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ABSTRACT

π Men hosts a transiting super Earth (P ≈ 6.27 d, m ≈ 4.82 M⊕, R ≈ 2.04 R⊕)
discovered by TESS and a cold Jupiter (P ≈ 2093 d, m sin I ≈ 10.02 MJup, e ≈ 0.64)
discovered from radial velocity. We use Gaia DR2 and Hipparcos astrometry to derive
the star’s velocity caused by the orbiting planets and constrain the cold Jupiter’s sky-
projected inclination (Ib = 41 − 65◦). From this we derive the mutual inclination (∆I)
between the two planets, and find that 49◦ < ∆I < 131◦ (1σ), and 28◦ < ∆I < 152◦
(2σ). We examine the dynamics of the system using N-body simulations, and find
that potentially large oscillations in the super Earth’s eccentricity and inclination are
suppressed by General Relativistic precession. However, nodal precession of the inner
orbit around the invariable plane causes the super Earth to only transit between 7-22
per cent of the time, and to usually be observed as misaligned with the stellar spin axis.
We repeat our analysis for HAT-P-11, finding a large ∆I between its close-in Neptune
and cold Jupiter and similar dynamics. π Men and HAT-P-11 are prime examples
of systems where dynamically hot outer planets excite their inner planets, with the
effects of increasing planet eccentricities, planet-star misalignments, and potentially
reducing the transit multiplicity. Formation of such systems likely involves scattering
between multiple giant planets or misaligned protoplanetary discs. Future imaging of
the faint debris disc in π Men and precise constraints on the stellar spin orientation
would provide strong tests for these formation scenarios.

Key words: planets and satellites: dynamical evolution and stability – astrometry

1 INTRODUCTION

Although important for understanding planetary dynamics
and evolution, the mutual inclination (∆I) between neigh-
bouring exoplanets has been one of the more difficult orbital
parameters to measure. The transit and radial velocity tech-
niques do not naturally yield all the information necessary
for measuring ∆I, namely the sky-projected inclinations and
positions of ascending nodes of the orbits. Therefore, most
measurements of ∆I have relied on either statistical argu-
ments, or exceptional cases.

On the statistical side, constraints on ∆I have been
made by analysing the transit duration ratios of adjacent
planets in Kepler systems (Fabrycky et al. 2014), in which
case ∆I is found to be in the range of 1−2◦, except in systems
with ultra-short period planets, in which case ∆I & 7◦ (Dai
et al. 2018). On the other hand, there is indirect evidence of
a preference for ∆I ≈ 40◦ in systems with one warm Jupiter
(0.1 < a < 1 au) and one cold Jupiter (a > 1 au), based on
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the tendency for their periastra to be misaligned by ∼ 90◦
(Dawson & Chiang 2014).

In systems with strongly interacting planets, direct con-
straints on ∆I have been obtained from periodic variations
in the transit times or transit durations of planets (e.g.
Nesvorný et al. 2012; Sanchis-Ojeda et al. 2012; Mills & Fab-
rycky 2017), where ∆I is usually found to be . 10◦, with the
exception of Kepler-108, which has two Saturn-mass planets
inclined by 16 − 35◦. A rare case of a planet-planet tran-
sit in Kepler-89 has also been used to directly measure ∆I,
which is found to be ∼ 1◦ between the two eclipsing planets
(Hirano et al. 2012). More directly, McArthur et al. (2010)
combined RV with astrometric monitoring of the host star
to find ∆I ≈ 30◦ between two giant planets in the ups And
system.

Almost all previous measurements on ∆I were made be-
tween planets of similar masses. It is also important to deter-
mine the mutual inclinations between planets with different
masses and even different classes, the two most abundant of
which are super Earths and cold Jupiters. Broadly speaking,
super Earths (SEs) are defined as planets with 1− 4 R⊕, or-
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2 Xuan & Wyatt

biting with periods less than 1 yr, but typically on the order
of tens of days–the classic Kepler planet. Cold Jupiters (CJs)
are gas giant planets with periods longer than 1 yr, typically
discovered with RV. The typical mass ratio between SEs and
CJs is . 1 per cent, and these systems are hierarchical (i.e.
aout � ain).

Interestingly, both Zhu & Wu (2018) and Bryan et al.
(2019) found that SEs and CJs are statistically common
around each other, with SEs accompanied by CJs around
30 − 40 per cent of the time, and CJs accompanied by SEs
almost all the time. It is unclear why such a correlation ex-
ists. Indeed, the strong correlation directly contradicts cer-
tain formation theories which postulate that outer CJs act as
barriers to forming SEs by reducing pebble flux (Ormel et al.
2017) or hindering inward migration of SEs that originally
formed farther out (Izidoro et al. 2015). In order to study
the dynamics in SE+CJ systems and shed light on their for-
mation processes, it is necessary to have a complete picture
of their 3D orbital architectures. In particular, knowledge
of ∆I between the SE and CJ orbits would provide crucial
constraints on the dynamics.

Toward this effort, Masuda et al. (2020) used a sample
of three Kepler systems with transiting SEs and transiting

CJs to statistically derive a 1σ interval of 11.8◦+12.7◦
−5.5◦ for the

mutual inclination distribution between inner SEs and outer
CJs in the Kepler sample. Rather than direct measurements,
their analysis was based on geometric arguments about the
average transit probability of CJs in the entire sample of Ke-
pler systems that host SEs. As such, no direct measurements
exist for individual SE+CJ systems, precluding a more de-
tailed examination of the dynamics.

In this paper, we perform a direct measurement of mu-
tual inclination for the SE+CJ system π Men, which hosts
a transiting SE (P ≈ 6.27 d, m ≈ 4.82 M⊕, R ≈ 2.04 R⊕)
discovered by TESS (Huang et al. 2018), and an eccentric
outer CJ (P ≈ 2093 d, m sin I ≈ 10.02 MJup. e ≈ 0.64) discov-
ered with RV (Jones et al. 2002). In π Men, the inclination is
measured for the transiting SE (Huang et al. 2018). To con-
strain the inclination and ascending node of the outer CJ,
we analyse proper motion data from a combination of Gaia
DR2 (Gaia Collaboration et al. 2016, 2018) and Hipparcos
astrometry (Perryman et al. 1997; van Leeuwen 2007) and
perform a joint fit of the astrometric and RV data. Despite
the unknown ascending node of the SE, we are able to derive
a relatively strong constraint on the mutual inclination. In
the end, we find that ≈ 85 per cent of the possible ∆I are
between 39.2 − 140.8◦, which is the regime where large am-
plitude oscillations in eccentricity and inclination can take
place (Kozai 1962; Lidov 1962). This motivates us to care-
fully examine the dynamics at play in π Men using both
analytic considerations and N-body simulations.

The technique of combining Gaia DR2 and Hipparcos
was first described in Brandt (2018) and Kervella et al.
(2019), and has been successfully applied to brown dwarf
companions (Brandt et al. 2019a,b; Dupuy et al. 2019), a
nearby CJ orbting ε Indi A (Feng et al. 2019), and the planet
candidate Proxima Centauri c (Kervella et al. 2020). Using
the example of π Men, we show that this technique can be
applied to similar planetary systems with a large astrometric
signal in order to unveil the dynamics at play. Indeed, we also
apply our method to HAT-P-11, and confirm the postulation

in Yee et al. (2018) that the two planets in HAT-P-11 might
have ∆I & 50◦, although the astrometric data for HAT-P-11
is less significant than that for π Men. HAT-P-11 is a hi-
erarchical system with an inner Neptune and an outer CJ.
Although it does not perfectly fit the SE+CJ framework, it
is a similar dynamical system to π Men, allowing us to draw
comparisons between the two systems. As new TESS plan-
ets are discovered, and RV follow-ups of Kepler and TESS
planets continue, more systems like π Men can be studied in
such a way.

This paper is structured as follows. In §2, we explain
how astrometric differences between Gaia DR2 and Hippar-
cos can be used as tangential velocities and combined with
radial velocity data to constrain orbits. We then present sim-
ple and detailed orbit fits for a brown dwarf validation tar-
get, π Men, and HAT-P-11 in §3, and derive a distribution of
the mutual inclination between π Men b and c, which we find
to be large. A similarly large mutual inclination is also found
between HAT-P-11 b and c. In §4, we summarise the secu-
lar dynamics relevant in π Men and HAT-P-11. Numerical
simulations are used §5 to thoroughly examine the dynamics
in π Men. Based on the simulations, we demonstrate in §6
that nodal precession of the inner orbit has interesting ef-
fects on the long-term transit probability of π Men c and its
alignment relative to the stellar spin axis. We generalise our
findings with previous results for HAT-P-11, which exhibits
similar dynamical effects as π Men. In §7, we discuss the
implications of our findings for the formation and evolution
of these systems. Finally, we conclude in §8.

2 THE THREE-COMPONENT STELLAR
VELOCITY

2.1 Equations of motion

Consider a two-body system composed of a star of mass
M? and a planet (or companion) of mass m. In the orbital
plane, the relative position between the planet and the star
is defined by the orbital elements a, e, and f , where a is
the semi-major axis, e is the eccentricity, and f is the true
anomaly.

In our astrometric and RV measurements, we observe
the motion of the star around the barycentre. The orbital
distance between the star and the barycentre is given by

r? =
(

m
M? + m

)
a(1 − e2)

1 + e cos f
. (1)

We define the stellar orbit in Cartesian coordinates (x, y, z)
centred at the barycentre as follows: x points toward the
pericentre of the orbit, y lies in the orbital plane perpendic-
ular to x, and z points along the direction of angular mo-
mentum to complete the right-handed triad. The position
vector for the star in the orbital plane is then given by

x? = r? cos f ,

y? = r? sin f ,

z? = 0.
(2)

For the observer, we define a sky-plane coordinate system
(X,Y, Z) also centred at the barycentre, with X pointing in
the direction of declination (δ), Y pointing in the direction
of right-ascension (α), and Z pointing toward the observer to
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Mutual inclination between π Men b and c 3

complete the right-handed triad. We stress that this is dif-
ferent from the radial velocity convention, where +Z points
away from the observer (e.g. in Fulton et al. 2018). We adopt
our coordinate system in order to be consistent with the as-
trometry convention that +X = δ and +Y = α (e.g. in Feng
et al. 2019; Pearce et al. 2020). Transforming x?, y?, and z?
into the sky plane involves three rotations about the orbital
plane through the angles I, ω?, and Ω. Here, I is the incli-
nation of the orbit with respect to the reference frame, Ω is
the longitude of ascending node, and ω? is the argument of
periastron of the star.

Due to the differing notations in the literature, we wish
to specify our definitions for the angles and directions. First,
we refer to the stellar orbit, and use ω? instead of ωp; the
two angles are out of phase by π, and it is not always clear
which is being quoted in the literature. The remaining an-
gles I, Ω, and f are identical for both star and companion.
The inclination (I) is defined as the angle between the an-
gular momentum vector of the orbit and the +Z axis. The
ascending node refers to the node where the object moves in
the +Z direction, and the longitude of the ascending node
(Ω) is measured eastward from the reference direction (+X
or δ) to the ascending node. Finally, ω? is measured from
the ascending node to the stellar periastron, in the direction
of the orbit.

With these definitions in mind, we apply the coordinate
rotations to Eq. 2, and get the stellar position vector in the
sky plane (see e.g. Murray & Dermott 2000)

X? = r?[cosΩ cos(ω? + f ) − sinΩ sin(ω? + f ) cos I],
Y? = r?[sinΩ cos(ω? + f ) + cosΩ sin(ω? + f ) cos I],
Z? = r?[sin(ω? + f ) sin I].

(3)

We can differentiate these positions with respect to the true
anomaly f to obtain the orbital velocities of the star in the
sky plane. We denote the stellar orbital velocity v. Moving
forward, we omit the subscript ? on the velocities as we only
consider the stellar orbit. After differentiating, we get

vX = A [−e cosΩ sinω? − e sinΩ cos I cosω?
− cosΩ sin(ω? + f ) − sinΩ cos I cos(ω? + f )],

vY = A [−e sinΩ sinω? + e cosΩ cos I cosω?
− sinΩ sin(ω? + f ) + cosΩ cos I cos(ω? + f )],

vZ = A sin I [cos(ω? + f ) + e cosω?],

A =
(

m
M? + m

)
na

√
1 − e2

,

(4)

where we define a tangential velocity amplitude A for clarity,
and n is the mean motion (n = 2π/P), P being the orbital
period. Note that A sin I is equal to the more familiar radial
velocity amplitude, K, which is the leading constant of vZ .

In addition to the orbital motion, the star has an addi-
tional velocity due to motion of the barycentre in the galaxy.
We term this velocity the systemic velocity u, which has
three components. We denote the two tangential compo-
nents as uδ and uα, and the radial component as uRV . We
assume u to be linear over the short time scales of observa-
tions. At any given time, the systemic velocity u is added
to the orbital velocity v. Therefore, the full stellar velocity,

denoted µ, is given by

µX = uδ + vX,

µY = uα + vY,

µZ = uRV + vZ .
(5)

With an observation of periodic trends in the radial veloc-
ity, the third component of Eq. 5 can be used to constrain
the orbital parameters m sin I, a, e, P, Tp, and ω?, where
m sin I is the minimum companion mass and Tp is the time
of periastron passage. In addition, uRV can be measured.
Therefore, if RV data are present, there are four unknowns
left in Eq. 4, namely uδ , uα, Ω, and I (given which m can
be determined). Given data for the tangential orbital veloc-
ities vX and vY , and knowledge of uδ and uα, we can solve
Eq. 5 at a given f (i.e. a given time). The true anomaly, f ,
can be calculated at the time of interest (t) with the orbital
elements e, Tp, and P.

Throughout this paper, we assume a two-body system
for our equations of motion. π Men is a three-body system,
but the stellar orbital velocity (Eq. 4) is predominantly in-
duced by the outer giant planet, since the velocity amplitude
A scales as ma−1/2 (given m � M?). The ratio of velocity
amplitudes between the inner and outer planets in π Men is
≈ 0.01. For HAT-P-11, the ratio of amplitudes is ≈ 0.4 be-
tween the inner Neptune and outer giant. However, due to
the short orbital period of the inner planet, we can assume
that its contribution to the tangential signal is averaged to
zero, as explained in §2.2.1 (the same also applies to π Men).

Using equations in this section, we can use observational
data for tangential and radial velocities of the star to derive
the full set of orbital elements, and thereby constrain the 3D
orbital architecture of planetary systems.

