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1. Estimate the ratio of the angular momentum contained in i) the Earth’s
spin and ii) the Moon’s spin to the orbital angular momentum of the
Earth-Moon system. [Try to estimate these using only the fact that the
Moon’s mass is ∼ 1/81 times the mass of the Earth plus information given
in the formula sheet along with widely known quantities.] Hence provide a
rough estimate for the length of a day/month when the system ultimately
becomes fully synchronous.

Evaluate the above ratios now in the case of the spin and orbital energies

of the Earth-Moon system. Hence determine whether the bulk of the
Earth’s present spin energy will be dissipated or used to lift the Moon in
its orbit.

2. The Earth’s tidal bulges are displaced by an angle δ with respect to the
Earth-Moon separation vector. Show that the spin-down torque that the
Moon exerts on the Earth is equal to fGM2
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mensionless constant that you need not evaluate and where the subscripts
e, m and em refer to the Earth, Moon and Earth-Moon separation respec-
tively.

Assuming that the Moon and Earth are of similar density and that δ is
similar for the Moon and the Earth, show that
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where τ is the spin-down time for fixed angular velocity. Comment on
your answer in terms of the current state of the Earth-Moon system.

3. An X-ray binary consists of a star of mass 0.2M⊙ orbiting a neutron star,
mass 1.4M⊙. If the secondary (radius 0.2R⊙) fills its Roche lobe, what is
the separation and period of the binary?

The secondary over-flows its Roche lobe via the L1 point and a stream of
material falls towards the neutron star. Estimate the distance from the
neutron star at which the stream will settle into a circular orbit. Explain
why dissipative effects cause material orbiting at this radius to spread
radially into an accretion disc. What limits the outer radius of this disc?

The stream creates a hot spot where it impacts the disc outer rim. Sketch
a plan view of the system and explain any variations in the total light
from the system as seen by an observer viewing the system edge-on.

If the mass flow rate is 1013 kg s−1, the disc outer radius is 2 × 108 m
and its height 2× 106 m, estimate the black-body temperature of the hot
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spot if it extends over 10 degrees of the disc rim. In what region of the
electromagnetic system would the bulk of its emission emerge?

4. A star orbiting at radius r within a cluster with velocity dispersion v will
pass within a distance rt of a black hole (mass M) located at the centre
of the cluster if its velocity vector lies within an angle θ of the local radius
vector. Assuming that the star is on a nearly parabolic orbit with respect
to the hole, use angular momentum conservation to derive an expression
for θ in terms of the variables given above.

Derive (in the case that the number density of stars at radius r is n) the
time required for two-body relaxation to perturb an orbit through an angle
θ. Hence find a relationship between the variables of the problem which
must be satisfied if this timescale is equal to the dynamical time (r/v).

Denoting the radius at which this relation is satisfied as rcrit, explain why
it is possible to write down a simple expression for the rate of stars passing
within rt only by considering conditions at rcrit .

Find the value of rcrit and the rate at which stars pass within rt (now
assumed to be the radius for tidal disruption of a solar type star by the
black hole) for a system with the following parameters: black hole mass
Mh = 106M⊙, nuclear star cluster with stellar number density profile
n = n0(r/r0)

−2 where n0 = 106 pc−3 and r0 = 10pc. [You may assume
that all stars are of solar mass and radius].

How many such systems should be surveyed over a 10 year period in order
to have a significant chance of observing a tidal disruption event?

5. It is suggested that stars from in small clusters containing N stars and
that dynamical interactions between the cluster members result in the
formation of a single binary composed of the two most massive stars while
the remaining stars are ejected from the cluster as single stars. Explain
energetically how this can occur.

Show that if the stars’ masses are selected randomly from an IMF in which
the fraction of stars with masses between m and m + dm is f(m)dm, the
fraction of stars of mass M which are binary primaries is given by:

p(M) =

[
∫ M

0

f(m)dm

]N−1

Show also that the fraction of stars of mass M that have a (less massive)
companion in the mass range m to m + dm is FM (m)dm where

FM = (N − 1)

[
∫

m

0

f(m′)dm′

]N−2

f(m)

Show how one could use observational data on binary systems to test this
theory of binary formation even if one did not know the form of the IMF
a priori.
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6. A star of mass 5M⊙ is observed to be receding from a star cluster (distance
500 pc) at a rate of 20 milliarcseconds per year in the plane of the sky.
Estimate the speed of the star’s ejection form the cluster. Is this an upper
limit or a lower limit? What observations could you make to improve this
estimate?

It is suggested that this star was ejected because it was previously in a
close binary with a star that underwent a supernova explosion, losing most
of its mass and only leaving behind a neutron star of mass 1.4M⊙. If the
supernova progenitor was of mass 20M⊙ estimate the separation of the
binary.

If the ejected star is currently at an angular separation of one arc minute
from the cluster, where would you look for the neutron star?

7. A cluster contains a neutron star (mass mns) and a population of stars
of mass m and radius r, velocity dispersion v and number density n. At
what distance of closest approach to the neutron star must a star approach
in order that it becomes bound to the neutron star as a result of tidal
dissipation in its envelope? What is the corresponding impact parameter
for encounters that result in capture of a star into a bound orbit?

Hence estimate the probability that a neutron star is able to capture a
companion within 1010 years if it is located in a cluster of density 104 pc−3,
velocity dispersionn 10 km s−1 and where stars are typically of mass M⊙

and radius R⊙.

8. A binary star consisting of two solar mass stars separated by 1 A.U. passes
on a parabolic orbit within a radius rmin of a black hole of mass 106M⊙.
Determine rmin if the binary is just tidally disrupted at radius rmin. Ex-
plain why one of the binary members is captured by the black hole while
the other is ejected on an unbound orbit. By assuming that tidal effects
introduce a velocity separation of order the escape velocity for the binary,
estimate the speed of the star’s ejection. If it is ejected towards the ob-
server what is is the expected shift in wavelength of a stellar spectral line
of wavelength 4861 A? Do you expect the star to be retained within the
Galaxy?

What is the maximum mass of a black hole that can tidally destroy such
a binary instead of swallowing it whole?
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