to drive the binary to coalescence (Milosavljević
& Merritt 2003) will change the frequency dependence (i.e.,
the dt/d ln f term) of this equation (see Colpi 2014, for a
review of SMBHB coalescence). Following Sampson et al.
(2015) we can generalize the frequency dependence of the
strain spectrum to
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where i ranges over many physical processes that are driv-
ing the binary to coalescence. If we restrict this sum to GW-
driven evolution and an unspecified physical process then the
strain spectrum is now

hc( f ) = A
( f / fyr)↵
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Figure 5. Probability density plots of the recovered GWB spectra for models A and B using the broken-power-law model parameterized by (Agw, fbend, and )
as discussed in the text. The thick black lines indicate the 95% credible region and median of the GWB spectrum. The dashed line shows the 95% upper limit
on the amplitude of purely GW-driven spectrum using the Gaussian priors on the amplitude from models A and B, respectively. The thin black curve shows the
95% upper limit on the GWB spectrum from the spectral analysis.

Figure 6. One- and two-dimensional posterior probability density plots of the spectrum model parameters Agw, fbend, and . In the one-dimensional plots, we
show the posterior probability from the 9-year data set (blue), the 5-year dataset (dashed red) and the prior distribution used in both analyses (green). In the two
dimensional plots we show a heat map along with the one (solid), two (dashed), and three (dash-dotted) sigma credible regions. model A is on the left and model
B is on the right.

(2004), McConnell & Ma (2013)) as it is the observed pa-
rameter that is most easily constrained by NANOGrav data.
Specifically, we constrain the M• - Mbulge relation:

log10M• = ↵+� log10
�
Mbulge/1011M�

�
. (25)

In addition to ↵ and �, observational measurements of this
relation also fit for ✏, the intrinsic scatter of individual galaxy
measurements around the common ↵, � trend line. In prac-
tice, ↵ and ✏ have the greatest impact on predictions of Agw,
and all observational measurements agree with � ⇡ 1.

PTAs are most sensitive to binary SMBHs where both black
holes are &108M� (e.g. Sesana et al. (2008)). Therefore
M• - Mbulge relations that are derived including the most mas-
sive systems are the most relevant to understanding the pop-
ulation in the PTA band. Several recent measurements of
the M• -Mbulge relation specifically include high-galaxy-mass
measurements, e.g. those from Brightest Cluster Galaxies
(BCGs). As these fits include the high-mass black holes that
we expect to dominate the PTA signals, we take these as the
“gold standard" for comparison with PTA limits (Kormendy

Following Sampson & Cornish (2015) , 
NANOGrav [Arzoumanian et al. (2016)] 
modeled the GW strain spectrum with a low-
frequency turnover
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els, respectively. Using the aforementioned distributions and
Eq. (21) we find that our data are 0.8% and 20% consistent
with models A and B, respectively, under the assumption of a
power-law. This indicates that either the assumptions that go
into these models are incorrect, our universe is a realization
of the GWB that has an amplitude in the tail of the probability
distributions mentioned above, or that environmental effects
are depleting SMBHB sources at low frequencies making the
power-law assumption faulty. The implications of this last
point are discussed in Section 5.

In addition to our power law limits on the stochastic back-
ground (i.e., strain spectral index -2/3), we have also com-
puted the upper limit on a the GWB for a range of differ-
ent spectral indices. In Figure 3 we plot the upper limits
obtained at varying spectral indices (red points) vs. power
spectral index. We also provide the best fit model for the up-
per limit as a function of power spectral index where we find
A95%

gw / 10-0.4� / T 0.83↵. This differs from DFG13 where they
find A95%

gw / T↵, arguing that this is due to the fact that the sen-
sitivity is dominated by the lowest frequency of 1/T . Our fit,
giving a slightly weaker dependence on ↵ is consistent with
what we have seen above, namely that our limits are not com-
pletely dominated by the lowest frequency.

In a Bayesian analysis, the posterior distribution is the prior
distribution updated by the data. Here we illustrate this by
comparing our power-law upper limits, using identical meth-
ods, on the 5-year (DFG13) and 9-year (Arzoumanian et al.
2015) NANOGrav data releases. The results of this compar-
ison are shown in Figure 4 where we plot the marginalized
posterior distributions of log10 Agw for the 9- and 5-year data
releases in blue and red, respectively. The gaussian prior dis-
tributions described above are shown in green for model A
and model B. For the uniform prior case we see quite a dra-
matic improvement (i.e., the factor of 5 mentioned above) in
the upper limits. For model A; the 5-year dataset does some-
what inform the prior, whereas the 9-year data set results in
a posterior that is largely inconsistent with the prior distribu-
tion. For model B the 5-year data set do not inform the prior at
all, whereas the 9-year data set does indeed update the prior.