2.2 Tangential velocity data: Gaia-Hipparcos proper
motion anomalies

Our data for the tangential velocities come from the cross-
calibration and comparison of the Gaia DR2 and Hipparcos
catalogues, taking advantage of the long baseline between
the two missions (≈ 24.25 yr). Specifically, Brandt (2018)
and Kervella et al. (2019) (hereafter B18 and K19) have
created astrometric catalogues where proper motions and
astrometric positions can be directly compared between the
missions. In essence, by combining Gaia DR2 and Hipparcos
astrometry, one can get three velocity vectors

• Hipparcos proper motions near the epoch 1991.25, µH
• Gaia DR2 proper motions near the epoch 2015.5, µG
• The Hipparcos-Gaia ‘mean motion vector’ computed

from the difference between astrometric positions at the two
epochs divided by the time span of 24.25 years, µHG

These vectors are in units of mas yr−1. We follow
the nomenclature of K19 in defining the ‘proper motion
anomaly’ (abbreviated PMa, symbolised ∆µ) as the differ-
ence between the proper motions and the mean motion vec-
tor. See fig. 1 in K19 for a schematic illustration of the
method. From the two epochs G (Gaia DR2) and H (Hip-
parcos), we get two measurements of the PMa

∆µG = µG − µHG,

∆µH = µH − µHG .
(6)

MNRAS 000, 1–24 (2020)



4 Xuan & Wyatt

In reality, Gaia and Hipparcos measure positions of stars
over a number of epochs, which are known as transit times.
From the positions as functions of time, the astrometric mea-
surements are extracted. Due to the coupling of the parallax
motion, the intrinsic stellar motion, the reflex motion from
a companion, and other systematic effects in Gaia and Hip-
parcos, the identification of the PMa with orbital motion is
a complex task in the position space. Therefore, we chose
to tackle the problem in a forward-modelling manner using
velocities.

To use PMa data as tangential velocities, however, we
must take into account two important systematic correc-
tions: the proper motions µG and µH are not instantaneous
velocities, but are rather averaged over the orbital arcs dur-
ing the Gaia DR2 and Hipparcos observation windows; the
vector µHG will contain contributions from orbital motion
as the star is generally at different orbital phases at the two
epochs. We explain these corrections in the following two
subsections.

2.2.1 Correction I: Observing window averaging

To understand the observing window averaging effect, we
must rethink what is meant by the Gaia DR2 ‘epoch’ or
Hipparcos ‘epoch’. In B18, a single ‘characteristic’ epoch
is used for both Gaia DR2 and Hipparcos proper motions,
and is chosen as the epoch with minimum positional uncer-
tainty. This is more accurate than simply using 2015.5 for
Gaia DR2, and 1991.25 for Hipparcos, but it is only a good
approximation for objects with orbital periods significantly
longer than the Gaia DR2 or Hipparcos observing periods,
which is about 1227 d for Hipparcos (Perryman et al. 1997)
and 668 d for Gaia DR2 (Gaia Collaboration et al. 2018).
Because the proper motions are in effect averaged over the
data collection period, objects with orbital periods compa-
rable to or shorter than the 668 d or 1227 d time scales will
be subject to a smearing effect over the observing window.
In an extreme case, if the orbital period is exactly 668 d,
the velocities from Gaia would cancel out completely, and
the PMa signal would be zero. However, even targets with
longer periods will suffer some amount of smearing, and this
is quantified in a statistical sense in fig 2. of K19.

For the inner planets in π Men and HAT-P-11, P is
≈ 5 − 6 days, so their contribution to the measured PMa is
negligible, justifying our assumption of two-body systems.
On the other hand, P ≈ 6 yr for π Men b, and P ≈ 9 yr
for HAT-P-11 c, so orbital smearing is non-negligible for the
outer planets whose orbits we wish to fit. Therefore, instead
of using a single epoch, we compute the tangential veloc-
ities at every individual observation time within the Gaia
DR2 and Hipparcos observing periods, and then average over
them to mimic the smearing effect. Therefore, in two com-
ponents, the proper motion vector at the Gaia DR2 epoch
is

µG,δ = uδ + vG,X,

µG,α = uα + vG,Y,
(7)

where u is the systemic velocity, and vG is the averaged
orbital velocity over the Gaia DR2 observing window for the
target. Similar equations are true for the Hipparcos epoch.

To compute vG and vH , we extract individual Gaia DR2

and Hipparcos transit times for our targets. The Gaia tran-
sit times can be found from the Gaia Observation Forecast
Tool,1 and the Hipparcos times can be found from the Hip-
parcos Epoch Photometry Annex (van Leeuwen et al. 1997).
Assuming these transit times are all science observations, we
compute expected orbital velocities for a given assumed or-
bit (vX , vY ) at each Gaia or Hipparcos transit time using
Eq. 4. Because Gaia DR2 and Hipparcos do not observe tar-
gets over uniform intervals, we remove observations taken
within 1 day of each other to avoid giving certain epochs
uneven weights. Then, we average the remaining velocities
to get vG and vH .

2.2.2 Correction II: Orbital phase difference

The star is generally at different orbital positions during the
Gaia and Hipparcos epochs, and this difference adds an ar-
tificial velocity component in the mean motion vector µHG .
To account for this effect, we model the offset velocity cre-
ated by the difference in the star’s orbital positions. Specifi-
cally, we compute the X and Y orbital positions at each Gaia
DR2 and Hipparcos transit time with Eq. 3 (omitting obser-
vations within 1 day of each other, as in §2.2.1). We then
average these positions, and obtain a mean orbital position
at the Gaia epoch (XG), and a mean orbital position at the
Hipparcos epoch (XH ). These positions are defined relative
to the barycentre. The corresponding correction term is the
difference between XG and XH , divided by the time baseline
between them, ∆tHG , which is taken to be 24.25 yr. This
correction appears in the mean motion vector µHG . For in-
stance, at the Gaia DR2 epoch, we have

µHG,δ = uδ +
XG − XH

∆tHG
,

µHG,α = uα +
YG − YH
∆tHG

.

(8)

To first order, if the orbital phase difference is small, the
mean motion vector µHG reduces to the systemic velocity
u. The phase difference is generally larger for objects with
P > 24.25 yr. Note that since the amplitude of the position
vectors X and Y are proportional to ma (see Eq. 3), contribu-
tions from the inner planets to the offset factor are negligible
in both π Men and HAT-P-11.

2.2.3 Final model of PMa

Combining Eq. 7 and Eq. 8, we can rewrite the PMa via
Eq. 6. At the Gaia epoch, the two-component PMa is given
by

∆µG,δ = vG,X −
XG − XH

∆tHG
,

∆µG,α = vG,Y −
YG − YH
∆tHG

.

(9)

Similar equations are true at the Hipparcos epoch. The sys-
temic velocity u is assumed to be linear, and is therefore can-
celled out in the subtraction. A significant PMa is indicative
of orbital motion caused by one or more companions. The

1 https://gaia.esac.esa.int/gost/
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Mutual inclination between π Men b and c 5

Table 1. Proper motion anomalies in declination and right as-
cension for π Men, the validation target HD 4747, and HAT-P-11

from B18. The ∆µα components have the cos δ factor included.

σ[∆µ] represent the uncertainties. We assume that the uncertain-
ties on the proper motions and µHG are independent and add

them in quadrature to calculate these uncertainties.

Name Data ∆µδ σ[∆µδ ] ∆µα σ[∆µα] S/N

epoch mas yr−1 mas yr−1

π Men Gaia -0.739 0.263 0.591 0.246 3.7

π Men Hip 0.404 0.445 0.884 0.398 2.4
HD 4747 Gaia -1.714 0.588 3.066 0.552 6.3

HD 4747 Hip -5.118 0.588 1.316 0.737 8.8
HAT-P-11 Gaia 0.056 0.091 -0.250 0.084 3.0

HAT-P-11 Hip -1.581 0.853 0.331 0.905 1.9

right-hand side of Eq. 9 represents the model that we fit to
the observed PMa data on the left-hand side of Eq. 9. Our
model is a function of the orbital elements, as well as the pri-
mary mass and the parallax. The observed data, taken from
B18, are given in Table 1. The ∆µα components have the
cos δ factor included. When combined with a radial velocity
measurement, we can solve for all the orbital elements.

Several recent studies have carried out orbit fits with
such data. K19 used their catalogue to recover many known
companions, and place constraints (in terms of mass and
semi-major axis, which are degenerate in the amplitude
A, see Eq. 4) on new candidate companions. Furthermore,
proper motion anomalies have been modelled in combina-
tion with radial velocity and relative astrometry data from
imaging to measure dynamical masses of known companions
(Dupuy et al. 2019; Brandt et al. 2019a,b). Independently,
Feng et al. (2019) combined RV data with PMa data to
boost the detection significance of a newly discovered CJ
around ε Indi A. Using measured orbital parameters from
RV, Kervella et al. (2020) placed a rough constraint on the
inclination of the planet candidate Proxima Centauri c.

We briefly compare the catalogues from B18 and K19.
Both take into account the projection effect of the stellar
trajectory using the radial velocity and parallax, which is
important for nearby stars like π Men (≈ 18.3 pc). Unlike
K19, however, B18 uses a mixture of the two Hipparcos re-
ductions, and shows this is statistically preferred compared
to a single Hipparcos reduction. We find that for π Men, the
uncertainties on the PMa from B18 are about 70 per cent
higher than those quoted by K19. This is because B18 also
fits for a local cross-calibration offset between the Gaia DR2
and composite Hipparcos astrometry to bring them into a
common reference frame, which necessitated error inflation
terms. We adopt the data from B182 instead of K19 for
our analysis (listed in Table 1), since the uncertainties from
this catalogue are shown to be statistically well-behaved (see
fig. 9 of B18), and this catalogue has been demonstrated
to provide accurate orbit fits for several known companions
(Brandt et al. 2019a). We note that the B18 catalogue does
not provide values for ∆µG or ∆µH directly, but these can be
easily derived from the calibrated proper motions µG , µH ,
and µHG in the catalogue (using Eq. 6). For the uncertainty

2 Specifically, we use data published in the erratum to B18
(Brandt 2019), which corrects an error in the originally published
data.

on ∆µG and ∆µH , we follow B18 in assuming that the errors
on the proper motions and µHG are independent and add
them in quadrature.

3 MEASUREMENTS OF ORBITAL
INCLINATION

In this section, we perform orbit fits for three systems using
the method described in §2. The first system is HD 4747,
which is a validation case. The two science targets are π

Men and HAT-P-11. We focus our paper on π Men as its
tangential velocity has a higher signal-to-noise ratio (S/N),
but also analyse HAT-P-11 as a comparison target since we
find it to be dynamically similar to π Men.

3.1 Simple calculation

We first demonstrate a simple calculation that provides a
rough estimate of I and m. In this simple calculation, we
ignore the two corrections described in §2.2.1 and §2.2.2,
and treat the proper motion anomaly as equal to the stellar
orbital velocity at the exact epochs of t = 2015.5 for Gaia
DR2 and t = 1991.25 for Hipparcos. Therefore, to first order,
the PMa is given by

∆µG,δ = vG,X (t = 2015.5),
∆µG,α = vG,Y (t = 2015.5),

(10)

at the Gaia DR2 epoch. The unit conversion between the
velocities in m s−1, and the PMa in mas yr−1 is given by

m s−1 = mas yr−1 × 4740.47
π

, (11)

where π is the parallax in mas (implicitly over 1 yr) and the
constant term is equal to 1 au (in m) / 1 yr (in s).

From orbital energy conservation, one can derive the
vis-viva equation

v2
rel = G(M? + m)

(
2
r
− 1

a

)
, (12)

where r is the orbital distance between the two bodies (star
and outer planet in this case), which is given by Eq. 1 but
without the leading mass ratio. vrel is the relative orbital
speed, and is related to the stellar orbital speed by

v? =
m

M? + m
vrel. (13)

We can compute v? at t = 2015.5 or t = 1991.25 because we
have measurements for all three components of v? at those
times

v2
? = v2

X + v
2
Y + v

2
Z = ∆µ

2
δ + ∆µ

2
α + RV2, (14)

where RV is the radial velocity and ∆µ is the PMa, which
has two components. The RV is not necessarily known at
the Gaia or Hipparcos epochs, but can be computed given a
periodic RV time series. Substituting Eq. 12 into Eq. 13, and
using the approximation

√
M? + m ≈

√
M?, we can rearrange

to get

m ≈ v?

√
M?

G( 2r −
1
a )
. (15)

We apply this calculation to our three targets, using the
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epoch with a higher S/N for each target (see Table 1; Gaia
for π Men and HAT-P-11, and Hipparcos for HD 4747). We
use orbital parameters and the stellar masses given in Peretti
et al. (2019), Huang et al. (2018), and Yee et al. (2018)
for HD 4747, π Men, and HAT-P-11 respectively (listed in
Table 2). This gives m ≈ 74.5 MJup and IB ≈ 43◦ for HD 4747
B, m ≈ 12.8 MJup and Ib ≈ 52◦ for π Men b, and m ≈ 2.7 MJup
and Ic ≈ 37◦ for HAT-P-11 c. Our rough estimate of the
inclination and mass of HD 4747 is close to literature values
in Peretti et al. (2019) and Brandt et al. (2019a).

Given the mostly edge-on orbit of the transiting inner
planets π Men c (Ic ≈ 87.5◦) (Huang et al. 2018) and HAT-
P-11 b (Ib ≈ 89.0◦) (Huber et al. 2017), our simple calcula-
tion already suggests that the π Men and HAT-P-11 systems
might be highly misaligned. Although the exact mutual in-
clination depends on the relative positions of the ascending
nodes (see §3.4), π Men and HAT-P-11 could be in con-
trast to the flatter mutual inclination distribution derived
for typical Kepler planets (e.g. Fabrycky et al. 2014; Dai
et al. 2018). We perform a more rigorous calculation in the
next section, and try to understand the implications of these
results in the rest of this paper.

3.2 More detailed calculation

In this section, we use the complete model in Eq. 9 to fit
the PMa data, and fit for the PMa from both epochs, ∆µG
and ∆µH . These amount to two separate data points for the
tangential velocity. In addition, we perform a joint fit of the
PMa data with the RV time series for each of our targets.

We run our fits using the Parallel-Tempered Monte
Carlo Markov Chain (PTMCMC) as implemented in em-

cee v2.2.0 (Foreman-Mackey et al. 2013), which uses the
algorithm described in Earl & Deem (2005). PTMCMC runs
multiple MCMCs at different ‘temperatures,’ corresponding
to different modified likelihoods for the posterior. During the
fit, the different MCMCs can swap information to more effi-
ciently sample different regions of the parameter space. We
use 30 different temperatures to sample the parameter space,
and our results are taken from the ‘coldest’ chain, which cor-
responds to the original, unmodified likelihood function. For
our data, we find that PTMCMC is much more robust than
a regular MCMC because our PMa and RV data can have
very different S/N levels, and this results in the fits being
trapped in local minima. By sampling more of the parame-
ter space, PTMCMC avoids such traps (Earl & Deem 2005).
For each of the 30 temperatures, we use 50 walkers to sample
the model over 3 × 105 steps for HD 4747, and 8 × 105 steps
for π Men and HAT-P-11, since the latter two targets have
four more parameters (see below).

There are nine physically meaningful parameters in our
models. The first two are the primary mass (M?) and the
companion mass (m). We include the primary mass with
a Gaussian prior based on literature values, as tabulated
in Table 2. Six other parameters are needed to define the
orbit: the orbital period (P), the longitude of ascending node
(Ω), the inclination (I), the time of periastron (Tp), and the
eccentricity (e) and argument of periastron (ω?) fitted as√

e cosω? and
√

e sinω?. Lastly, we include the parallax (π)
in our fits with a Gaussian prior based on the Gaia DR2
astrometry (Gaia Collaboration et al. 2018). Except for the

parallax and primary mass, we impose uniform priors on the
other fitted parameters, using a prior in cos I for inclination.

