
PtII Astrophysics Lent, 2015

Physics of Astrophysics

Example sheet 4

1. A virialised cluster of radius r consists of N stars of mass m. Write down
an expression for the typical orbital angular momentum of a star in the
cluster.

The cluster now accretes a cloud of non-rotating gas so that each star ends
up with mass M and the cluster radius changes in response to a radius R.

Using conservation of angular momentum or otherwise, show that

R

r
=

(

M

m

)−3

and hence deduce how the mean cluster density depends on the mass
accreted.

A globular cluster contains 105 stars (mass 1M⊙) within a radius r = 2
pc. Assuming that stars obey the mass radius relation R = (M/M⊙)R⊙

determine how a) the mean density of a star and b) the mean density of
the cluster changes as mass is accreted. What is the mass of each star at
the point that these densities are equal?

2. The Rosseland mean opacity is defined by

κ−1

R =

∫

κ−1
ν B′

ν(T )dν

(
∫

Bν(T )dν)′

while the Planck mean opacity is defined by

κP =

∫

κνBν(T )dν
∫

Bν(T )dν

[Here B is the Planck function and ’ denotes differentiation with respect
to temperature.]

Explain without detailed calculation why these forms are useful for con-
sidering the transfer of radiation within stars and the effect of radiation
pressure on dust grains respectively.

If the frequency dependence of κν is given by κν ∝ να, determine how κR

and κP scale with temperature.

Consider now the case that κν is equal to κ1 at frequency < νc and
κ2 at ν > νc where κ1 << κ2. Explain why κP varies strongly as the
temperature is raised so that the Wien cut-off of the Planck spectrum
shifts to frequencies > νc. Do you expect a similarly large change in κR

if the temperature is varied over the same interval. Provide a physical
explanation for your answer.
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3. A proto-Jupiter (mass Mp = 10−3M⊙) is forming within a protoplanetary
disc at a distance of 100 AU from a solar mass star. Estimate the Roche
radius of the planet, RR. Assuming that the planet started to collapse
from a patch of the disc of size RR and mass Mp, what is the local tem-
perature Td of the disc such that the gravity of the planet exceeds the
support provided by pressure gradients on this scale.

Estimate the cooling time of the collapsing disc patch if it cools by ra-
diative diffusion normal to the disc plane and where the Rosseland mean
opacity is that due to dust (for which κ = 2 × 10−5(T/K)2 m2 kg −1).
By comparing this timescale with the dynamical timescale for the collapse
of the patch parallel to the disc plane, determine whether this is a viable
model for forming Jupiter at this radius.

4. A model for the periodic extinctions that are evident in the Earth’s fossil
record (with a period of 2.6×107 years) involves a distant binary compan-
ion of the Sun (‘Nemesis’) which periodically stirs up the Oort cloud of
comets and produces a cometary shower in the inner Solar system. Given
that the Oort cloud is at a distance of ∼ 104 AU from the Sun, estimate
the eccentricity and semi-major axis of the orbit of Nemesis.

It has been speculated that Nemesis is cool brown dwarf (‘T dwarf’).
Given that the absolute magnitude of a T dwarf is 16.6 magnitudes in J
band, to what limiting magnitude should a J band search be conducted
in order to be sure of detecting Nemesis?

Given that the density of stars in the Solar neighbourhood is 0.1 pc−3

and the velocity dispersion is ∼ 20 km s−1, how often would you expect
Nemesis to encounter other stars within a factor two of its orbital radius?

[You may assume that the absolute magnitude of a star is its apparent
magnitude at 10 pc.]

5. Estimate the maximum vertical width of the main sequence (∆m, mea-
sured in magnitudes) resulting from the presence of binary stars.

