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Astrophysical Fluid Dynamics

Example sheet 1

1. Determine the equation of a general streamline of the flow uφ = a, uR = b,
uZ = 0 in cylindrical polar coordinates, and sketch the flow. Include more
than one streamline in your sketches. Repeat for the flow uφ = aR2,
uR = bR2, uZ = 0. If the flows are steady, and the density at a given
radius is independent of φ, find the radial dependence of the density in
both cases.

2. Show that for a steady flow with ∇ . u = 0, the density ρ is constant along
the streamlines. Need ρ be constant throughout the medium?

3. If R = (x, y, 0) and R̂ = R
|R| and a flow velocity is given for R ≥ a by u =

U x̂(1+ a2

R2 )−2Ua2xR−3R̂ (where x̂ = x
|x| ) show that the streamlines obey

U(R − a2

R ) sin φ = constant [where φ = tan−1 y
x ]. Sketch the streamlines

and explain what the flow represents physically. [Hint: consider which
coordinate system is better suited for this problem.]

4. A steady 2D flow is described by ux = 2
x , uy = 1. Find and sketch the

streamlines. Find also a general expression for the surface density of the
flow

∑
(x, y) assuming it can be written as a separable function of x and

y. Radioactive nuclei are introduced in a small patch at (x0, y0) so as to
maintain a fixed concentration there. These nuclei decay such that their
number per unit mass is given by Q = Q0 e

−t where t is the time since
introduction into the flow. Show that the surface density of radioactive
nuclei (i.e. number per unit area) attains a maximum along the radioactive
streakline if x0 is less than a critical value, and determine the coordinates
of this maximum.

5. Use the summation convention to prove:

(a) b∧∇∧b ≡ ∇
(

1
2b .b

)
− b .∇b,

(b) ∇∧ (∇a) ≡ 0,

(c) ∇∧ (ab) ≡ a∇∧b− b∧∇a.
Using the above identities and the curl of the momentum equation, show
that if ∇∧u = 0 everywhere at time t = t0, then it remains so provided
that the pressure is a function of the density only.

6. A static infinite slab of incompressible self-gravitating fluid of density ρ
occupies the region |z| < a. Find the gravitational field everywhere and
the pressure distribution within the slab. [Hint: check the limits when
integrating the pressure gradient.]

1



If a galactic disk is approximated by a uniform density slab with den-
sity 10−18kg m−3 and a = 1018m, determine the velocity of a star at the
midplane if it starts from rest at z = a, and the period of its oscillation.

7. A stellar wind behaves as a steady adiabatic spherical outflow of a perfect
monatomic gas (so γ = cp/cV

= 5/3) from the surface of the star, so
at radius a the density is ρ0, temperature T0, and outflow velocity u0.
If the fluid motions are dominated by the star’s gravitational potential,
determine the temperature as a function of the radius from the star centre.

If the flow velocity u0 at radius a is just the gravitational escape velocity
from that point do pressure effects ever become significant?

8. A particle is released at rest at radius R0 from the centre of a body mass
M . Compute

(a) its initial acceleration

(b) the time it takes to reach the centre of the body

for the two cases

(i) that the body is a point mass

(ii) that the body is a uniform sphere radius R0.

A cluster consists initially of stars at rest, distributed in a uniform sphere.
Find how long it takes a star to reach the centre as a function of its initial
radius in the cluster and comment on your results.

9. (i) If the Earth’s atmosphere can be approximated by a perfect static
gas at constant temperature of 300 K subject to a uniform gravitational
field, find the variation in number density (molecules per cubic metre) with
height above the Earth’s surface. If the number density of molecules at the
Earth’s surface is 3×1025 m−3, estimate the height above the Earth where
the fluid approximation breaks down, and compare it with the height at
which the assumption of constant gravity breaks down.

(ii) The Earth runs in to a cloud which is stationary with respect to
the Sun. Estimate the number density the cloud would have to have in
order that it seriously disturbed the Earth’s atmosphere. [You might take
“seriously disturb” to mean that the ram pressure is comparable with the
atmosphere pressure.]

[Some data possibly relevant to this question: T ∼ 300K, µ ∼ 30, R∗ =
8300Jkg−1, g = 10ms−2, M� = 2× 1030 kg.]

10. Estimate the temperature in the core of the Sun if the Sun is supported
by gas pressure. Assume all quantities vary over a radial scale length of
order the radius of the Sun. Estimate the corresponding temperature if
the Sun is radiation pressure supported. Which is likely to be the case?
[Radiation pressure = 1

3aT
4 where a = 7.6×10−16Jm−3K−4; R� = 7×108

m, M� = 2× 1030 kg.]
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