Besides the physically meaningful parameters, we fit
two additional parameters for each set of RV data, the in-
strument jitter and zero-point offset. A different jitter and
offset is assigned to each different instrument. The RV data
for HD 4747 comes from one instrument, so there is a total
of 11 parameters for HD 4747, while π Men has 15 parame-
ters because its RV come from three different sources. For π
Men, we ignore the inner planet when fitting the RV as its
velocity amplitude is only ∼ 1 per cent as large as that from
the outer planet; its signal would simply be absorbed in the
jitter. For HAT-P-11, the RV data comes from one instru-
ment, but it is necessary to fit three additional parameters
for the inner planet and one for stellar activity (see §3.5 for
details). To combine the RV and PMa data, we adopt the
same log likelihood function as Brandt et al. (2019b):

lnL = −1
2
(χ2
∆µ + χ

2
RV ), (16)

with

χ2
∆µ =

G,H∑
j

[(M[∆µj,α] − ∆µj,α
σ[∆µj,α]

)2
+

(M[∆µj,δ] − ∆µj,δ
σ[∆µj,δ]

)2]
,

(17)

as the PMa part. α and δ denote the two directions. The
sum is taken over j, which represents the two epochs G and
H. M[∆µ] is the model given in Eq. 9, and ∆µ and σ[∆µ]
are the PMa data and uncertainties listed in Table 1. The
RV χ2 (for one instrument) is given by (e.g. Howard et al.
2014)

χ2
RV =

∑
i

[
(M[RVi] − RVi + RVoffset)2

σ2
i
+ σ2

jit
+ ln 2π(σ2

i + σ
2
jit)

]
,

(18)

whereM[RVi], RVi , and σi are the model, data, and uncer-
tainties of the radial velocity at time i, σjit is the jitter term,
and RVoffset is the offset term. The RV model is given by the
third component of Eq. 4, noting that our +Z axis points
toward the observer so the sign of vZ needs to be flipped to
follow the convention that a positive RV corresponds to a
redshift. RVoffset is equivalent to the systemic velocity plus
any instrumental offset. In cases where the RV data come
from multiple instruments, independent χ2

RV terms from dif-
ferent instruments are added together.

In the next three subsections, we describe our fits and
measurements of HD 4747, π Men, and HAT-P-11. In Ta-
ble 2, we list all previous measurements on our targets as
well as our new measurements of I, Ω, and m in the third
column.

3.3 Validation with HD 4747

We validate our method by applying it to the brown dwarf
companion HD 4747 B. Peretti et al. (2019) fully determined
the orbit of the companion with a joint fit of imaging and RV
data. Brandt et al. (2019a) also characterised the orbit of HD
4747 B by adding PMa data to the imaging and RV data,
which allows a direct comparison between our model and
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Table 2. First two columns: Previously measured orbital param-
eters for π Men, HAT-P-11, and the validation target HD 4747.

Third column: new measurements from this paper. Previous val-

ues for π Men come from Huang et al. (2018). For HAT-P-11,
most measurements come from Yee et al. (2018), except for Pb

and Ib from Huber et al. (2017). To avoid confusion, we indicate

the inner and outer planets in these systems. For HD 4747, we list
complete orbital parameters from both Peretti et al. (2019) (P19)

and Brandt et al. (2019a) (B19). For all targets, we list the pri-
mary masses used in the previous studies and Gaia DR2 parallax

measurements, both of which we adopt as Gaussian priors in our

fits. In the case of Brandt et al. (2019a), who included imaging
data in their fits, the host star mass is dynamically derived.

π Men c (in) b (out) b (out, this paper)

I (◦) 87.46 ± 0.08 ... 51.2+14.1
−9.8

Ω (◦) ... ... 105.8+15.1
−14.3

m sin I (MJup) ... 10.02 ± 0.15 ...

m (M⊕, MJup) 4.82 ± 0.85 ... 12.9+2.3
−1.9

ω? (◦) ... 330.61 ± 0.3 151.7 ± 0.9a

P (d) 6.268 ± 0.0005 2093.07 ± 1.73 2090.3 ± 2.6
Tp (BJD-2450000) ... 6317.4 ± 3.0 6306.5 ± 7.7
e 0 − 0.3b 0.637 ± 0.002 0.644 ± 0.003
M?(M�) 1.094±0.039

π (mas) 54.705±0.067

HAT-P-11 b (in) c (out) c (out, this paper)

I (◦) 88.99 ± 0.15 ... 135.7+12.1c
−21.4

Ω (◦) ... ... 54.4+28.2c
−23.0

m sin I (M⊕, MJup) 23.4 ± 1.5 1.6 ± 0.1 ...

m (MJup) ... ... 2.3+0.7
−0.5

c

ω? (◦) 19 ± 15 143.7 ± 4.9 323.9 ± 4.1a

P (d) 4.8878 3407+360
−190 3397+71

−64
Tp (BJD-2450000) 4959.6 ± 0.2 6862 ± 23 6865 ± 19
e 0.218 ± 0.033 0.601 ± 0.032 0.604 ± 0.03
M?(M�) 0.809±0.025

π (mas) 26.480±0.033

HD 4747 B (P19) B (B19) B (this paper)

I (◦) 46.3 ± 1.1 49.5 ± 2.3 50.0 ± 3.5
Ω (◦) 89.9 ± 1.4 91.5 ± 1.8 98.7 ± 6.3
m (MJup) 70.2 ± 1.6 66.3+2.5

−3.0 66.6 ± 3.5
ω? (◦) 86.9 ± 0.47 87.0 ± 0.5 87.7 ± 0.5
P (yr) 33.1 ± 0.7 34.0+0.9

−1.0 33.7 ± 0.9
Tp (BJD-2450000) 473.9 ± 5.2 482.0 ± 350 481.0 ± 4.2
e 0.732 ± 0.002 0.735 ± 0.003 0.734 ± 0.003
M?(M�) 0.856 ± 0.014d 0.82 ± 0.075
π (mas) 53.184±0.126
a Our values for ω? are off by 180◦ compared to literature

values because in our coordinate system, +Z points toward
the observer, which is the opposite of the radial velocity

convention used in those papers.
b The eccentricity of π Men c is not exactly measured, but
0.3 is the 1σ upper limit quoted in Huang et al. (2018).
c We quote values corresponding to I > 90◦ as the I and Ω

distributions are bi-modal for HAT-P-11 c (see Fig. 2).
d We use the stellar mass from Peretti et al. (2019) for our

fits.

their model (with the difference that we do not include imag-
ing data). We use RV data for HD 4747 from Keck/HIRES
(Vogt et al. 1994). The data was originally made public by
Butler et al. (2017), and later corrected for systematics by
Tal-Or et al. (2019). We use the latter source.

Our results for I, Ω, and m are listed in the third column
of Table 2, and can be compared with Peretti et al. (2019)

values in the first column, and Brandt et al. (2019a) values
in the second column. In Table 2, we also list our other
measured parameters, which are all consistent within . 1σ
with the respective literature values from both sources.

We note that Brandt et al. (2019a) uses the same coor-
dinate system as we do but lists ω for the companion, instead
of ω? (T. Brandt, private communication), and therefore we
subtract 180◦ from their value to compare in Table 2. We
do the same for the Peretti et al. (2019) value. We measure
IB = 50.0 ± 3.5◦ for HD 4747 B, which is consistent within
≈ 1σ to that from Peretti et al. (2019) and Brandt et al.
(2019a). Our measured true mass is consistent with the two
previous studies as well. Note the similarity between our
measured IB and m to those from Brandt et al. (2019a),
who used the same PMa data of B18, although our values
have slightly larger uncertainties because we do not include
imaging data. Our measurement of Ω = 98.7 ± 6.3◦ is off by
1.4σ and 1.1σ from the values in Peretti et al. (2019) and
Brandt et al. (2019a) respectively, which is reasonable agree-
ment given that we only fit velocities and not positions from
imaging data.

3.4 Application to π Men

Next, we apply our method to π Men, assuming that the
PMa of the host star is dominated by π Men b. In fact, Zurlo
et al. (2018) attempted to image π Men b with SPHERE and
ruled out any companions with M > 26 MJup beyond 5 au.
Combined with the lack of long-term trend in the RV data,
it is safe to interpret any significant astrometric signal as
arising from π Men b.

For π Men, the RV data comes from the Univer-
sity College London Echelle Spectrograph (UCLES; Diego
et al. 1990) and the High-Accuracy Radial-velocity Planet
Searcher (HARPS; Mayor et al. 2003). We use UCLES data
published in Gandolfi et al. (2018), and HARPS data pub-
lished in Trifonov et al. (2020), which corrects for small
nightly offsets of the instrument. The HARPS instrument
experienced an upgrade in June 2015 which resulted in a
discontinuous RV jump, so we treat pre- and post-upgrade
HARPS data as coming from two different instruments.

Even though ∆µH has a relatively low S/N for π Men
(S/N ≈ 2.4, see Table 1), it contains information that is
otherwise unavailable from only using ∆µG . In particular,
the knowledge of velocities at two different orbital phases
allows us to ascertain the direction of the orbit, and therefore
to break the prograde-retrograde degeneracy in inclination
between I and 180◦ − I.

Our measured values are again listed in the third col-
umn of Table 2. We find that Ib = 41 − 65◦ (1σ interval),
consistent with the simple calculation in §3.1, and has a best
fit value of ≈ 47◦. Our results are consistent with a much
broader constraint from Reffert & Quirrenbach (2011), who
used Hipparcos intermediate astrometric data (van Leeuwen
2007) and constrained the inclination to be 20 − 150◦ (3σ
interval). For the ascending node and true mass, we get
Ωb = 92 − 121◦, and mb = 11.1 − 15.3 MJup (both 1σ in-
tervals). The true mass of π Men b places it near the tradi-
tional boundary between planets and brown dwarfs, but we
will still refer to it as a planet for simplicity.

We note that our ω? is off by 180◦ compared to the
Huang et al. (2018) value, and this is caused by an artefact of
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Figure 1. Target: π Men. Left panel: Joint posterior distributions for I , Ω, and m for π Men b. Moving outward, the dashed lines on

the 2D histograms correspond to 1σ and 2σ contours. Right panel: Histogram of the mutual inclination between π Men b and c.

different coordinate system definitions, as discussed in §2.1.3

Taking this into account, the measurements on ω? agree
(same is true for HAT-P-11 in §3.5). As shown in Table 2,
all measured orbital parameters are consistent within 2σ to
previous values in Huang et al. (2018). The ≈ 2σ differences
in e and Tp are likely caused by the fact that Huang et al.
(2018) had access to more RV data points (e.g. they used
77 UCLES RVs while we had 42). We show the complete
posterior distributions for π Men in Appendix B, as well as
distributions for the newly measured I, Ω, and m in the left
panel of Fig. 1.

Given the sky-projected inclination of the inner planet
(Ic), we can put constraints on the mutual inclination ∆I,
which is given by

cos∆I = cos Ib cos Ic + sin Ib sin Ic cos (Ωb −Ωc). (19)

∆I is dependent on the relative ascending nodes of the or-
bits because even if we know the transiting inner planet to be
edge-on, we do not know the orientation of its orbit (i.e. the
direction of its angular momentum vector) without knowl-
edge of Ωc . In fact, the only unknown is Ωc , which can range
from 0− 2π, meaning that cos(Ωb −Ωc) can range from -1 to
1.

We generate a distribution for ∆I by sampling the dis-
tributions of Ω and I for the two planets. For π Men b,
we use our chains from the MCMC fits. Because Ib and Ωb

are not completely independent (see left panel of Fig. 1),
we randomly sample from the Ib chain and take the cor-
responding value from the Ωb chain, instead of randomly
sampling both chains. For π Men c, we use a bi-modal dis-
tribution for Ic corresponding to the TESS measurement of
87.46± 0.08◦ as well as 180◦ minus that to take into account

3 +Z points toward the observer in our coordinate system,

whereas Huang et al. (2018) assume that +Z points away from

the observer (see Fulton et al. 2018, which the authors use). This
means that our ascending node is their descending node and vice

versa, introducing a difference of 180◦ to ω?.

the prograde-retrograde degeneracy of the inner planet. For
Ωc , we uniformly sample between 0 and 2π. The right panel
of Fig 1 shows the resultant distribution for ∆I.

We caution that our calculation assumes a uniform prior
for Ωc , but in reality that might not be accurate as there
could be an underlying prior on ∆I that disfavours values
near 90◦, for instance on dynamical grounds. This should be
taken into account when interpreting Fig 1, as values near
∆I = 90◦ might not be as likely as they appear in the figure.
Overall, the distribution is symmetric about 90◦ due to the
unknown direction of the inner orbit (i.e. retrograde or pro-
grade with respect to the outer orbit). From the distribution,
we find that 49◦ < ∆I < 131◦ at the 1σ level, 28◦ < ∆I < 152◦
at the 2σ level, and 9◦ < ∆I < 171◦ at the 3σ level. The
distribution peaks near 52◦ and 128◦(180◦ − 52◦). The large
misalignment between the orbital planes of the two planets
motivates us to closely examine the dynamics of the system
in §4, §5, and §6.

3.5 Additional target: HAT-P-11

HAT-P-11 is a system with one transiting Neptune-sized
planet (b, a ≈ 0.053 au, m ≈ 23.4 M⊕, R ≈ 4.36 R⊕) first
detected by Bakos et al. (2010) but with orbital elements
refined by Huber et al. (2017) and one eccentric outer cold
Jupiter (c, a ≈ 4.1 au, m sin I ≈ 1.6 MJup, e ≈ 0.60) detected
in RV by Yee et al. (2018). Interestingly, the host star has
a sky-projected obliquity of λ ≈ 100◦ with respect to the
inner Neptune (Winn et al. 2010; Hirano et al. 2011). We
define the true obliquity (ψ) as the angle between the stellar
spin axis and the orbital angular momentum axis, whereas
the sky-projected obliquity (λ) is the angle between the sky-
projected stellar spin axis and the sky-projected orbital axis.
Since ψ cannot be measured directly, λ is used as a proxy
for ψ. In addition, we always define the stellar obliquity with
respect to the orbital axis of the inner planet in this paper.

Although HAT-P-11 does not fit perfectly in the SE+CJ
framework as π Men does, the two systems are both hierar-
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Figure 2. Target: HAT-P-11. Left panel: Joint posterior distributions for I , Ω, and m for HAT-P-11 c. Moving outward, the dashed lines

on the 2D histograms correspond to 1σ and 2σ contours. Because the distributions are bi-modal, we omit the 1σ intervals in the titles.

Right panel: Histogram of the mutual inclination between HAT-P-11 b and c.

chical (aout � ain) and similar in terms of their dynamics,
and we will draw frequent comparisons between them in §4,
§5, and §6. In particular, Yee et al. (2018) argued that nodal
precession could explain the nearly pole-on orbit of HAT-P-
11 b, but this explanation requires that ∆I & 50◦ between
the two planets. In this scenario, the inner orbit precesses
around the angular momentum axis of the outer orbit, which
approximates the invariable plane (see §5.4 for details).

We find that HAT-P-11 has a proper motion anomaly
with a S/N of ≈ 3.0 at the Gaia epoch, and ≈ 1.9 at the
Hipparcos epoch, weaker than the signal from π Men (see
Table 1). This is expected given the smaller mass and larger
semi-major axis of the outer planet in HAT-P-11 compared
to that in π Men. We use RV data published in Yee et al.
(2018) from Keck/HIRES, and perform orbit fits for HAT-
P-11 to see if evidence for a misalignment can be found with
the current data.