4.2.2. Broken Power-law Limits

We place constraints on the strength of environmental cou-
pling effects that will likely affect our GWB signal at low
frequencies (i.e., large orbital separations) via a simple pa-
rameterization of the GWB spectrum that allows for a “bend”
frequency at which there is a transition from environmentally-
driven evolution to GW-driven evolution. The following dis-

Figure 4. Marginalized posterior probability density of log10 Agw computed
using the nine (blue) and five (red) year NANOGrav data releases for uniform,
MOP14 model gaussian, and S13/RWS14 model gaussian prior distributions.
The gaussian priors are shown in green.

cussion and analysis techniques are based on Sampson et al.
(2015). Here we give a brief overview of this more general-
ized GWB spectrum.

The characteristic amplitude of a stochastic background
from an ensemble of SMBHBs in circular orbits is (Phinney
2001; Sesana et al. 2008; McWilliams et al. 2014)

hc( f )2 =
Z 1

0
dz
Z 1

0
dM d3N

dzdMdt
dt

d ln f
h2( f ), (22)

where d3N/(dzdMdt) is the differential number of inspi-
raling binaries per unit z, M and t, where z is the redshift,
M = (m1m2)3/5/(m1 + m2)1/5 is the chirp mass of the binary,
and t is the time measured in the binary rest frame. The
dt/d ln f term describes the frequency evolution of the binary
system, and h( f ) is the strain spectrum emitted by a single
circular binary with orbital frequency f /2. Typically, it has
been assumed that the binary is purely GW-driven which re-
sults in our usual expression for hc( f ) given in Eq. (2); how-
ever, physical mechanisms other than GW radiation that are
necessary to drive the binary to coalescence (Milosavljević
& Merritt 2003) will change the frequency dependence (i.e.,
the dt/d ln f term) of this equation (see Colpi 2014, for a
review of SMBHB coalescence). Following Sampson et al.
(2015) we can generalize the frequency dependence of the
strain spectrum to
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where i ranges over many physical processes that are driv-
ing the binary to coalescence. If we restrict this sum to GW-
driven evolution and an unspecified physical process then the
strain spectrum is now

hc( f ) = A
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Figure 10. (top): Empirical mapping from fturn to ⇢ (left) and Ṁ1 (right). (bottom): Posterior distributions for the mass density of stars in the galactic core
(left) and the accretion rate of the primary black hole from a circumbinary disk (right). These distributions are constructed by first converting the marginalized
distribution of fbend to a distribution of fturn via Eq. (30), and then using the empirical mapping described in the text to convert from fturn to the astrophysical
quantities ⇢ and Ṁ1, respectively.

raise the stellar mass density to match a corresponding in-
crease in binary mass so that the transition frequency is main-
tained. Furthermore, modeling the distribution of black holes
masses in Eq. (35) without the lognormal component or red-
shift evolution will increase the contribution of lower mass
binaries to the GW strain budget, leading to smaller stellar
mass density constraints than reported in Fig. 10. Varying the
normalization, a, and exponent, b, of the M - � relation such
that a 2 [7,9] and b 2 [4,6] has very little impact on the envi-
ronmental constraints.

5.1.3. Constraints on SMBH binary population eccentricity

It is not only the astrophysical environment of SMBH bi-
naries that can induce a bend in the characteristic strain spec-
trum. Binaries with non-zero eccentricity emit GWs at a spec-
trum of harmonics of the orbital frequency. The cumulative
effect over the entire population can lead to a depletion of
the low frequency strain spectrum (Enoki et al. 2007; Sesana
2013; Ravi et al. 2014; Huerta et al. 2015), and a turnover
whose shape can be captured with the parametrized spectrum
model employed in this paper. Hence, we can use our fturn
posterior from the marginalization of fbend over all  to de-
duce constraints on the eccentricity of binaries at some refer-
ence orbital separation. Our approach follows from the pre-
vious astrophysics constraints, where we build populations
and strain spectra which have varying eccentricities at a fixed
semi-major axis of 0.01 pc, then construct a relationship be-
tween this eccentricity and the spectral turnover. An impor-
tant modeling assumption we make here is that binaries are
(and always have been) driven entirely by GW emission. This
factors into how we model d fr/dtr and how we evolve the
binary eccentricity, where we assume binaries could have ec-
centricities arbitrarily close to 1 in the past.

