
PtII Astrophysics Lent, 2016
Physics of Astrophysics

Example sheet 3

1. Describe the mechanism for the photodissociation of hydrogen by FUV
radiation. Hydrogen molecules are exposed to a Far Ultra Violet (FUV)
radiation field with energy flux 1.6× 10−6 W m−2 which is dominated by
photons with energy ∼ 12eV. Use the data below to estimate the time
required for a unscreened hydrogen molecule to be photodissociated by
this field. What fraction of the incident energy is not used for photodis-
sociation? Where does this energy go?

[The ground electronic state of molecular hydrogen and the first excited
state are separated by 12 eV. For the electronic ground state, the rovi-
brational continuum is 2 eV above the rovibrational ground state. The
probability of photodissociation following radiative de-excitation from the
first excited electronic level is 10 %. The cross section for the electronic
excitation of molecular hydrogen is 5 × 10−23 m2.]

2. The flux from a star at wavelength λ located at distance r from an observer
is given by

Fλ = Fλ0

(r0

r

)2

exp
(

−kλr
)

where Fλ0
and r0 are constants and kλ is a constant that depends on λ,

the density of the ISM and the optical properties of the dust grains.

Show that the apparent magnitude of the star (mλext
) relates to its ap-

parent magnitude without interstellar extinction via an expression of the
form:

mλext
= mλno ext

+ Aλ

How does Aλ depend on a) the luminosity and b) the distance to the star?

Derive a similar expression for the observed colour of the star at wave-
lengths λ1 and λ2 (mλ1ext

− mλ2ext
) and its colour without extinction.

The ratio of Aλ in the J, H and K wavebands for stars at a fixed distance
is given by AJ : AH : AK = 6 : 4 : 3. Sketch a ‘two colour’ diagram
with J − H , H − K on the x and y axes (where J = mj etc.), showing
‘reddening vectors’ (i.e. the lines along which sources are displaced due to
interstellar extinction). What is the gradient of the reddening vector?

A star’s apparent magnitudes are mH = 10, mK = 9.2 and mJ = 11.7.
The intrinsic colours of main sequence stars lie along the locus
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J − H = 0.6 + 0.5 × (H − K)

What is the star’s intrinsic colour?

The relationships between stellar mass, H band luminosity and H-K colour
for low mass main sequence stars are given by:

L|H = L⊙|H

(

M

M⊙

)3.5

and

H − K = 0.33

(

M

0.2M⊙

)−0.5

Use this information to find the star’s mass, luminosity and distance.

[Assume that the absolute magnitude of the Sun in H band is 3.32 and that
a star’s absolute magnitude equals its apparent magnitude at a distance
of 10 pc.]

3. Explain what is meant by the term ‘thermalised’ as applied to a) gas
particles b) photons. In what situations do each of these systems approach
a thermalised state?

Consider a monochromatic radiation source with frequency ν0 interacting
with a population of electrons with Lorentz factor γ. By analogy with
the collisional properties of non-relativistic particles or otherwise, derive
an approximate upper limit on γ (γmax) such that the photons undergo
approximately elastic scattering with the electrons in the rest frame of the
electrons. What is the ratio of the energy of the scattered photons in the
lab. frame to the kinetic energy of the electron if γ < γmax? Comment
on your answer.

Consider the case where this monochromatic photon source undergoes
inverse Compton scattering from a population of relativistic electrons with
a power law energy distribution, i.e. where the number of electrons with
Lorentz factors in the range γ to γ + dγ is ∝ γ−qdγ for γ in the range
1 to infinity. What is the power law slope of the resulting Comptonised
spectrum?

4. The photospheric temperature of an optically thick accretion disc varies
with radius as T ∝ R−3/4. Explain why you expect the spectrum of the
radiation produced by each annulus to be of black body form.

Write down an integral expression for the flux of radiation in the frequency
range ν to ν + dν that is produced by the entire disc from radius Rin to
Rout. Explain how this expression can be used to explain the form of the
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spectrum shown in Handout 5, specifically the limiting forms at high and
low frequency and the spectral slope at intermediate frequencies.

5. Consider a thin uniform ring of radius R to R + dR for which the photo-
spheric temperature is T (R). An absorption line formed in the atmosphere
of the ring absorbs a fixed fraction of the black body continuum flux emit-
ted at frequency ν0 where hν0/kT (R) << 1. If the width of the line is
set by thermal broadening, show that the total luminosity absorbed in the
line scales with T (R)1.5R dR g(ν0) for some function g.

