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Physics of Astrophysics

Example sheet 1

Some examples on distributions

1. (i) An observer wants to measure n(L)dL which is the number of a par-
ticular class of objects per unit volume with intrinsic luminosity in the
range L to L+dL; the intrinsic luminosity can be calculated, for this type
of object, from its spectral features. The observer uses a sample that is
complete down to a certain apparent magnitude (known as a magnitude

limited sample) and makes a census of the number of objects in the sample
in the range L to L + dL, which is N(L)dL.

Show that
n(L) ∝ N(L)L−3/2,

making clear what assumptions you are making.

ii) White dwarfs fade with time as they cool, so that they have a wide
range of intrinsic luminosities. A student measures the number density of
white dwarfs as a function of their distance from the Galactic Centre and
discovers that this value peaks in the solar neighbourhood. Explain the
likely origin of this result and what steps should be taken to correct it.

2. The IMF in a given galaxy is such that the fraction of stars born with
masses between m and m+dm is given by f(m)dm for mmin < m < mmax.
If the star formation rate is constant over the age of the galaxy, T , write
down an expression for the PDMF (Present Day Mass Function) in the
case that tms(mmin) < T , where tms(m) is the main sequence lifetime of
stars of mass m. How will the PDMF of the galaxy change in future if the
star formation rate remains constant?

Explain why the luminosity of a star of mass m is proportional to m/tms(m)
and hence show that the total luminosity in a given mass range in the
PDMF scales with the mass of stars in that mass range in the IMF. Which
end of the stellar mass range dominates the total light in the PDMF in
the case that the IMF is of Salpeter form (f(m) ∝ m−2.35)?

Now consider the case that the star forming life of the galaxy instead
satisfies tms(mmin) > T > tms(mmax). Sketch the PDMF in this case,
explaining any changes in slope. For a galaxy with T = 108 years, what
range of stellar masses dominates the total luminosity of the galaxy?

[You may assume where required that tms(m) = 10Gyr(m/1M⊙)−2.5].

3. The Kuiper belt is a swarm of asteroids 40 A.U. from the Sun. Assuming
that each KBO (=Kuiper Belt Object) radiates as a black body, write
down an expression for how its apparent magnitude depends on its size,
explaining any assumptions you have made.
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If the distribution of KBO sizes is given by dN ∝ R−qdR (with q > 1) for
R > Rmin, show that the cumulative distribution F (m) [i.e. the fraction
of objects with magnitude < m] is given by F (m) = 10m̃ (for m̃ < 0)
where m̃ = (mm − mmin)(1 − q)/5. What is the interpretation of mmin?

Observations shows that F (m) is given by log10F (m) = 0.3m + c with c
constant. Is the total mass contained in the Kuiper Belt dominated by
large or small objects? Use your answer to decide if an observer wanting to
measure the total mass of the Kuiper Belt should make deep observations
of a small area or shallower observations over a larger area.

If 5 KBOs are detected with m < 25, how many are expected with m < 28?

Some questions on timescales/collisions

4. A dust grain of temperature Tgr and size 0.1µm is immersed in gas, num-
ber density 1013 m−3, temperature Tgas = 100K (>> Tgr). Estimate
the relative velocity of gas-grain collisions and explain why gas molecules
change their kinetic energy when they rebound from the grain surface.
Hence derive an expression for the rate of grain heating by gas collisions.
Estimate the grain’s equilibrium temperature if this heating is balanced
by its black body radiative cooling.

What is the ratio of the grain’s thermal timescale to the mean time be-
tween gas-grain collisions (for grain specific heat capacity 840 kJ/kg/K
and density 3000 kg m−3).

Gas is heated at a rate of 0.02 W kg−1 by an external radiation field. If
the total mass of dust is 1% of the mass of gas and if all grains are of size
0.1µm, are collisions with dust a significant coolant of the gas?

How would this answer change if the grains were instead all of size 1µm
(for the same total dust mass)?

5. Write down an approximate expression for the speed, V , of a star orbiting
in a cluster, radius R containing N stars each of mass m. Setting all
dimensionless constants equal to unity, show that the timescale 1 on which
deflections by other stars cause the star’s velocity to change by ∼ V is
equal to kN times the cluster’s crossing time (where k is a constant which
you need not derive) . Assuming k = 0.1, discuss whether you expect
deflections from gravitational scattering to have been significant in the
following cases: a) a globular cluster, age 15 Gyr, mass 105M⊙, R = 3pc,
b) the Orion Nebula Cluster, mass 103M⊙, R = 1pc, age = 1 Myr. [Make
reasonable assumptions about the approximate value of m.]

For a diffusion process in which a system is subject to N ‘kicks’ of varying
magnitude (λi), the mean square value of the total excursion is given by
λ2

tot = ΣN
i=1λ

2
i . By considering the number of collisions in the range of

impact parameter b to b+db or otherwise, construct an integral expression
for the rate of change of ∆V 2, the mean square velocity excursion induced

1Derived in lectures
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in the direction perpendicular to the original motion. Comment on how
your answer depends on the assumed maximum and minimum impact
parameters.

6. The solar system has a diameter of ∼ 20 A.U. and an age of 4.5 × 109

years. The velocity dispersion of stars in the solar neighbourhood is 20
km s−1. Derive an approximate upper limit to the stellar density in the
solar neighbourhood, n∗, stating your assumptions.

An outdated model for the formation of the solar system supposes that the
Sun underwent a grazing collision with another star and that material torn
off in the collision later condensed to form planets. Given n∗, estimate
the timescale between such events. Give an approximate upper limit to
the fraction of stars that would have a planetary system in this model. If
n∗ ∼ 0.1 pc −3 and there are 1011 stars in the Galaxy, how many planetary
systems would this model produce since the formation of the Galaxy?

Some questions on tides

7. Estimate the total energy contained in the equilibrium tide produced by
the Moon on the Earth’s oceans. What is the energy source that is tapped
when tidal power is used as a source of electrical generation? Estimate
the magnitude of this energy source and hence, if the entire energy of the
equilibrium tide was tapped once per day, how long this source would last.

8. Explain why i) the full moon is higher in the sky during winter than in
summer ii) the mid-ocean tidal variation is highest at Spring tide at the
equinoxes iii) a solar eclipse is not observed every month iv) the rising
moon may appear red v) the rising moon may appear very large vi) a
faint full moon may appear in combination with a crescent moon (‘the old
moon in the new moon’s arms’) vii) the time of high tide is later each day.

The orbital plane of the earth moon system is slightly inclined with respect
to the earth-sun plane (the ecliptic) and undergoes slow precession on a
period of ∼ 18 years. It is suggested that this effect can be modeled by
analogy with a rigid gyroscope where the torque on the system is provided
by the Sun. Make a rough order of magnitude estimate of the precession
period in this case and therefore decide whether this is a plausible model.
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