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Physics of Astrophysics

Example sheet 3

1. Show that the recombination timescale for an ionised plasma of number
density n is trec ∼ 1/αn where α is the recombination coefficient. State
the dimensions of α and explain why a) α is a function of temperature and
b) why the relevant α for net recombination in a dense medium is that for
recombination to excited electronic states.

Consider the equilibrium Stromgren sphere set up by a 20M⊙ star with
ionising luminosity 1048 s−1 in a medium of number density 109 m−3.
Calculate the ratio of trec to initial bubble expansion timescale for this
system. Calculate also how this ratio varies with radius as the bubble ex-
pands. Hence comment on the validity of the assumption made in lectures
that the interior hot bubble remains in a state of ionisation equilibrium
throughout the expansion.

[You may assume that for gas at 104K, α is 3 × 10−19 in SI units.]

2. Consider a thin uniform ring of radius r to r+dr for which the photospheric
temperature is T (r). An absorption line formed in the atmosphere of the
disc absorbs a fixed fraction of the black body continuum flux emitted at
frequency ν0 where hν0/kT (r) << 1. If the width of the line is set by
thermal broadening, show that the total luminosity absorbed in the line
scales with T (r)1.5r dr g(ν0) for some function g.

If the ring orbits a star of mass M and is observed nearly edge-on, sum
the contributions from absorption at different azimuths around the ring
to different Doppler shifted frequency channels and derive f(∆ν), the
fraction of the total luminosity absorbed in the line that occurs in the
range of frequencies ν0 + ∆ν to ν0 + ∆ν + d∆ν. Show that this line shape
function f(∆ν) can be expressed in the form:

f(∆ν) = K(r)
(

1 − Ar∆ν2
)−1/2

where A is a constant that you need not evaluate and K is a normalisation
factor (such that

∫

f(∆ν)d∆ν = 1) for which it is only necessary that you
derive its dependence on r.

The shape of the line profile F (∆ν) produced by the entire disc extending
from rin to rout can be obtained by summing the product of the luminos-
ity absorbed in the line and the line shape function from all annuli in the
disc. Show that the line profile cuts off at ∆ν|max = (GM/rin)−0.5)ν0/c.
Construct an appropriate integral over r in the case that the temperature
profile in the disc is T (r) = Tin(r/rin)−q. Transform this integral expres-
sion over r into an equivalent expression using the variable y = ∆ν2r.
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Sketch the form of F (∆ν) and show that in the line wings (i.e. as ∆ν
approaches ∆ν|max) F (∆ν) scales as ∆ν3q−5.

3. A population of star clusters all produce the same mechanical luminosity
L = L0 from combined supernovae and stellar winds. Assume the similar-
ity solution for the growth of thermalised wind bubbles derived in lectures
and assume also that clusters are created (and hence wind driving switches
on) over a time period of length τ before the present time.

Show that the fraction of bubbles that are in a size range R to R + dR
at a given time is ∝ R2/3dR for all sizes of bubble < Rmax|0 (the current
size of a bubble that was created at a time time τ in the past). Show
furthermore that the normalisation constant of this distribution scales as
L
−1/3

0
.

Now consider the situation where the clusters have a distribution of me-
chanical luminosities between L = L0 and L = Lmax such that the frac-
tion of clusters with mechanical luminosity in the range L to L + dL is
proportional to L−βdL. Explain why the spectrum of bubble sizes for
R < Rmax|0 has the same slope as derived above. Why does the slope
change for bubbles larger than this?

4. A gaseous globule is situated at distance R from an ionising source. Ex-
plain why in the limit R >> r (where r is the distance from the centre
of the globule), the structure of the ionised atmosphere of this globule is
such that

∫∞

rI

αni(r)
2dr = Fi where Fi is the ionising flux from the star

(units m−2 s−1), α is the recombination coefficient and ni is the number
density of the ionised atmosphere. Explain what structure is expected at
rI and why it may be a strong source of Hα emission.

If the mass of the globule is M and the temperature of the ionised at-
mosphere is ∼ 104K, what condition must be met so that ionised gas at
radius rI from the centre of the globule is gravitationally unbound? If
the unbound gas flows out in a steady spherical wind with constant ve-
locity equal to the sound speed in the ionised gas, show that the density
structure of the ionised gas is given by ni(r) = n0(r/rI)

−2.

Use the recombination integral above to evaluate n0 as a function of Fi

and rI . Hence estimate the mass loss rate in a spherical wind in the case
of a star of ionising luminosity 1049 s−1 located in a cluster of distance
450pc from the observer, where the angular separation of the star and
globule is 40 arcseconds and rI is measured to be 0.5 arcseconds.

If the globule consists of a star of mass 1M⊙ and a disc of mass equal
to 0.015M⊙ (which is considered to be the minimum mass of the Sun’s
protoplanetary nebula), show a) that ionised material is indeed unbound
to the system and b) that the expected lifetime of the disc is less than the
likely lifetime of the ionising star.

What observational measurement could be used to estimate the mass loss
rate directly if one did not know the luminosity of the ionising star?
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[You may neglect the fact that the ionising flux only impinges from one
direction and that the flow will in practice not be spherically symmetric.]

5. A supernova expanding according to the adiabatic ‘Sedov’ solution (de-
scribed in the Astrophysical Fluid Dynamics course) would attain a size
comparable with the scale height of the Galactic disc (∼ 300 pc) after
30 million years. Explain why one would expect the bubble to undergo
accelerated expansion in the vertical direction at this stage, creating a
‘Galactic chimney’.