For HAT-P-11, we fit a two-Keplerian model to the RV
data by adding the contributions from both planets, since
the RV semi-amplitudes from the two planets are compara-
ble (Kin ≈ 10 m s−1 and Kout ≈ 30 m s−1). None the less, we
ignore the inner planet when fitting the PMa data, as the
contribution from the inner planet to the PMa is smeared
out due to its short period (see §2.2.1). Since we are inter-
ested in the outer planet (HAT-P-11 c), we follow Yee et al.
(2018) and fit only three parameters for the inner planet
(K, e, and ω?) and use median-values for other parameters
from Huber et al. (2017). In addition, we follow Yee et al.
(2018) by fitting the stellar activity as a linear trend us-
ing the SHK time series published in their paper. The SHK
index measures the amount of emission in the Ca II H&K
lines, and is a standard tracer for stellar activity. This gives
3+ 1 = 4 additional parameters, and 15 total parameters for
HAT-P-11.

Unlike the case for π Men, our fits of HAT-P-11 result
in bi-modal distributions for Ic and Ωc , as shown in the left
panel of Fig. 2. The reason why the prograde-retrograde de-
generacy remains for HAT-P-11 c but not for π Men b might

be caused by the higher absolute uncertainty of its ∆µH vec-
tor. As shown in Table 1, the ∆µH measurement errors for
HAT-P-11 (row 6) are about two times larger than the π Men
∆µH errors (row 2). The Ic distribution in the left panel of
Fig. 2 is roughly symmetric about 90◦, although I > 90◦ so-
lutions are slightly preferred. If we only consider solutions
with I > 90◦, we get 114◦ < Ic < 148◦ (1σ). Alternatively,
for solutions with I < 90◦, we get 33◦ < Ic < 69◦ (1σ). For
clarity, we only quote solutions with I > 90◦ in Table 2.
Our measurements for all other parameters are consistent
with those quoted in Yee et al. (2018) to within 1σ, taking
into account the 180◦ difference in ω? as described in the
previous subsection.

We repeat the sampling process described in the previ-
ous subsection to generate a distribution for ∆I, using values
of Ib measured by Huber et al. (2017), and drawing Ωb uni-
formly from 0−2π. As before, the ∆I distribution is bi-modal
(see Fig. 2). We find that 54◦ < ∆I < 126◦ at a 1σ level in
HAT-P-11, implying that there is evidence for a & 50◦ mis-
alignment between HAT-P-11 b and c at the & 1σ level. This
marginally supports nodal precession as the cause of the high
obliquity in HAT-P-11, although a more robust conclusion
would await the release of better data such as Gaia epoch as-
trometry. We further explore the effects of nodal precession
in §5.4 and §6, as we find that the same process is important
in π Men as well.

4 DYNAMICS OF THE π MEN AND HAT-P-11
SYSTEMS: ANALYTIC OVERVIEW

In this section, we give an overview of the relevant dynamics
in π Men and HAT-P-11 under the secular approximation,
where energy (semi-major axis) is conserved and the orbits
exchange angular momentum on time scales much longer
than the orbital periods. In §4.3, we also consider whether
energy loss due to non-conservative tidal dissipation is im-
portant in our systems. An analytic study of the dynamics
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in HAT-P-11 has been performed by Yee et al. (2018), so we
focus our discussion on π Men in this section and use HAT-
P-11 for comparison, summarising its relevant time scales in
§4.4.

When discussing the dynamics, it is potentially confus-
ing that planet c is the inner planet in π Men while planet
b is the inner planet in HAT-P-11. Therefore, for clarity,
we shall henceforth denote orbital elements of the inner and
outer orbits with subscripts 1 and 2, respectively (e.g. e1,
a1 are the eccentricity and semi-major axis of the inner or-
bit). Similarly, we denote the masses of the inner and outer
planets as m1 and m2, while the stellar mass is M?.

The π Men and HAT-P-11 systems are both hierarchi-
cal triple systems, where the ratio of the inner and outer
semi-major axes is a small parameter. For the π Men plan-
ets, a1/a2 ≈ 0.021,4 and for HAT-P-11, a1/a2 ≈ 0.013. A
hierarchical triple system can be treated as two binaries: an
inner binary and an outer binary between the tertiary ob-
ject and the centre of mass of the inner binary. For our two
systems, the mutual inclinations are large between the inner
and outer binaries (see right panels of Fig. 1 and Fig. 2).

We use the invariable plane as the reference frame in
which to understand the dynamics. The invariable plane is
the plane perpendicular to the direction of total angular
momentum of the system, which is well-approximated by the
sum of the orbital angular momentum of the two planets,
L1 + L2. Conveniently, in the invariable plane, ∆I = I1 +
I2, where I1 and I2 are the inclinations of the inner and
outer orbits with respect to the invariable plane. In π Men
and HAT-P-11, the outer planets dominate the total angular
momentum, as L is proportional to ma1/2. In the next three
subsections (§4.1-§4.3), we calculate relevant time scales for
π Men.

4.1 Secular perturbations from the outer CJ

Due to secular perturbations from an outer companion, the
inner orbit can undergo oscillatory changes in eccentricity
and inclination on time scales much longer than the orbital
periods. At high mutual inclinations (39.2◦ . ∆I . 140.8◦),
Kozai (1962) and Lidov (1962) studied the evolution of the
inner orbit for the case of a circular outer orbit and an inner
test particle. The resulting behaviour, which is characterised
by large amplitude oscillations in e1 and I1, can be described
with a perturbing function truncated to quadrupole order
in semi-major axis ratio, (a1/a2)2. Since then, it has been
shown that octupole terms proportional to (a1/a2)3, which
are nonzero in the case of eccentric outer companions, lead to
more complex behaviour, including prograde-retrograde flips
of the inner orbit even at low mutual inclinations (see e.g.
Lithwick & Naoz 2011; Katz et al. 2011, and the review by
Naoz 2016 on the so-called ‘Eccentric Kozai-Lidov Effect’).

We limit our analytic consideration to the quadrupole
order in order to simplify the equations and provide a rough
estimate of the relevant time scales. In reality, e2 ≈ 0.64 for
π Men b, and we perform a more detailed examination of
the system using N-body simulations in §5. We also assume

4 We note that there is a typo in Huang et al. (2018) for a2.
The listed value is 3.10 au, while it should be 3.31 au (C. Huang,

private communication).

that m1 = 0 in this subsection, which means that the orbital
plane of the outer planet is the invariable plane and therefore
I2 = 0, and ∆I = I1. Following Naoz (2016), we refer to the
use of these two assumptions as the ‘test particle quadrupole’
approximation (TPQ for short).

To understand the evolution of the system, it is con-
venient to use the Delaunay variables, which describe three
angles and three conjugate momenta for each orbit. In par-
ticular, mutual secular perturbations induce apsidal preces-
sion involving ω and nodal precession involving Ω (the mean
anomaly is eliminated in the secular approximation). The
relevant equations of motion for the inner orbit are

Ûω1 =
∂H
∂G1

, G1 =
√

1 − e2
1, (20)

ÛΩ1 =
∂H
∂H1

, H1 =
√

1 − e2
1 cos I1, (21)

where G1 is the scaled conjugate momentum of ω1, H1 is the
scaled conjugate momentum of Ω1, and H is the Hamilto-
nian of the system. For m1 = 0, the Hamiltonian is given by
(e.g. Naoz 2016; Yee et al. 2018)

H = 1
16

√
G

M?

©«
a3/2

1
a3

2

ª®¬ m2
(1 − e2

2)3/2
fquad, (22)

where

fquad =

[
(5 − 3G2

1)(3H2
1 − G2

1)
G2

1
+

15(1 − G2
1)(G

2
1 − H2

1 ) cos 2ω1

G2
1

]
(23)

is the perturbing function truncated to quadrupole order.
Since the Hamiltonian does not depend on Ω1, the con-

jugate momentum H1 =
√

1 − e2
1 cos I1 in Eq. 21 is conserved

in the TPQ approximation. Therefore, changes in eccentric-
ity and inclination are coupled. For hierarchical systems with
39.2◦ . ∆I . 140.8◦, large amplitude oscillations in e1 and
I1 can take place (Kozai 1962; Lidov 1962). Depending on
the initial ω1, these oscillations occur as ω1 either librates
or circulates (e.g. Holman et al. 1997; Katz et al. 2011), and
are controlled by the term with cos 2ω1 in Eq. 23. In the
TPQ approximation, the maximum eccentricity reached for
an initial e1 = 0 is (e.g. Innanen et al. 1997)

emax =

√
1 − 5

3
cos2 ∆I0, (24)

where ∆I0 is the initial mutual inclination. Note that emax ap-
proaches 1 as ∆I0 approaches 90◦. Because H1 is conserved,
I1 reaches a minimum value when e1 is maximum and vice
versa. In the TPQ approximation, the time scale for these
large eccentricity excitations can be estimated by consider-
ing the time evolution of ω1 (e.g. Holman et al. 1997; Naoz
et al. 2013)

τquad =
M?

m2

(
a2
a1

)3
(1 − e2

2)
3/2P1, (25)

where P1 is the period of the inner orbit. For π Men, we get
τquad ∼ 7.5 × 104 yr.

In reality, there are additional effects beyond pertur-
bations from the outer companion that can influence the
inner orbit. In §4.2, we consider the effect of short-range
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conservative forces. Then, in §4.3, we consider whether the
non-conservative effect of tidal dissipation is important in π

Men.

4.2 Conservative short-range forces: General
Relativity and tides

To accurately model the π Men system, we must take into
account effects beyond Newtonian secular perturbations (set
by fquad in Eq. 23). Past studies have recognised the im-
portance of apsidal precession caused by General Relativity
(GR) effects and tidal interactions between the host star
and a short-period planet (e.g. Ford et al. 2000; Fabrycky
& Tremaine 2007; Liu et al. 2015). These effects are conser-
vative and can be incorporated as extra terms in the total
Hamiltonian. If the extra precession occurs in the opposite
direction to that induced by secular perturbations, and has
a shorter time scale than τquad, large eccentricity excitations
resulting from high ∆I can be suppressed (e.g. Naoz 2016).

We compare the time scales of conservative short-range
forces with τquad (Eq. 25) to predict the behaviour of the
system. Under the first post-Newtonian expansion, the GR
precession time scale is given by (e.g. Fabrycky & Tremaine
2007)

τGR = 2π/ ÛωGR =
a1c2(1 − e2

1)
3G(M? + m1)

P1, (26)

where c is the speed of light. For e1 = 0, we find that τGR ∼
3.6 × 104 yr and decreases with higher e1. Since τGR is about
a factor of two shorter than τquad, and GR precession takes
place in the opposite direction to that induced by fquad, we
expect GR effects to suppress eccentricity growth in π Men,
and therefore include them in our simulations in §5.

Non-dissipative tidal torques on the inner planet from
the central star could also induce apsidal precession that
counteracts the evolution due to fquad. Assuming M? � m1,
and e1 � 1, the time scale of tidal precession can be esti-
mated as (e.g. Pu & Lai 2019)

τtides = 2π/ Ûωtides =
2

15k2,1

m1
M?

(
a1
R1

)5
P1, (27)

where k2,1 and R1 are the tidal Love number and radius of
the inner planet. For lack of a better estimate, we assume
the value of k2,1 = 0.3 measured for Earth (Wahr 1981).
This gives τtides ∼ 3.5 × 107 yr, which is nearly three orders of
magnitude longer than τquad. Therefore, we can safely ignore
the effect of tidal precession in our simulations even if in
reality k2,1 is larger by an order of magnitude or so. Note that

the dependence on R5 means that super Earths experience
much weaker tidal precession effects than hot Jupiters in
general.

4.3 Tidal dissipation

We now consider whether the non-conservative effect of tidal
dissipation is important in π Men. Tidal dissipation has been
used to explain the existence of ultra-short period planets
(USPs) via migration (specifically, with eccentricity tides).
As a population, USPs have P < 1 d (or a < 0.02 au for Sun-
like hosts), R < 2 R⊕, and rocky compositions (Winn et al.
2018). Two different migration scenarios have been proposed

for USPs, and termed ‘high-eccentricity migration’ (Petro-
vich et al. 2019), and ‘low-eccentricity migration’ (Pu & Lai
2019). Both rely on secular interactions to excite the eccen-
tricity of the innermost planet and reduce its pericentre dis-
tance, thereby allowing increasingly efficient dissipation to
sap its orbital energy and lead to circularisation and orbital
decay. We find in §5.3 that π Men c cannot reach the high
eccentricities (e & 0.8) required in Petrovich et al. (2019),
and therefore focus on ‘low-eccentricity migration’ in the
following discussion.

Pu & Lai (2019) showed that under the influence of
two or more short-period outer planets with e > 0.1 and
m = 3 − 20 M⊕, inner planets starting at a = 0.02 − 0.04
au can readily evolve into USPs while maintaining low ec-
centricities. However, their maximum starting a is limited
to about 0.04 au because the tidal dissipation efficiency is
strongly dependent on orbital distance (e.g. see Eq. 28). π
Men c currently orbits at ≈ 0.07 au around its host star,
which is estimated to be ≈ 3 Gyr old (Huang et al. 2018).
The fact that π Men c has not evolved into a USP means
that the orbital decay time scale (i.e. τa = a/ Ûa) is likely to be
much longer than 3 Gyr. However, eccentricity damping (i.e.
τe = e/ Ûe) is expected to take place much faster than orbital
decay (Pu & Lai 2019). Specifically, according to Pu & Lai
(2019), τa ∝ τe/e2 at low e, so the eccentricity evolution is
at least ∼ 10 times faster than that of the semi-major axis
for e < 0.3 (where 0.3 is the 1σ upper limit quoted in Huang
et al. 2018).

Adopting the model of equilibrium tides from Hut
(1981), we can place a rough estimate on τe and therefore
τa, assuming low e and zero obliquity (e.g. Pu & Lai 2019)

τe =
e
Ûe =

2Q1
21πk2,1

m1
M?

(
a1
R1

)5
P1, (28)

where Q1 is the tidal quality factor of the inner planet. The
numerical value is not known, but note that the time scale
is proportional to Q1/k2,1. If we assume a typical terrestrial
value of Q1 = 100 (Goldreich & Soter 1966), and k2,1 = 0.3 as
in §4.2, we get τe ∼ 0.7 Gyr, which is lower but comparable
to the system age of 3 Gyr. This value of τe would imply
τa > 7 Gyr, consistent with the fact that π Men c has not
evolved into a USP.

As the evolution of a is likely insignificant, we now con-
sider the evolution of e. If the above values for k2,1 and Q1
are roughly correct, and τe is less than the system age, we
expect the free eccentricity of π Men c, which is set by initial
conditions, to have been removed by tidal dissipation. As the
free eccentricity is removed, e will tend to the forced eccen-
tricity, which then powers subsequent dissipation (Pu & Lai
2019). On the other hand, if Q1/k2,1 is under-estimated by a
factor of five or more, τe would exceed the system age, and
eccentricity damping due to tides would not be important
in π Men.

Given that Q1 and k2,1 could both be uncertain by an
order of magnitude or more, it is unclear whether tides are
important in the eccentricity evolution of π Men c without,
for instance, a better constraint on e1. Due to this uncer-
tainty, we choose not to include tidal dissipation in our sim-
ulations and instead focus on the evolution over Myr time
scales, where secular perturbations dominate. The main re-
sults from our study of the dynamics (§6) are not strongly
affected even if τe < 3 Gyr, and we shall point out caveats of
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not including tides where relevant. We encourage a detailed
study of tides in π Men, especially in comparison to USPs,
for future work.