An observer images a sample of nearby stars at high resolution and assem-
bles a catalogue of binary stars, measuring the luminosity of the individual
components which were unresolved in the original sample. He then uses his
catalogue to produce a sub-catalogue of binary stars where the primary’s
luminosity is a given value (L) and compiles the distribution of luminosity
ratios of primary to secondary (L2/L) for these binaries. Explain why
the resulting distribution is not the same as what he would derive if his
original sample had instead been volume limited. If his derived probabil-
ity density function for r = L2/L, is pm(r), show how he could use this
to predict the probability density function (pv(r)) for a volume limited
sample of stars. State any assumptions you have made in your derivation.
Explain qualitatively how you expect pv(r) to differ from pm(r).

6. A debris disc composed of rocky material (density 3000 kg m−3) orbits a
white dwarf of mass 0.5M⊙. Assuming that the rock is held together by
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tensile strength (for which the value for rock is 100 MPa), calculate the
maximum size of rocks (Rmax) that can survive at a distance of 0.2R⊙

from the white dwarf without becoming tidally shredded. Find the ratio of
the force due to the rock’s self-gravity to that derived from tensile strength
for a rock of size Rmax and hence justify your assumption.

Calculate the equilibrium temperature of a rock orbiting at 0.2R⊙ from a
white dwarf of luminosity 30L⊙ and show that a rock that remained at this
radius would sublime. Write down an expression for the sublimation time
of the rock (tsub) as a function of its size if its latent heat of vaporisation
is L (in J kg −1). [You may neglect any additional time required for the
rock to reach its equilibrium temperature and can assume a sublimation
temperature of 2000 K.]

A rock of radius R > Rmax is scattered from a circular orbit at radius 1
A.U. into a plunging orbit that takes it to a pericentre distance of 0.2R⊙

from the white dwarf. Explain why, if tsub(Rmax) is greater than the local
circular orbital timescale at pericentre, some rocky fragments will be flung
out to radii > 1 A.U.. Explain what will happen in the opposite limit.

What is the expected fate of the rock if L = 3 × 106 J kg−1?

7. A spherical inflow of gas onto a point mass M0 undergoes a sonic transition
at a radius RB = GM/2c2

s, where cs is the sound speed of an isothermal
medium of density ρ. Write down an expression for the accretion rate onto
the object and hence derive an expression for M(t), the mass of the object
at time t, if it grows by accretion from an initial mass of M(0) = M0.

A population of stars grows in this way from a range of initial M0 values.
Derive an an expression for dM/dM0 at given time and express your an-
swer in terms of M0 and M . If the distribution of masses is initially flat
over a small range of M0, derive an expression for the form of the IMF
that is expected following accretional growth and comment on our answer.

8. A volume of gas is exposed to an X-ray flux F (in W m−2). The gas
is heated by the X-rays and cooled by collisionally excited line emission
and is optically thin to both the incident and emitted radiation. Consider
the dependence of the heating and cooling rates on number density n and
hence explain why the condition of thermal equilibrium can be expressed
in the form ξ(T ) = F/n where ξ is a function of temperature T (known
as the ionisation parameter) which you do not need to evaluate.

A protoplanetary disc is irradiated by X-rays (luminosity LX) from a star
of mass M . At each radius in the disc, r, gas flows vertically from the disc
surface at the local sound speed (cs) provided that the local temperature
satisfies the condition c2

s = GM/2r.

Write down an expression for the number density at the base of the wind
and hence show that the total mass loss rate from both surfaces of the
disc can be written as:
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Ṁ = (0.5GM)0.5LXmH

∫

r−1.5(ξ(T (r))−1dr

where mH is the mass of a hydrogen atom.

Show that if T can be parameterised as being a power law function of
ξ (T ∝ ξa) then this integral is dominated by large (small) radii for a
respectively > (<)1.

The plot of log10(ξ) (x axis) against log10(T ) (y axis) is concave upwards
and has a gradient of 1 in the region of the plot around x = −14, y = 3.
Use the results derived above to provide a very rough estimate of the mass
loss rate from the disc in the case that LX = 1023.
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