Explain why during the Sedov expansion one expects the thermal energy
to be a fixed fraction of the total supernova energy. Hence estimate the
pressure in the bubble when its radius is 200 pc, assuming that the super-
nova releases an energy of 1044 J.

The cooling rate per unit volume in the bubble interior as a result of
thermal bremstrahlung is 10−32n2T−1/2 Wm−3 where n is the number
density within the bubble. Estimate the cooling time in the bubble if
its temperature is 106K and compare this with its expansion time. Thus
explain whether you expect the Sedov solution to be valid on these scales.

Use the Sedov solution to determine how the ratio of cooling time to
expansion time varies as a function of time and hence discuss whether the
Sedov solution is ever likely to be valid in practice.

6. The flux from a star located at distance r from an observer is given by

Fλ = Fλ0

(r0

r

)2

exp
(

−kλr
)

where Fλ0
and r0 are constants and kλ is a constant that depends on

wavelength, the density of the ISM and the optical properties of the dust
grains.

Show that the apparent magnitude of the star (mλext
) is related to its ap-

parent magnitude in the absence of interstellar extinction by an expression
of the form:

mλext
= mλno ext

+ Aλ

How does Aλ depend on a) the luminosity of the star and b) the distance
to the star?

Derive a similar expression for the observed colour of the star at wave-
lengths λ1 and λ2 (mλ1ext

− mλ2ext
) and its colour in the absence of ex-

tinction.

The ratio of Aλ in the J, H and K wavebands for stars at a fixed distance
is given by AJ : AH : AK = 6 : 4 : 3. Sketch a ‘two colour’ diagram
with J − H , H − K on the x and y axes (where J = mj etc.), showing
‘reddening vectors’ (i.e. the lines along which sources are displaced in this
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plane as a result of interstellar extinction). Calculate the gradient of the
reddening vector.

A star is observed to have apparent magnitudes mH = 10, mK = 9.2 and
mJ = 11.7. The intrinsic colours of main sequence stars lie along the locus

J − H = 0.6 + 0.5 × (H − K)

What is the star’s intrinsic colour?

The relationships between stellar mass, H band luminosity and H-K colour
for low mass main sequence stars are given by:

L|H = L⊙|H

(

M

M⊙

)3.5

and

H − K = 0.33

(

M

0.2M⊙

)−0.5

Use this information to find the star’s mass, luminosity and distance.

[You may assume that the absolute magnitude of the Sun in H band is 3.32
and that a star’s absolute magnitude is equal to its apparent magnitude
at a distance of 10 pc.]

7. By analogy with the collisional properties of non-relativistic particles or
otherwise, explain why there is a rough upper limit to the frequency of
photons that will scatter nearly elastically with a stationary electron. Es-
timate the value of this upper limit.

A source of soft photons of frequency ν0 undergoes inverse Compton scat-
tering from a population of relativistic electrons for which the power law
distribution of energies is such that the number of electrons with Lorentz
factors in the range γ to γ + dγ is ∝ γ−qdγ for γ in the range 1 to infin-
ity. What is the power law slope of the resulting Comptonised spectrum?
Estimate the maximum frequency of the Comptonised photons.

Consider the spectral energy distribution of the microquasar shown in
‘POA slides 6 Feb’ 1 and discuss whether the upper energy cut-off in the
spectral component marked ‘CSSR’ (Compton scattering of stellar radia-
tion) is consistent with your estimate above. Estimate also the value of q
for the electron energy spectrum for this component. What can you de-
duce from the fact that the power law spectral shapes of the CSSR compo-
nent, the synchotron component and the SSC (synchotron self-Comption)
component are all the same for this source?

1www.ast.cam.ac.uk/sites/default/files/2PoA.combined.pdf Note that the x axis is in fact
in Hz, not eV as stated.

4



8. A stationary cloud of temperature T emits a line centred at wavelength
λ0 and for the purpose of this question you may assume that the line
profile is uniform within a wavelength range λ0 + W/2 to λ0 − W/2 and
zero otherwise. Explain why, if the optical depth of the cloud in this line
is τc, the luminosity emitted in the line is ∼ Bλ(T )W (for τc > 1) and
∼ τcBλ(T )W (for τc << 1), where Bλ(T ) is the Planck emissivity per
unit wavelength.

A series of N such clouds is arranged along a filament pointing directly
towards the observer, with the most distant cloud being stationary and
each successive cloud having a velocity towards the observer that increases
uniformly from cloud to cloud. Calculate the velocity difference from cloud
to cloud, ∆v, such that the lines from each cloud just do not overlap. What
is the total luminosity in the line (in the limits τc << 1 and τc > 1) in
this case?

Now consider the case of a uniform stationary filament of length L, point-
ing towards the observer, for which the optical depth in this emission line
is τf . The filament is then subject to a uniform shear field, i.e. the veloc-
ity along the filament at a distance z along the filament is zdv/dz. Find
the difference in optical depth between points on the filament from which
the lines just do not overlap. Hence (using the results derived above or
otherwise) show that the line luminosity is nearly independent of dv/dz at
very low and very high dv/dz and varies linearly with dv/dz at interme-
diate values of dv/dz. What is the maximum luminosity of the line and
by what factor does it exceed the line luminosity in the stationary case?
How large must dv/dz be in order to attain this limiting luminosity?
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