4.4 Time scales for HAT-P-11

As noted by Yee et al. (2018), large eccentricity excita-
tions are also suppressed by GR precession in HAT-P-11.
In fact, for HAT-P-11, τGR is about 60 times shorter than
τquad (τGR ∼3 × 104 yr vs. τquad ∼1.8 × 106 yr).

The tidal precession and eccentricity damping time
scales for HAT-P-11 b are difficult to estimate as the tidal
properties of even our own Neptune are not well known
(Lainey 2016). For a rough estimate, we assume k2,1 = 0.3
and Q1 = 7 × 104 for the Neptune-sized planet, where the
value of Q1 is the lower limit found for Uranus (Goldreich
& Soter 1966). This yields τtides ∼ 9 × 105 yr, which is about
two times shorter than τquad so eccentricity growth is fur-
ther suppressed for HAT-P-11 b. Given the low eccentricity
(e ≈ 0.22) of HAT-P-11 b, we use Eq. 28 to estimate τe (note
that this ignores obliquity tides) and get τe ∼ 15 Gyr, longer
than the system age of ≈ 7 Gyr (Bakos et al. 2010).

Indeed, the observed e ≈ 0.22 is relatively high for HAT-
P-11 b given its location (a ≈ 0.05 au). As the forced eccen-
tricity is expected to be negligibly small (Yee et al. 2018),
this means that the free eccentricity of HAT-P-11 b has not
been removed over 7 Gyr, and therefore tidal dissipation
(either in terms of eccentricity damping or orbital decay) is
likely not important for the planet. Indeed, setting τe to the
system age could provide a lower limit on Q1/k2,1 for HAT-
P-11 b, although tides raised due to obliquity would need
to be considered here (Millholland & Laughlin 2019), so one
should use the full tidal equations provided in e.g. Leconte
et al. (2010).

5 N-BODY SIMULATIONS AND RESULTS

In this section, we perform N-body simulations for π Men,
based on our new measurements of I, Ω, and m for the outer
CJ and previous measurements on the system from Huang
et al. (2018). We choose not to perform N-body simulations
for HAT-P-11 due to the lower significance of its inclination
measurement, and the fact that it has been studied in Yee
et al. (2018). In this section, we first explain our simulation
setup in §5.1, and then describe the basic motion in §5.2.
We discuss the quantitative results from our simulations in
§5.3 and §5.4. Then, in §6, we will discuss observational con-
sequences of the secular interactions in our systems.

5.1 Simulation setup

For our N-body simulations, we use the IAS15 integrator
as implemented in the REBOUND package (Rein & Liu 2012).
The IAS15 algorithm uses an adaptive time scale that en-
sures machine-level precision, and is particularly accurate in
handling close encounters and high-eccentricity orbits (Rein
& Spiegel 2015). As discussed in §4, we include the effects of
GR using the REBOUNDx package with the option gr (Tamayo
et al. 2019), which is valid for cases where the masses are
dominated by a single central body. We start our simula-
tions with a timestep of 2 per cent the orbital period of the

inner planet, and store the orbital elements after every 500
yr of integration. Our simulations are generally run over ∼ 1
Myr.

We assign mass to the inner planet in our simulations,
and thus take into account both L1 and L2 to calculate the
exact invariable plane in this section. This means that we no
longer have I1 = ∆I as in the previous section, but instead
I1 ≈ ∆I (since L1 � L2).

5.1.1 Transformation between sky and invariable planes

To run our simulations in the invariable plane, where the dy-
namics is more easily understood, we first transform angles
in the sky plane (what is observed) to angles in the invari-
able plane. We include details for the plane transformation
in Appendix A. In terms of notation, we denote angles in the
sky plane as ωsky, Ωsky, and Isky, and angles in the invari-
able plane as ωinv, Ωinv, and Iinv. For example, I1,sky refers to
the sky-projected inclination of π Men c (the inner planet),
while I1,inv refers to its inclination in the invariable plane.
Parameters such as a, e, and m are frame-independent.

5.1.2 Unknown parameters and initial conditions: Ω1, e1,
and ω1

The unknown or uncertain orbital elements in our system
introduce uncertainties to the simulations. We take these
uncertainties into account in our consideration of the dy-
namics.

Most importantly, the unknown ascending node of the
inner planet Ω1,sky creates a range of possible ∆I, as shown
in Fig. 1. Therefore, for each simulation, we sample from
the distributions of the sky angles I1,sky, Ω1,sky, I2,sky, and
Ω2,sky, as described in §3.4. For each set of sky angles, we
compute ∆I using Eq. 19. The four sky angles also set the
location of the invariable plane with respect to the sky plane
(see Eq. A1 and Eq. A2 in Appendix A).

The two other unknowns are e1 and ω1,sky (which can
be converted to ω1,inv). The dynamical evolution will be dif-
ferent for different initial values of e1 and ω1,inv, since the
Hamiltonian of the system contains these parameters (see
Eq. 22). Therefore, we also sample from distributions in e1
and ω1,sky. We assume a flat distribution for ω1,sky from 0 to
2π, and a flat distribution for e1 between 0 to 0.3, where 0.3
is the measured 1σ upper limit from Huang et al. (2018).
For the remaining orbital elements, namely a1, P1, a2, P2,
e2, and ω2,sky, we use the median values from Huang et al.
(2018) listed in Table 2, since the uncertainties on these val-
ues are negligible compared to that of the unknowns.

Finally, we convert the sky angles of both orbits to an-
gles in the invariable plane using Eq. A3, and initialise our
simulations with the resultant set of orbital elements. We
run a suite of 2000 separate simulations of the system in
order to account for uncertainties.

5.2 Basic picture: apsidal and nodal precession

In our simulations, we identify two basic secular effects, apsi-
dal precession and nodal precession, for which the equations
of motion are given in Eq. 20 and Eq. 21, respectively. Un-
der apsidal precession, e oscillates between minimum and
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Figure 3. The evolution of π Men c with initial ∆I ≈ 41◦, ω1 = 0, Ω1 = 0, and two initial values of e1 (green lines: 0.05; purple lines:

0.30). In top panel, e1 and ω1 are plotted; in the bottom panel I1 and Ω1. As a comparison, simulations without GR are shown in dashed

lines.

maximum values on a time scale set by Ûω1. The conjugate
momentum H1 (Eq. 21), which is conserved in the TPQ ap-
proximation, means that the dominant behaviour of I is os-
cillation on the same time scale with an opposite phase. On
the other hand, nodal precession causes Ω to evolve on a dif-
ferent (albeit similar) time scale. These evolutions occur for
both planets, but at a larger amplitude for the inner planet
due to its smaller angular momentum. In the following, we
discuss the orbit of the inner planet.

In Fig. 3, we show the evolution of the inner orbit un-
der ∆I ≈ 41◦, and two different initial values of e1 (0.05 in
green and 0.3 in purple). Ω1 and ω1 are both initialised to 0.
Apsidal precession is shown in the top panel, where we plot
e1 (top left) and ω1 (top right) as functions of time. In the
bottom panel, we plot the evolution of I1 (bottom left) and
Ω1 (bottom right) from the same simulations. In these plots,
we overlay the resulting evolution when GR precession is not
included for comparison purposes (shown in dashed lines).

As shown in Fig. 3, both ω1 and Ω1 precess from −π
to +π. Without GR, the inner orbit shows relatively large
amplitude oscillations of e1 and I1 that occur in opposite
phases (see dashed lines in left two panels). As discussed in
§4.2, τGR is shorter than τquad for π Men c, which causes the
apsidal precession rate to be higher when GR is included.
This can be seen by comparing the periods of the solid and
dashed lines in the top left panel for example. The faster
GR precession rate suppresses eccentricity growth (and con-
sequently, large fluctuations in inclination). Indeed, Fig. 3
shows that the amplitude of oscillations in e1 and I1 are
much reduced when GR is included. For example, without
GR, I1 can fluctuate by ≈ 10◦ with an initial e1 = 0.3 (dashed
purple line in bottom left panel), while I1 only changes by
≈ 2◦ with GR (solid purple line in same panel). Similarly, e1

always reaches some maximum value during the evolution,
but this maximum value is lower than it would be if GR had
not been included (see top left panel).

We note that Fig. 3 shows the evolution for less than
1 Myr, without the effect of tidal dissipation. If tidal dis-
sipation were included, the value about which e1 oscillates
would slowly decrease with time so that after τe, which we
estimate to be ∼ 0.7 Gyr but is highly uncertain (§4.3), the
initial conditions would be forgotten and both the purple
and green lines in the top left panel would be oscillating
about the same (low) value determined by the forced ec-
centricity. From other simulations with initial e1 ≈ 0 and
∆I ≈ 41◦, we find that the forced eccentricity is . 0.01 in
this case.

5.3 Maximum eccentricity

Although GR precession suppresses eccentricity growth
caused by fquad, e1 is still excited to some extent. In this
section, we examine the maximum e1 (emax) reached in our
simulations, and compare the results to previous analytic
estimates.

In Fig. 4, we plot emax attained in each of our 2000 sim-
ulations as a function of the initial ∆I (∆I0). The initial e1
(e1,0) is indicated by the colour. From Fig. 4, we see that
higher eccentricities are reached when ∆I0 is larger. This
general behaviour is expected from Eq. 24, which gives emax
in the TPQ approximation with e1,0 = 0 (and no short-range
forces). As shown by the colour differences, emax also rises
with e1,0, especially when ∆I0 is farther away from 90◦. Near
90◦, the colours become mixed, meaning that even configu-
rations with low e1,0 can reach high values of emax.

Both Fabrycky & Tremaine (2007) and Liu et al. (2015)
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Figure 4. The maximum eccentricity reached in each simulation,

plotted as a function of the initial ∆I . The colour represents the
initial e1 of the simulation, which is randomly drawn between

0 − 0.3. The dashed line shows the limiting eccentricity predicted

from Eq. 30 for our system, which is derived analytically in Liu
et al. (2019).

have estimated the maximum eccentricity attainable when
large eccentricity oscillations in the regime ∆I = 39.2◦ −
140.8◦ are suppressed by a faster GR precession rate, and
found that emax is a function of ∆I0 and e1,0, as well as the
relative sizes of τquad and τGR. We parametrize these time
scales in a similar manner as Liu et al. (2015) to define εGR

εGR =
τquad
τGR
(1 − e2

1). (29)

τquad and τGR are given in Eq. 25 and Eq. 26, respectively.

The term (1 − e2
1) is cancelled out by the same term in τGR,

so εGR does not depend on e1. For π Men c, εGR ≈ 2.1. Using
εGR, we can estimate the maximum possible emax, which is
attained when ∆I0 = 90◦. This is termed the limiting eccen-
tricity (elim) in Liu et al. (2015). Using eq.3 in Liu et al.
(2019), and simplifying with L1 � L2, we get

0 =
3
8
(3e2

lim + 2e2
1,0) + εGR

©«
1√

1 − e2
1,0

− 1√
1 − e2

lim

ª®®¬ , (30)

where e1,0 is the initial eccentricity of the inner orbit. Solv-
ing this with e1,0 = 0.3, our maximum starting e1, we get
elim ≈ 0.64. We overplot elim in Fig. 4, and find that the
majority of simulations are below elim, in agreement with
the analytic calculations. The few outliers are expected due
to the limited precision of secular averaging compared to
N-body simulations. In summary, the excitation of the in-
ner eccentricity is limited to a value of ≈ 0.64, which would
occur at nearly 90◦ mutual inclinations between the inner
and outer orbit, a configuration that is perhaps unlikely in
nature. At most other values of ∆I, emax attains moderate
values (e.g. emax < 0.5 for about 92 per cent of simulations).

We note that Eq. 30 assumes no damping in e, and
hence tends to over-estimate elim. As mentioned in §4.3, the
tidal dissipation efficiency is highly uncertain for π Men c.
If τe is less than the system age, one should include the
effect of tides when interpreting the eccentricity evolution.
For example, if tides have damped away the free eccentricity,
the actual emax would likely tend to a value close to one of
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Figure 5. Polar plot of r = I1, inv, θ = Ω1, inv. The trajectories start
at the crosses, and precess around the origin, with a radial size

set by ∆I ≈ I1, inv. The two ∆I < 90◦ trajectories precess clockwise,

while the ∆I > 90◦ trajectory precesses counter-clockwise. Simu-
lations with three different ∆I are plotted. For each ∆I , we run

a series of 36 simulations with different initial values of e1 (four

evenly-spaced values from 0 − 0.3) and ω1 (nine evenly-spaced
values from 0 − 2π). The finite width of the lines show that I1, inv
can evolve by a few degrees over the course of a simulation. Sim-

ulations used in this plot are not part of the final set of 2000
simulations, but ran for illustrative purposes.

the purple dots in Fig. 4 (i.e. simulations where e1,0 ≈ 0).
However, it is also possible that τe is longer than the system
age and eccentricity damping is negligible. To recognise this
uncertainty, we will draw attention to instances where e1 is
used in our calculations, specifically in Eq. 31 and Eq. 34.

5.4 Nodal precession driven by the outer planet

In this subsection, we examine nodal precession of the inner
planet, π Men c, due to interactions with the outer planet, π
Men b. In reality, the quadrupole moment of the rotating and
oblate star also induces precession. Using the results of Lai
et al. (2018), however, we find that the precession rate due to
stellar oblateness is negligibly small for π Men c compared
to that induced by the outer planet (see §6.1 for details).
Therefore, in this subsection, we only consider precession of
the inner orbit around the total angular momentum vector
of the two planets, which is very similar to the outer planet’s
angular momentum vector.

We can visualise nodal precession by examining the Ωinv
and Iinv phase space for the inner planet. As shown in Fig. 5,
the planet traces out cyclical trajectories in this phase space
as it precesses. Trajectories with different colours correspond
to simulations with a different ∆I, which sets the size of the
trajectory. We plot the results from a series of simulations
with varying e1 and ω1 for each ∆I, which explains the finite
width of the lines, and shows that I1,inv can oscillate by a
few degrees (see also bottom left panel of Fig. 3).

The time scale of nodal precession can be estimated
from Eq. 21, which gives the time derivative of Ω. Since
large eccentricity oscillations are suppressed in this system,
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we follow Yee et al. (2018) and drop the term with cos 2ω1
from the Hamiltonian (see Eq. 22 and Eq. 23). Taking the
time derivative of remaining Hamiltonian, we get

ÛΩ1 =
∂H
∂H1

=
1
8

√
G

M?

©«
a3/2

1
a3

2

ª®¬ m2
(1 − e2

2)3/2

(
15H1
G2

1
− 9H1

)
,

(31)

where H1 and G1 are given in Eq. 20 and Eq. 21. H1 is a
function of I1, which is approximately equal to ∆I. Both H1
and G1 are also functions of e1. The associated time scale is
PΩ = 2π/ ÛΩ1. Our calculation is intended to serve as a rough
estimate. For example, if tidal dissipation reduces the free
eccentricity then PΩ will be slightly shorter than that calcu-

lated here by a factor ∼
√

1 − e2
1. More exact estimates can

be performed by considering tides and higher order terms in
the perturbing function (e.g. Bailey & Fabrycky 2020).