We construct eccentric populations and corresponding
strain spectra using the formalism of Huerta et al. (2015).
The resulting relationship between the spectral turnover fre-
quency and the eccentricity of all binaries at a semi-major
axis of 0.01 pc is shown in the top panel of Fig. 11, along

Figure 11. Same as Figure 10 except now we display the empirical map-
ping (top) and posterior distribution (bottom) for the eccentricity of SMBH
binaries when they had a semi-major axis of 0.01 pc.

with the corresponding eccentricity posteriors from each am-
plitude prior in the bottom panel. The high turnover frequency
obtained with the MOP14 prior leads to an eccentricity pos-
terior distribution that largely favors e0 & 0.7 while the S13
prior leads to an eccentricity posterior that is consistent with
smaller eccentricities, more weakly favoring e0 & 0.5. We
emphasize that, whilst these eccentricities seem rather large,
it is well established that binaries evolving in stellar environ-
ments tend to increase their eccentricity (Quinlan 1996). It
is therefore likely that most binaries can get to e ⇠ 0.5–0.7
along their evolution (see tracks in Sesana 2010). The eccen-
tricity growth rate is generally larger for smaller binary mass
ratios, and for larger initial eccentricities. The latter is indeed
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raise the stellar mass density to match a corresponding in-
crease in binary mass so that the transition frequency is main-
tained. Furthermore, modeling the distribution of black holes
masses in Eq. (35) without the lognormal component or red-
shift evolution will increase the contribution of lower mass
binaries to the GW strain budget, leading to smaller stellar
mass density constraints than reported in Fig. 10. Varying the
normalization, a, and exponent, b, of the M - � relation such
that a 2 [7,9] and b 2 [4,6] has very little impact on the envi-
ronmental constraints.

5.1.3. Constraints on SMBH binary population eccentricity

It is not only the astrophysical environment of SMBH bi-
naries that can induce a bend in the characteristic strain spec-
trum. Binaries with non-zero eccentricity emit GWs at a spec-
trum of harmonics of the orbital frequency. The cumulative
effect over the entire population can lead to a depletion of
the low frequency strain spectrum (Enoki et al. 2007; Sesana
2013; Ravi et al. 2014; Huerta et al. 2015), and a turnover
whose shape can be captured with the parametrized spectrum
model employed in this paper. Hence, we can use our fturn
posterior from the marginalization of fbend over all  to de-
duce constraints on the eccentricity of binaries at some refer-
ence orbital separation. Our approach follows from the pre-
vious astrophysics constraints, where we build populations
and strain spectra which have varying eccentricities at a fixed
semi-major axis of 0.01 pc, then construct a relationship be-
tween this eccentricity and the spectral turnover. An impor-
tant modeling assumption we make here is that binaries are
(and always have been) driven entirely by GW emission. This
factors into how we model d fr/dtr and how we evolve the
binary eccentricity, where we assume binaries could have ec-
centricities arbitrarily close to 1 in the past.

We construct eccentric populations and corresponding
strain spectra using the formalism of Huerta et al. (2015).
The resulting relationship between the spectral turnover fre-
quency and the eccentricity of all binaries at a semi-major
axis of 0.01 pc is shown in the top panel of Fig. 11, along

Figure 11. Same as Figure 10 except now we display the empirical map-
ping (top) and posterior distribution (bottom) for the eccentricity of SMBH
binaries when they had a semi-major axis of 0.01 pc.

with the corresponding eccentricity posteriors from each am-
plitude prior in the bottom panel. The high turnover frequency
obtained with the MOP14 prior leads to an eccentricity pos-
terior distribution that largely favors e0 & 0.7 while the S13
prior leads to an eccentricity posterior that is consistent with
smaller eccentricities, more weakly favoring e0 & 0.5. We
emphasize that, whilst these eccentricities seem rather large,
it is well established that binaries evolving in stellar environ-
ments tend to increase their eccentricity (Quinlan 1996). It
is therefore likely that most binaries can get to e ⇠ 0.5–0.7
along their evolution (see tracks in Sesana 2010). The eccen-
tricity growth rate is generally larger for smaller binary mass
ratios, and for larger initial eccentricities. The latter is indeed
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State of the art
Build a bank of spectral shapes from population 
simulations (including all physics).
Train a Gaussian Process to learn the 
spectral properties.
Provides a fast physically-trained model.
Can be trivially expanded.

Build a semi-analytic model to probe loss-
cone scattering.
Also expand merger-rate density with simplified 
prescription.

Taylor et al., PRL 118, 181102 (2017)

Chen et al., arXiv:1612.02826
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Summary

Pulsar timing arrays are sensitive to nHz GWs
The GW strain spectrum encodes information 
about SMBHB dynamical evolution
Constraining the spectral shape can tell us 
about disc accretion, and loss-scone scattering.
PTAs are expected to detect GWs within the 
next ~5 years.