The ring orbits a star of mass M and is observed nearly edge-on. What
is the range of Doppler shifted absorption frequencies for an element of
the ring with azimuth in the range φ to φ + dφ (where φ is the angle
between the local radius vector and the line of sight to the observer)?
Hence calculate f(∆ν), the fraction of the total luminosity absorbed in
the line that occurs in the range of frequencies ν0 +∆ν to ν0 +∆ν + d∆ν.
Show that this line shape function f(∆ν) can be expressed in the form

f(∆ν) = K(R)
(

1 − AR∆ν2
)−1/2

where A is a constant that you need not evaluate and K is a normalisation
factor (such that

∫

f(∆ν)d∆ν = 1) for which it is only necessary that you
derive its dependence on R. Sketch the form of f(∆ν).
∗ The shape of the line profile F (∆ν) produced by the entire disc extending
from Rin to Rout can be obtained by summing the product of the luminos-
ity absorbed in the line and the line shape function from all annuli in the
disc. Show that the line profile cuts off at ∆ν|max = (GM/Rin)0.5)ν0/c.
Construct an appropriate integral over R in the case that the temperature
profile in the disc is T (R) = Tin(R/Rin)−q. Transform this integral ex-
pression over R into an equivalent expression using the variable y = ∆ν2R.
Sketch the form of F (∆ν) and show that in the line wings (i.e. as ∆ν ap-
proaches ∆ν|max) F (∆ν) scales as ∆ν3q−5.

6. A stationary cloud of temperature T emits a line centred at wavelength
λ0 and for the purpose of this question you may assume that the line
profile is uniform within a wavelength range λ0 + W/2 to λ0 − W/2 and
zero otherwise. Explain why, if the optical depth of the cloud in this line
is τc, the luminosity emitted in the line is ∼ Bλ(T )W (for τc > 1) and
∼ τcBλ(T )W (for τc << 1), where Bλ(T ) is the Planck emissivity per
unit wavelength.

A series of N such clouds is arranged along a filament pointing directly
towards the observer, with the most distant cloud being stationary and
each successive cloud having a velocity towards the observer that increases
uniformly from cloud to cloud. Calculate the velocity difference from cloud
to cloud, ∆v, such that the lines from each cloud just do not overlap. What
is the total luminosity in the line (in the limits τc << 1 and τc > 1) in
this case?
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Now consider the case of a uniform stationary filament of length L, point-
ing towards the observer, for which the optical depth in this emission line
is τf . The filament is then subject to a uniform shear field, i.e. the veloc-
ity along the filament at a distance z along the filament is zdv/dz. Find
the difference in optical depth between points on the filament from which
the lines just do not overlap. Hence (using the results derived above or
otherwise) show that the line luminosity is nearly independent of dv/dz at
very low and very high dv/dz and varies linearly with dv/dz at interme-
diate values of dv/dz. What is the maximum luminosity of the line and
by what factor does it exceed the line luminosity in the stationary case?
How large must dv/dz be in order to attain this limiting luminosity?

7. A volume of gas is exposed to an X-ray flux F (in W m−2). The gas
is heated by the X-rays and cooled by collisionally excited line emission
and is optically thin to both the incident and emitted radiation. Consider
the dependence of the heating and cooling rates on number density n and
hence explain why the condition of thermal equilibrium can be expressed
in the form ξ(T ) = F/n where ξ is a function of temperature T (known
as the ionisation parameter) which you do not need to evaluate.

A protoplanetary disc is irradiated by X-rays (luminosity LX) from a star
of mass M . At each radius in the disc, r, gas flows vertically from the disc
surface at the local sound speed (cs) provided that the local temperature
satisfies the condition c2

s = GM/2r. Write down an expression for the
number density at the base of the wind and hence show that the total
mass loss rate from both surfaces of the disc can be written as:

Ṁ = (0.5GM)0.5LXmH

∫

r−1.5(ξ(T (r))−1dr

where mH is the mass of a hydrogen atom.

Show that if T can be parameterised as being a power law function of
ξ (T ∝ ξa) then this integral is dominated by large (small) radii for a
respectively < (>)2.

The plot of log10(ξ) (x axis) against log10(T ) (y axis) is concave downwards
and has a gradient of 2 in the region of the plot around x = −14, y = 3.
Use the results derived above to provide a very rough estimate of the mass
loss rate from the disc in the case that LX = 1023W.
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