In Fig. 6, we plot the expected PΩ from Eq. 31 as a func-
tion of sin∆I, as well as the actual PΩ derived from the sim-
ulations. Since Eq. 31 is a function of e1, we use the median
value of e1 from each simulation to compute the expected
time scale. To estimate the actual PΩ from the simulations,
we use a Lomb-Scargle periodogram to search for periodic
signals in Ω within the range 0.1 − 10 Myr. As shown in
Fig. 6, we find good agreement between the expected and
actual PΩ, especially at lower sin∆I, or ∆I away from 90◦. As
∆I approaches 90◦, the precession time scale goes to infinity
since Eq. 31 goes to zero.

We note that nodal precession has a longer time scale
than the eccentricity excitation time scale shown in Fig. 3,
which is dominated by the GR precession time scale. This
is also apparent in the different periods of ω1 and Ω1 shown
in Fig. 3. In the next section, we examine some interesting
observational consequences of nodal precession.

6 EFFECTS OF NODAL PRECESSION IN
LARGE ∆I SYSTEMS

In this section, we explore two consequences of nodal pre-
cession in systems like π Men and HAT-P-11, which have
a large planet-planet ∆I. First, as the inner planet under-
goes nodal precession around the invariable plane, which is
misaligned to its orbit by ≈ ∆I, the stellar obliquity (ψ, the
angle between the stellar spin axis and orbital axis of inner
planet) could evolve significantly as long as the stellar spin
axis is not aligned with the outer planet’s orbital axis, and
the star and inner planet are not strongly coupled. Second,
the inner planet comes in and out of a transiting configura-
tion as it precesses. After discussing the relative precession
rates and outlining the geometry in §6.1, we discuss these
two effects in §6.2 and §6.3, respectively.

6.1 Relative precession rates and geometry

To understand these effects, consider three relevant direc-
tions: the orientations of the two orbital planes, L̂1 and L̂2,
and the orientation of the stellar spin axis, L̂?. Each of the
three vectors precesses due to the quadrupole moment of
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Figure 6. Comparison between the expected PΩ (purple dots)
calculated from Eq. 31 to the actual PΩ from simulations. We

truncate the y-axis to 1 Myr for demonstration purposes, and

note that the agreement gets worse as the expected PΩ > 1 Myr,
corresponding to 85◦ . ∆I . 95◦.

the other two bodies. In §5.4, we considered the precession
of L̂1 around L̂2 as driven by the quadrupole moment of
m2. Adopting the framework of Lai et al. (2018), we now
consider if other precession cycles may be important in the
system. As a simplification, we assume that L̂2 is fixed and
traces the invariable plane in both π Men and HAT-P-11.
Besides the precession rate of L̂1 around L̂2, which can be
termed ω12, there are three other important precession rates
in the system, ω1?, which is the precession rate of the L̂1
around L̂?, ω?1, the precession rate of L̂? around L̂1, and
ω?2, the precession rate of L̂? around L̂2.

These rates can be compared to determine the dominant
behaviour of the system. We are specifically interested in the
evolution of ψ and L̂1 over time. Lai et al. (2018) showed
that the time evolution of ψ has three different regimes, as
determined by the parameter (eq. 8 of Lai et al. 2018)

ε?1 ≡
ω12 − ω?2
ω?1 + ω1?

, (32)

which measures the coupling strength between the star and
the inner planet relative to the forcing of the outer planet.
If ε?1 � 1, the mutual precession between L̂? and L̂1 is
faster than ω12, meaning that the star and inner planet are
strongly coupled so that L̂1 and L̂? follow each other. In
this case, the obliquity cannot evolve significantly (Lai et al.
2018). As we discuss below, ψ does evolve significantly for
the two other regimes where we find π Men and HAT-P-11
to be in.

Lastly, we note that tidal dissipation could affect ψ.
Applying the results of Barker & Ogilvie (2009) to π Men c,
however, we find that the time scale to align the stellar spin
with the inner orbit is comparable to τa, which we argue in
§4.3 must be much longer than the ages of π Men and HAT-
P-11 given that their inner planets are still at relatively large
orbital distances. We therefore assume that tidal dissipation
is negligible for the evolution of ψ in this paper.
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6.1.1 Weak planet-star coupling: π Men

If ε?1 � 1, then the inner planet and the star are weakly
coupled. This is true when ω?1 and ω1? are much smaller
than ω12. In this regime, L̂1 precesses around L̂2 at a rapid
rate, while L̂? changes slowly. This is the case for π Men,
which has ε?1 ≈ 36, and ω12 � ω1? � ω?1 � ω?2.

We illustrate the evolution of L̂1 for π Men in Fig. 7.
For simplicity, we assume that L̂1 and L̂? are initially both
in the sky plane (X − Y plane), along the X direction. In
other words, ψ = 0 and I1,sky = 90◦ initially (top panel). L̂2
points out of the sky plane, in a different direction than L̂?.
Since the fastest frequency is ω12, the dominant behaviour is
that L̂1 precesses in a circle (dashed circle in Fig. 7) around
L̂2. L̂? also precesses around L̂1 and L̂2, but at much slower
rates, so we ignore this precession in Fig. 7 and assume L̂?
is fixed. As L̂1 precesses around L̂2, L̂1 comes out of the
sky plane (middle panel). Initially, the inner planet is seen
transiting. However, as L̂1 comes out of the sky plane, I1,sky
changes and the inner planet may not transit. The larger the
mutual inclination, the more I1,sky can deviate from 90◦, so
the more often the inner planet will not transit. At the same
time, ψ is changing since the relative orientation between
L̂1 and L̂? is varying with time. If at t = 0, ψ = 0, then
ψ can reach a maximum value of ≈ 2 × ∆I after half the
nodal precession period (bottom panel), a result that was
also derived analytically by Lai et al. (2018).

We emphasise that the change in obliquity here is de-
pendent on the misalignment between L̂2 and L̂?. In the case
where L̂2 and L̂? point in the same direction, the obliquity
would stay roughly constant and be equal to ∆I. It will not
be completely constant because the dashed circle of preces-
sion has a finite width of a few degrees, which corresponds
to the small variation in I1,inv over the course of a simulation
(see Fig. 5).

6.1.2 Resonance excitation of ψ: HAT-P-11

For HAT-P-11, ε?1 ≈ 0.8, corresponding to the resonant case
in Lai et al. (2018). Specifically, we find that ω12 ≈ ω1? ≈
ω?1 � ω?2, so L̂? can no longer be considered fixed and the
evolution of ψ becomes more complicated. Lai et al. (2018)
showed that in this regime, a resonance between the inner
planet’s total precession rate and the star’s total precession
rate causes ψ to reach large values that may exceed the 2×∆I
limit of the weak-coupling regime. For our purposes, it is
sufficient to note that ψ would also evolve significantly with
time for HAT-P-11, although in a more complex manner,
and that ∆I ≈ 50◦ would be more than sufficient to produce
ψ ≈ 100◦ due to the possibility of resonant excitation. In
addition, the inner planet in HAT-P-11 will also come in
and out of transit as L̂1 precesses.

6.1.3 Summary of possible configurations

The discussion surrounding Fig. 7 involves two possible con-
figurations of the system. In general, we can envision three
different configurations of L̂1, L̂?, and L̂2.

I. (L̂1 ≈ L̂? , L̂2): The orbit of the inner planet and the
stellar spin axis are aligned, but the outer planet’s orbit is

Figure 7. Illustration of nodal precession and the resultant evo-
lution of I1,sky and ψ for the case of weak coupling between the
inner planet and the star. Here, X and Y define the sky plane,

and are along the δ and α directions respectively. Z points to-
ward the observer. The stellar spin axis L? points in X, and L2
points out of the sky plane. Both L? and L2 can be considered

fixed in the weak coupling case. At t = 0 (top panel), L1 points in
the X direction and I1,sky = 90◦, ψ = 0. L1 then precesses around
L2, causing L1 to come out of the sky plane (middle panel). The

obliquity has increased and the inner planet no longer transits. At
t = PΩ/2, the planet transits again, but ψ reaches its maximum

value ≈ 2 × ∆I .

misaligned with both. This is the initial state of the system
in Fig. 7.

II. (L̂1 , L̂? ≈ L̂2): The orbit of the outer planet is
aligned with the stellar spin direction, while the inner planet
is misaligned with both. In this case, ψ ≈ ∆I.

III. (L̂1 , L̂? , L̂2): None of the three angular momen-
tum vectors are aligned in the system. This is the long-term
state of the system in Fig. 7.
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What we find is that due to nodal precession, an align-
ment between L̂1 and L̂? is very fortuitous in systems like
π Men and HAT-P-11. Therefore, case I is rare and large ∆I
systems will usually be observed in case II or case III. We
will argue in §7.3 that due to dynamical considerations, case
III is more likely for π Men and HAT-P-11 than case II, so
the stellar obliquity will likely evolve significantly with time
in these systems.

6.2 Measurements of the stellar spin orientation

Given the above findings, observational constraints on the
stellar spin orientation in π Men and HAT-P-11 would be
helpful. We summarise constraints from previous observa-
tions below.

6.2.1 π Men

For π Men, we can derive a rough constraint on L̂? using pre-
vious measurements of the rotational period (P?) and pro-
jected rotational velocity (v sin I?). Our data for P? comes
from Zurlo et al. (2018), who used archival time series pho-
tometry from the All Sky Automated Survey to detect a
periodic signal of 18.3 ± 1 d (99 per cent confidence). We
assume that the 18.3 d signal coincides with the stellar ro-
tation period. To translate P? into the rotational velocity
v, we use the radius measurement of R? = 1.10 ± 0.023 R�
from Huang et al. (2018). There are multiple v sin I? mea-
surements for π Men, and most are consistent. We adopt
v sin I? = 2.96±0.28 km s−1 from Delgado Mena et al. (2015).

With these measurements, we perform a MCMC sam-
pling with uniform priors in v and cos I?, following the sta-
tistically correct procedure described in Masuda & Winn

(2020). We find that I? = 74.6◦+10.5◦
−12.1◦ (1σ). Given that

I1,sky = 87.46 ± 0.08◦, this implies that π Men c could be
consistent with being well-aligned with its star (i.e. case I).
An alignment would not be in conflict with the large ∆I be-
tween the planets, as Fig. 7 shows that ψ varies cyclically,
and the exact value depends on where the planet happens to
be in the cycle, as well as the initial value of ψ. However, an
alignment between L̂1 and L̂? would require us to be observ-
ing the system at a special time, and the current data alone
is also consistent with the star being aligned with the orbit
of the outer planet (i.e. L̂2 ≈ L̂?), which has I2,sky = 41− 65◦
(i.e. case II). Finally, since these sky-projected inclinations
do not probe the exact orientations, it is also possible that
L̂1 , L̂? , L̂2, giving case III.

Therefore, for π Men, current observations cannot rule
out any of the three cases outlined in the previous subsec-
tion. A direct measurement of λ > 0 from the Rossiter-
Mclaughlin effect could eliminate case I. Observing λ ≈ ψ ≈
∆I would provide indirect evidence for case II. Finally, as-
teroseismology would provide a more precise estimate of I?.

6.2.2 HAT-P-11

As mentioned in §3.5, Yee et al. (2018) invoke nodal preces-
sion as a possible cause of the large sky-projected obliquity
of HAT-P-11 b (λ ≈ 100◦, a proxy for the true obliquity ψ).
In §3.5, we found that 54◦ < ∆I < 126◦ (1σ) for HAT-P-11.
Given that resonant excitation of ψ is possible for HAT-P-11

(§6.1.2), a misalignment of ≈ 50◦ between HAT-P-11 b and
c is more than sufficient to produce ψ ≈ 100◦.

The high obliquity observed in HAT-P-11 means that
L̂1 , L̂?. Our ∆I measurement gives L̂1 , L̂2. The only
remaining uncertainty in HAT-P-11 is whether L̂2 and L̂?
are aligned. We cannot repeat the method above to con-
strain I? due to the slow and poorly constrained rotation
rate of the star (v sin I? = 1.5 ± 1.5 km s−1 from Bakos et al.
2010). Instead, we use previous star-spot crossing observa-
tions for HAT-P-11 (Sanchis-Ojeda & Winn 2011), which
find a degeneracy between nearly pole-on (I? ∼ 170◦) and
nearly edge-on (I? ∼ 80◦) configurations of the stellar spin
axis. If I? ∼ 80◦ and I? ∼ 170◦ are the only two possibil-
ities, this suggests that the star would be misaligned with
the outer planet as well, which has 114◦ < I2,sky < 148◦ or
34◦ < I2,sky < 70◦ (both 1σ intervals). Therefore, it appears
that none of the three vectors are aligned in HAT-P-11, giv-
ing case III (L̂1 , L̂? , L̂2).

6.3 The dynamical transit probability of π Men c

As nodal precession occurs, π Men c shifts in and out of a
transiting configuration (see Fig. 7). The time-varying na-
ture of transits due to nodal precession has been noted by
past studies (e.g. Martin & Triaud 2014; Martin 2017; Boley
et al. 2020), especially for circumbinary planets for which the
precession time scales can be as short as tens of years (e.g.
Kepler 413 b, Kostov et al. 2014; Kepler 1661 b, Socia et al.
2020). Even a small misalignment between the planetary or-
bit and the binary orbit will cause circumbinary planets to
shift in and out of a transiting state, similar to what we find
for π Men c where in this case the binary is a planetary-mass
companion. Recently, one planet (K2-146 c) was also found
to come into transit from a non-transiting configuration due
to an unknown perturber (Hamann et al. 2019).

From our simulations, we can determine quantitatively
how often π Men c transits in the long term. We term this
the dynamical transit probability, Pdyn. This should not be
confused with the more common geometric transit proba-
bility, Pgeom, which describes how likely it is see a planet
transiting if the distribution of possible orbits is isotropic.
Taking into account the enhanced probability of seeing ec-
centric planets, Pgeom is given by (Borucki & Summers 1984;
Barnes 2007)

Pgeom =
R?

ap(1 − e2)
. (33)

Using ap/R? ≈ 13.4 (Huang et al. 2018), we get Pgeom ≈ 7.5
per cent for a circular orbit of π Men c, which corresponds to
a lower limit of Pgeom. On the other hand, Pdyn measures how
often a planet is seen transiting in the long term, taking into
account secular interactions that render its possible orbits
not completely isotropic. While Pgeom is statistically useful
in population-level studies (e.g. deriving planet occurrence
rates), Pdyn should only be considered on a case-by-case ba-
sis.

To estimate Pdyn for π Men c, we convert our orbital an-
gles back to the sky plane. In the sky plane, we can estimate
the size of the transiting region in terms of the maximum
angle that I1,sky can be away from 90◦ (i.e. perfectly edge-
on). We call this maximum angle Icrit. The planet transits
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Figure 8. Polar plot of r = I1,sky, θ = Ω1,sky. The same simulations

as in Fig. 5 are now represented in the sky plane. The transiting
region is shown as a band of width Icrit = 4.3◦ centred on 90◦,
where this particular Icrit corresponds to circular orbits of the

inner planet. The location of the invariable plane is plotted as
the black dot. For clarity, we make the invariable plane similar

in these three cases. The trajectories start at the crosses, and

proceed clockwise (if ∆I < 90◦) or counter-clockwise (if ∆I > 90◦)
around the invariable plane.

if I1,sky is between 90◦ − Icrit and 90◦ + Icrit. For circular or-
bits, Icrit = arctan(R?/ap), or ≈ 4.3◦ for π Men c. However,
secular perturbations give π Men c a non-zero eccentricity,
which enhances its transit probability at a given time. We
take this enhancement into account by widening the effective
transiting band by a factor of 1/(1− e2), where e is taken to
be the eccentricity at that time (Barnes 2007). In summary,
we determine the planet to be transiting if

90 −
arctan(R?/ap)
(1 − e2)

≤ I1,sky ≤ 90 +
arctan(R?/ap)
(1 − e2)

. (34)

In Fig. 8, we show polar plots of r = I1,sky, θ = Ω1,sky. This
is similar to Fig. 5, which showed the two angles in the
invariable plane. Overplotted in red in Fig. 8 is the transiting
band, assuming circular orbits (the actual size of the region
changes as a function of e1). The inner planet traces out
cyclical trajectories in this space, so one can easily visualise
when the planet is transiting.

As shown in Fig. 8, the inner planet is not always in
transit, and the exact Pdyn depends on the initial conditions
of the simulation. We estimate Pdyn for each simulation by
finding the fraction of timesteps that π Men c is transiting
over one complete cycle in Ω. For each timestep, we use the
prescription in Eq. 34 to determine if the planet is tran-
siting.5 We use only one nodal precession period to avoid
biasing Pdyn by unevenly sampling the long-term cycle. The
time scale of nodal precession is relatively long, especially

5 As we do not include tidal dissipation in our simulations, our

values of e would be larger on average than what is expected if
tidal dissipation has damped away the free eccentricity. Therefore,

we may slightly over-estimate Pdyn by less than 1 per cent.
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Figure 9. Pdyn of π Men c as a function of the initial ∆I from

our simulations. The 1σ interval is traced by the light red region,

while the dashed line indicates the median. The value of Pgeom for
a circular inner orbit is overplotted as the dash-dotted line.

for ∆I close to 90◦, so our simulations are run long enough
to sample at least one cycle in Ω.

We plot the estimated Pdyn from our full set of 2000 sim-
ulations in Fig. 9, which shows that Pdyn is between 7 − 22
per cent (1σ interval), with a median at 12 per cent, and
decreases as ∆I gets closer to 90◦. The Pdyn of π Men c is
comparable to that of Kepler 1661 b, which is found to only
transit ∼ 7 per cent of the time (Socia et al. 2020). We also
overplot the value of Pgeom for e1 = 0 in Fig. 9 for compari-
son. Given the distribution of mutual inclinations we derive,
π Men is in fact not transiting a majority of the time. Our
derived values for Pdyn are generally higher than the circular
Pgeom (7.5 per cent), except for ≈ 15 per cent of simulations,
which have trajectories in the I1,sky−Ω1,sky phase space that
overlap very little with the transiting region.

Even if there are other non-transiting, super Earth sized
planets near π Men c, we expect our results on Pdyn to hold.
Depending on the relative coupling between the planets, ei-
ther the inner planets are strongly coupled and precess in
unison around the outer planet’s orbit, or they are weakly
coupled and precess out of sync (see Lai & Pu 2017 and a
different formulation in Read et al. 2017). Regardless of the
coupling strength between the planets, however, Pdyn will
remain low for a given planet. We further discuss the impli-
cations of a low dynamical transit probability in §7.1.

7 DISCUSSION

7.1 Implications of a low dynamical transit
probability

In §6.3, we found that given our inferred ∆I distribution
between π Men c and π Men b, Pdyn is low for π Men c,
on the order of 10 − 20 per cent. HAT-P-11 b would also
have a similarly low Pdyn given our measured ∆I between
HAT-P-11 b and c. From our simulations, we estimate that
π Men will stay transiting for at least two thousand years.
The change in its sky-projected inclination is too small to be
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observable (∼ 0.001◦/ yr), unlike more favourable systems
(e.g. Trappist-1 or some circumbinary planets) where it is
estimated that planets may de-transit on decade time scales
(e.g. Boley et al. 2020; Socia et al. 2020).

The direct implication of the low Pdyn we infer is that
for every transiting π Men c, there are about 5-10 other inner
planets in misaligned systems like π Men that do not tran-
sit at the moment. This result does not affect population
statistics, which are determined from Pgeom, since the dis-
tribution of exoplanet orbits as a whole may still be treated
as isotropic. Our inferred Pdyn should be considered in the
context of the π Men system alone, and not other systems
if their ∆I is unknown.

In the following, we consider the possibility that there
are other inner planets in π Men that do not currently tran-
sit. If this is the case, it might be more likely to see at least
one planet transiting. We denote this probability Pat least 1.
The value of Pat least 1 depends on the relative coupling be-
tween the inner planets. From Lai & Pu (2017), the coupling
between two inner planets depends on the relative masses
and semi-major axes of the perturber (π Men b in this case)
and the outermost inner planet (see their eq. 12 & 38). We
note that both Lai & Pu (2017) and Read et al. (2017) as-
sume low ∆I (≤ 10◦) between their inner and outer planets,
and there could be more complex behaviour at larger ∆I.
In general, however, we expect that for Pat least 1 to increase
significantly, the inner planets need to be weakly coupled
to each other so that their Pdyn can be treated as indepen-
dent and summed to get Pat least 1. Alternatively, if a reso-
nance between the nodal precession frequencies of the inner
planets takes place, there could be large ∆I between the in-
ner planets (Lai & Pu 2017), and this may also enhance
Pat least 1. However, if the inner planets are strongly coupled
and precess in unison, ∆I between them would remain low,
in which case it is hard to increase Pat least 1 by more than
Pdyn. The inner system of π Men could be in each of these
categories (weakly coupled, resonant, strongly coupled) due
to the allowed parameter space of additional, non-transiting
planets, although the fact that there is only one observed
transit could disfavour a strongly coupled scenario (i.e. the
one in which we would see either multiple transiting planets
or none at all). In summary, in order to increase Pat least 1 by
much more than Pdyn for π Men, there needs to be several
other inner planets in π Men that have just the right masses
and locations.

7.2 Dynamically linked inner and outer systems

In this section,we consider how outer planets dynamically
influence the inner planets in hierarchical systems like π

Men and HAT-P-11. In particular, past studies have noted
a link between dynamically ‘hot’ (eccentric and inclined)
outer systems of CJs and dynamically ‘hot’ inner systems
of SEs by pointing to correlations between the existence of
long-period CJs and inner systems with low transit multi-
plicities (Zhu & Wu 2018; Masuda et al. 2020). RV surveys
find that long-period CJs have a more or less uniform dis-
tribution of eccentricities from 0.0 to 0.8 (e.g. Butler et al.
2006), so a significant portion are dynamically hot. A low
transit multiplicity is a proxy for a dynamically excited inner
system because it implies either a low intrinsic multiplicity,
e.g. because some planets were destabilised and ejected from

the system (e.g. Huang et al. 2017; Mustill et al. 2017), or
a high mutual inclination between the inner planets that
reduces the probability of observing multiple transits (e.g.
Lai & Pu 2017; Hansen 2017; Becker & Adams 2017; Read
et al. 2017; Pu & Lai 2018). The link seems to be causal
as well, with outer CJs heating up the inner system. For
example, dynamical excitation by an outer planet on the
inner system has been proposed to partially explain the Ke-
pler Dichotomy (e.g. Hansen 2017), or the apparent excess
of single-transiting systems discovered by Kepler.

On the other hand, in systems without CJs or systems
with CJs that are well-aligned with their inner system, the
inner multiplicity is high (Zhu & Wu 2018; Masuda et al.
2020). In fact, all three systems with transiting CJs used
in Masuda et al. (2020) have three or more inner transiting
SEs, and all three CJs are consistent with having low ec-
centricities, although the uncertainties are large. Our solar
system is also a cold and flat system, where the four terres-
trial planets and four gas giants have mean inclinations of
≈ 2.9◦ and ≈ 0.7◦ from the invariable plane, respectively. All
this suggests that inner systems that are dynamically ‘cold’
correlate with ‘cold’ outer systems.

In order to test this correlation further, it is important
to know the mutual inclinations between the inner planets
and the outer planets. From our analysis, we find that π

Men and HAT-P-11 both have giant planets that are highly
misaligned with their single transiting planets. The eccen-
tricities of the giant planets in π Men and HAT-P-11 are
both high (& 0.6) as well. Although statistically insignifi-
cant as yet (N = 2), these results do support the hypothesis
that dynamically hot outer systems play a role in sculpting
their inner systems.

Measuring the obliquity angle in systems with mutu-
ally misaligned planets would be another a strong test for
correlations between inner and outer systems. As we have
shown with π Men and HAT-P-11, nodal precession alone
can generate large obliquities (see also Yee et al. 2018). In-
deed, our measurement of 54◦ < ∆I < 126◦ (1σ) between
HAT-P-11 b and c can explain the ≈ 100◦ obliquity of HAT-
P-11, especially given the possibility of resonant excitation
(see §6.1.2). Therefore, we expect that inner and outer sys-
tems with large mutual inclinations between them will also
tend to have large obliquities between their inner planets
and their host stars. In fact, Morton & Winn (2014) found
evidence that obliquities of stars with single transiting plan-
ets are higher than those with multiple transiting planets
at the ≈ 2σ level, supporting a correlation between single
transits and larger obliquities.

The eccentricities of the inner planets can be used as
another proxy for the level of excitation in the inner system.
HAT-P-11 b has a non-negligible eccentricity of 0.22 ± 0.03
(Yee et al. 2018), and our simulations show that π Men c
could have a moderate eccentricity due to secular perturba-
tions from π Men b, although tidal dissipation may damp
away the free eccentricity over Gyr time scales (see §5.3;
a tentative 1σ upper bound of 0.3 was found in Huang
et al. 2018). Van Eylen et al. (2019) showed that the ob-
served eccentricities of single-transiting systems are statisti-
cally higher than those of multiple-transiting systems: when
modelled with a Rayleigh distribution, the scale parame-
ter (σ) is 0.24 ± 0.04 for singles and 0.06 ± 0.01 for multis.
This suggests that moderate inner eccentricities do go hand-
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in-hand with higher mutual inclinations or lower intrinsic
multiplicities of the inner system, both of which reduce the
transit multiplicity (see also Huang et al. 2017).

Yet another approach has been taken by Zhu & Wu
(2018), who used the metallicity of the host star as a proxy
for CJ occurrence, following their well-established relation-
ship (Fischer & Valenti 2005). Using data from RV follow-
up surveys of Kepler systems, they found that there is a
deficit of high-multiplicity systems around high-metallicity
host stars at the 93 per cent confidence level. This serves as
another line of evidence that systems with outer CJs might
have disrupted their inner systems.

In summary, there is an emerging link between the fol-
lowing: hot outer systems (eccentric and inclined CJs)⇒ hot
inner systems→ low transit multiplicities & high obliquities
& high inner eccentricities. Our measurements and analy-
sis of ∆I in π Men and HAT-P-11 not only support this
correlation, but also demonstrate that nodal precession is a
plausible explanation for part of the correlation, namely that
between misaligned inner and outer systems and high obliq-
uities between the star and the inner system. On the other
hand, there is also tentative evidence for the opposite corre-
lation: cold outer systems or absence of outer systems⇒ cold
inner systems→ high transit multiplicities & low obliquities
& low inner eccentricities. More multi-planet systems with
measurements of eccentricities, obliquities, and inclinations
are needed to further prove or disprove these correlations.
For example, dedicated RV monitoring of Kepler systems in
search for outer CJs would help increase the sample size (e.g.
Mills et al. 2019).

7.3 Planet formation and evolution in large ∆I
systems

What causes ∆I to be large in π Men and HAT-P-11, and
what does this mean for the initial stages of planetary for-
mation and subsequent evolution in these systems? In §6.1,
we outlined three possible configurations of L̂1, L̂2, and L̂?.
To discuss formation scenarios, we must also consider the
orientations of the protoplanetary disc and any present-day
debris disc, which we refer to as L̂ppd and L̂dd, respectively.

Both π Men and HAT-P-11 are evolved systems with
ages of several Gyr. There is no known debris disc in HAT-
P-11, but π Men hosts a faint debris disc (fractional lu-
minosity of ∼ 1.6 × 10−6 , blackbody radius ∼ 30 − 170 au)
detected from far-infrared excess with Herschel (Sibthorpe
et al. 2018). While over a hundred debris discs have been
imaged in scattered light and thermal emission, the faint-
ness of the π Men disc makes it very challenging to image;
a resolved image of this disc would require long integration
times, for example with ALMA, or improved sensitivity of
future instruments such as SPICA (Roelfsema et al. 2018).
If imaged, the orientation and structure of the disc would
provide significant benefits in our understanding of the for-
mation of π Men, as we discuss below.

In the following, we shall refer to initial orientations
with the subscript ‘i’, and long-term orientations with the
subscript ‘lt’. We use the three general cases outlined in §6.1
to describe long-term configurations. The first two subsec-
tions below (§7.3.1 and §7.3.2) focus on planet-planet in-
teractions to drive the large observed ∆I between the inner
and outer planets of π Men and HAT-P-11. In these subsec-

tions, we assume that at the initial stage of planet forma-
tion, L̂ppd,i ≈ L̂?,i ≈ L̂1,i ≈ L̂2,i, i.e. the system was initially
flat before the onset of later perturbations. When we con-
sider misaligned protoplanetary discs in the third subsection
(§7.3.3), this assumption is dropped.

7.3.1 Planet-planet scattering in the outer system

Given the high eccentricity of the outer planets in π Men
and HAT-P-11 (e & 0.6), it is plausible that they originated
in groups of closely packed giant planets that underwent
unstable dynamical interactions. Previous studies show that
systems with three or more giant planets that undergo dy-
namical encounters after disc dissipation can lose all but
one remaining planet, which ends up with a high eccentric-
ity and high inclination relative to the initial plane of the
disc (e.g. Chatterjee et al. 2008; Jurić & Tremaine 2008). As
noted before, we assume the system was entirely flat before
the outer planet was affected by dynamical scattering. After
scattering, we get L̂2,lt , L̂?,lt.

After the outer planet becomes misaligned with the stel-
lar spin axis, it will inevitably influence the inner orbit,
which is initially aligned with the star. If the inner planet
formed in situ, where large amplitude oscillations in e1 and I1
are suppressed, nodal precession will cause L̂1 to evolve with
time and therefore rapidly lose memory of any initial align-
ment with L̂? (see §6.1). The stellar spin axis also precesses,
but for both π Men and HAT-P-11, it does so in ways that
maintain the misalignment between L̂1 and L̂?. (see §6.1.1
and §6.1.2 for details). The system would therefore be ob-
served as case III most of the time (L̂1,lt , L̂?,lt , L̂2,lt).

On the other hand, if the inner planet formed at a larger
semi-major axis, where the GR precession rate is slow, secu-
lar perturbations from the outer planet might have brought
the inner eccentricity to extreme values (& 0.9), causing
the planet to tidally migrate until GR starts to suppress
the large oscillations in e1 and I1. During these oscillations,
the inclination of the inner orbit changes significantly, which
again causes L̂1,lt , L̂?,lt and gives case III. In this scenario,
however, it is unclear why some planets end up in sub-day
orbits (i.e. forming ultra-short period planets as in Petrovich
et al. 2019), while others planets like π Men c and HAT-P-11
b end up in orbits that are relatively stable against further
orbital decay.

After scattering occurs between the giant planets, we
expect the debris disc to trace the orientation of the pro-
toplanetary disc and thus be initially misaligned with the
orbit of the outer planet (i.e. L̂ppd,i ≈ L̂dd,i , L̂2,i). However,
the eccentric giant planet would then act on the less mas-
sive exterior debris disc and alter its shape and orientation
via secular interactions. Pearce & Wyatt (2014) modelled
these interactions and found a few different stable outcomes
depending on the planet eccentricity and initial planet-disc
mutual inclination, ∆Ipd,i. The time scale for the debris disc
in π Men to evolve into these outcomes is on the order of
10 Myr assuming a disc radius of ∼ 100 au (using eq. 17 of
Pearce & Wyatt 2014), well below the system age. There is
a critical ∆Ipd,i that separates different outcomes, which we
estimate to be ∼ 30◦ for π Men b (using eq.13, originally
from Farago & Laskar 2010). Given I2,sky = 41 − 65◦, and
I? = 63 − 85◦ for π Men, the critical ∆Ipd,i might or might
not be attained in this system.
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We summarise the different cases found in Pearce &
Wyatt (2014) (see their fig.3 for visual illustrations). Be-
low the critical ∆Ipd,i, the disc would become aligned with

the planet’s orbit but puffed up vertically, i.e. L̂dd,lt ≈ L̂2,lt.
In addition, the disc would become eccentric and apsidally
aligned with the planetary orbit, so it would appear elon-
gated along the line of apsides. Above the critical angle,
there are two different possibilities. If ∆Ipd,i is not too high,
the disc would form a hollow bell-shaped structure that en-
capsulates the planet’s orbit, becoming more like a cloud
than a disc. In this case, we still have L̂dd,lt ≈ L̂2,lt, but
the disc would have distinct features such as an overdensity
at the apocentre. In a more extreme case, if ∆Ipd,i & 60◦,
the disc would become orthogonal to the planetary orbit
(i.e. L̂dd,lt and L̂2,lt are maximally misaligned). Such polar
discs have been observed around binary stars (Kennedy et al.
2012, 2019). We might expect that it would be difficult for
planet-planet dynamical scattering to excite such extreme
inclinations, however, so the last possibility may be unlikely
for π Men. Overall, we would expect L̂dd,lt ≈ L̂2,lt, unless
∆Ipd,i is very large in which case a polar debris disc forms.
The exact structure of the disc would provide constrains on
∆Ipd,i, which sheds light on the early conditions of the sys-
tem.

7.3.2 Self-excitation of the inner system

It is also possible that the giant planet and the stellar spin
axis are currently aligned (L̂?,lt ≈ L̂2,lt), but the inner planet
is misaligned with both (case II). Like in the previous case,
assume that both planets formed in a flat protoplanetary
disc and were originally co-planar. If the inner planet had
multiple close neighbours, it might have experienced a pe-
riod of dynamical instability that led to the ejection or colli-
sion of those neighbouring planets. In this process, the inner
planet acquires inclination, causing L̂1,lt , L̂?,lt ≈ L̂2,lt. This
is similar to the process in the previous section, but between
lower-mass inner planets. These excitations have been mod-
elled during the period of in situ assembly, and are able
to produce diverse systems from different initial conditions
of the protoplanetary disc (Dawson et al. 2016; Moriarty &
Ballard 2016). As noted in §6.1, an important feature of case
II is the we expect ψ ≈ ∆I.

After self-excitation of the inner system, we expect the
outer debris disc to remain aligned with the outer planet,
as it traces the orientation of the protoplanetary disc (i.e.
L̂ppd,i ≈ L̂dd,lt ≈ L̂2,lt). If the system evolved in this way to
give case II, we would expect the debris disc to be much
thinner than the “re-aligned” discs described in §7.3.1, with
a scale height of ≈ 0.03-0.1 similar to other imaged discs
(Matrà et al. 2019; Daley et al. 2019). Therefore, measur-
ing the disc scale height would help determine whether the
debris disc was initially misaligned to the giant planet and
later re-aligned, or always aligned to the giant planet.

However, one caveat to this scenario is that gravita-
tional interactions between these less massive planets have
difficulties exciting the inclinations by more than ∼ 10◦, and
are perhaps insufficient to explain the mutual inclinations
that we observe in π Men and HAT-P-11. In addition, this
scenario does not explain the observed large eccentricities of
the outer planets. It might then be more likely that planet-

planet scattering took place in both the inner system and the
outer system, with the outer system simultaneously influ-
encing the evolution of the inner system. These interactions
can easily misalign the planets with respect to each other
and their star, again reducing the configuration to case III
(L̂1,lt , L̂?,lt , L̂2,lt). The outer planet will tend to re-align
the debris disc to its orbit, so we expect the same disc out-
comes as described in §7.3.1.

7.3.3 Broken and misaligned protoplanetary discs

In the two previous cases, the planets form in a flat proto-
planetary disc aligned with the star, but subsequently evolve
to obtain large mutual inclinations. Here, we consider the
alternative possibility that the planets formed in a broken
protoplanetary disc with misaligned inner and outer compo-
nents.

Simulations show that a misalignment between the in-
ner and outer discs could be caused by a misaligned gas giant
companion (Zhu 2019; Nealon et al. 2019) or a misaligned
binary star system (e.g. Facchini et al. 2018). Alternatively,
it is possible that there are additional physical effects that
break and misalign the discs. Observationally, the mutual
inclinations between inner and outer disc components have
been measured in some systems and range between 30◦ to
80◦ (e.g. Marino et al. 2015; Loomis et al. 2017; Min et al.
2017; Walsh et al. 2017; Casassus et al. 2018). If the discs are
misaligned by giant companions, we expect the companion’s
orbit to be inclined relative to either disc by about half or
more their mutual inclination due to nodal precession (Zhu
2019). This implies companions inclined to their discs by
> 15 − 40◦ in the currently observed sample, which is com-
parable in size to the misalignment between π Men b and π

Men c.
In the following, we assume that the giant planets

caused primordial misalignments in the protoplanetary discs
around π Men and HAT-P-11. Therefore, we have L̂in,ppd,i ,

L̂out,ppd,i , L̂2,i, where ‘in’ and ‘out’ refer to the inner and
outer disc components. As the giant planet induces preces-
sion of the inner and outer discs, both discs become mis-
aligned with the stellar spin axis, which we assume is also
misaligned with the giant planet. If the inner planet formed
in the inner disc, then L̂in,ppd,i ≈ L̂1,i, the only initial align-
ment in the system. The system therefore starts off with
L̂1,i , L̂?,i , L̂2,i. Further secular interactions between the
inner and outer planet only tend to maintain these misalign-
ments, so we get case III, L̂1,lt , L̂?,lt , L̂2,lt. Under this
picture, the giant planets in π Men and HAT-P-11 would
serve as fossil records of misaligned protoplanetary discs. It
is unclear, however, how the giant planets were misaligned
with the protoplanetary discs in the first place, although for-
mation in a dense stellar cluster (Bate 2018) or early phase
planet-planet scattering in the outer system may offer pos-
sible avenues.

Assuming the debris disc traces the orientation of
L̂out,ppd,i, it would be initially misaligned with the giant
planet, but later reshaped by it. We would expect to ob-
serve the same disc structure as described in the end of
§7.3.1. However, if the disc misalignment was caused by an-
other physical process unrelated to the giant planet, the
giant planet may have formed coplanar to the outer disc.

MNRAS 000, 1–24 (2020)



22 Xuan & Wyatt

In this case, the debris disc would be vertically thin and
aligned with the L̂2 from the beginning. As in the inner sys-
tem self-excitation scenario (§7.3.2), this would produce case
II (L̂1,lt , L̂?,lt ≈ L̂2,lt).

7.3.4 Summary

After considering the dynamics and possible formation sce-
narios, it appears that case III (L̂1,lt , L̂?,lt , L̂2,lt) is the
most likely long-term configuration for the planets and host
star in π Men and HAT-P-11. Case I (L̂1,lt ≈ L̂?,lt , L̂2,lt)
is unlikely because nodal precession renders alignments be-
tween L̂1 and L̂? rare (see §6), while case II (L̂1,lt , L̂?,lt ≈
L̂2,lt) requires dynamical interactions between the inner
planets alone to generate the large measured ∆I values, or
additional physics to misalign protoplanetary discs.

Indeed, observations of the stellar obliquity and stellar
spin orientation in HAT-P-11 point to case III for this system
(see §6.2). For π Men, the stellar spin axis is consistent with
being aligned with the inner planet, the outer planet, or
neither. If a large obliquity is measured for π Men, this would
definitively rule out case I. However, as case I is fortuitous,
the long-term configuration should be either case II or case
III. In terms of formation, case III would be the result of
either violent scattering between giant planets (§7.3.1), or
formation in a misaligned protoplanetary disc torqued by an
initially misaligned giant planet (§7.3.3). On the other hand,
case II would imply either self-excitation of the inner system
(§7.3.2) or a misaligned protoplanetary disc that was not
produced by the giant planet. Distinguishing between these
two cases for π Men would require a better measurement of
I? through asteroseismology. In addition, a telltale sign of
case II would provided be if ψ ≈ ∆I, which could be tested
with measurements of the Rossiter-McLaughlin effect.

We can also differentiate between different formation
scenarios based on the structure and orientation of the π

Men debris disc. As noted in §7.3.2, if L̂dd,lt ≈ L̂2,lt and the
disc has a small scale height of . 0.1, then the formation
scenarios that produce case II would be supported. Alterna-
tively, if we find that L̂dd,lt ≈ L̂2,lt and the disc is vertically
extended with a large scale height, the formation scenarios
that give case III are more likely. By further characterising
the disc structure, we can even determine the initial mutual
inclination between the planet and the debris disc (∆Ipd,i)
using results from Pearce & Wyatt (2014). We expect the
debris disc to be vertically extended and elongated along the
line of apsides for ∆Ipd,i . 30◦, and hollow and bell-shaped
with an overdensity at the apocentre for ∆Ipd,i & 30◦. Lastly,

observing a debris disc orthogonal to L̂2,lt would be evidence
that ∆Ipd,i & 60◦. Imaging the debris disc in π Men would
therefore provide a significant advantage in our understand-
ing of the initial conditions of planet formation in this sys-
tem.

8 CONCLUSIONS

In conclusion, we have measured the mutual inclination be-
tween the cold Jupiter π Men b and the super Earth π Men
c using a combination of transit, RV, and astrometric data.
Our astrometric data comes from proper motion anomalies
between Gaia and Hipparcos measurements, and we validate

our method by applying it to the brown dwarf companion
HD 4747. We find that 49◦ < ∆I < 131◦ at the 1σ level, and
that 28◦ < ∆I < 152◦ at the 2σ level between the π Men
planets. We study the dynamics in π Men, and find that
despite the high mutual inclinations, potentially large oscil-
lations in e1 and I1 are suppressed by GR precession. On the
other hand, nodal precession becomes an important secular
phenomenon in the system, and can generate large stellar
obliquities and shift the inner planet out of a transiting con-
figuration. We compare the dynamics in π Men to that in
HAT-P-11, where we find that 54◦ < ∆I < 126◦ at the 1σ
level, although the astrometric data is less significant. The
large ∆I we measure in HAT-P-11 supports nodal precession
as the explanation of its ≈ 100◦ sky-projected obliquity, first
proposed by Yee et al. (2018).

The large ∆I in π Men and HAT-P-11 support the idea
that dynamically hot outer systems have shaped their in-
ner systems, with a range of possible effects including (i)
reducing the transit multiplicity, (ii) increasing the eccen-
tricity of inner planets, (iii) increasing the stellar obliquity.
In contrast to the population of flat Kepler systems with
multiple transiting planets, where the mutual inclinations
are on the order of a few degrees, π Men and HAT-P-11
seem to have experienced more violent dynamical histories.
With more TESS observations, long-term RV monitoring,
and future Gaia epoch astrometry, the links between inner
and outer systems can be tested with larger sample sizes.
Our measurements also shed light on processes that gov-
ern planet formation and evolution. For example, the large
mutual inclinations in π Men and HAT-P-11 suggest a his-
tory of chaotic planet-planet scattering in the outer system,
or formation in misaligned protoplanetary discs. Imaging of
the debris disc in π Men would help place further constraints
on which formation scenario is more likely. These formation
processes, as well as latter day secular effects such as nodal
precession, tend to shift the orbits out of alignment with
each other and the stellar spin axis.
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Liu B., Muñoz D. J., Lai D., 2015, MNRAS, 447, 747

Liu B., Lai D., Wang Y.-H., 2019, ApJ, 881, 41
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APPENDIX A: TRANSFORMING FROM SKY
PLANE TO INVARIABLE PLANE

To transform between the two reference planes, we first spec-
ify the location of the invariable plane with respect to the
sky plane, which is set by two angles I ′ and Ω′. I ′ and Ω′

can be computed by considering the conservation of angular
momentum. Specifically,

Lx = Ltot sin I ′ sinΩ′ =
1,2∑
j

Lj sin Ij,sky sinΩj,sky,

Ly = −Ltot sin I ′ cosΩ′ = −
1,2∑
j

Lj sin Ij,sky cosΩj,sky,

Lz = Ltot cos I ′ =
1,2∑
j

Lj cos Ij,sky,

(A1)

where Lj is the angular momentum of planet j, which is

proportional to mj

√
aj (1 − e2

j
) if we ignore the spin angular

momentum. mj , aj , and ej are the mass, semi-major axis,
and eccentricity of the jth planet, respectively. Ltot is the
magnitude of the total angular momentum. Rearranging, we
get

I ′ = arccos
(

Lz
Ltot

)
,

Ω
′ = arctan

(
−Lx

Ly

)
.

(A2)

We note that for the π Men and HAT-P-11 systems, the
invariable plane is very close to the orbital plane of the outer
planet, since it possesses most of the angular momentum in
the system.

With the two angles I ′ and Ω′, and the three sky-
projected orbital angles Ωsky, ωsky, and Isky, we can derive
the respective Ωinv, ωinv, and Iinv using spherical trigonom-
etry, which allows us to transform between the sky plane

and the invariable plane. In terms of sky-projected angles,
as well as I ′ and Ω′, we have

Iinv = arccos
[
cos I ′ cos Isky + sin I ′ sin Isky cos (Ωsky −Ω′)

]
,

Ωinv = arctan
[ sin (Ωsky −Ω′)

cos (Ωsky −Ω′) cos I ′ − sin I ′/tan Isky

]
,

ωinv = ωsky − arcsin
[ sin I ′ sin (Ωsky −Ω′)

sin Iinv

]
.

(A3)

These transformation equations satisfy the relations I1,inv +
I2,inv = ∆I and |Ω1,inv −Ω2,inv | = π, which are always true in
the invariable plane because the total angular momentum
always points in the z direction.

APPENDIX B: POSTERIOR DISTRIBUTIONS
FOR π MEN

This paper has been typeset from a TEX/LATEX file prepared by

the author.
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Figure B1. Target: π Men b. Joint posterior distributions for the nine orbital parameters from our joint RV and PMa fits. Moving
outward, the dashed lines on the 2D histograms correspond to 1σ and 2σ contours.
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