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A B S T R A C T 

The radial structure of debris discs can encode important information about their dynamical and collisional history. In this paper, 
we present a three-phase analytical model to analyse the collisional evolution of solids in debris discs, focusing on their joint 
radial and temporal dependence. Consistent with previous models, we find that as the largest planetesimals reach collisional 
equilibrium in the inner regions, the surface density of dust and solids becomes proportional to ∼r 2 within a certain critical radius. 
We present simple equations to estimate the critical radius and surface density of dust as a function of the maximum planetesimal 
size and initial surface density in solids (and vice versa). We apply this model to Atacama Large Millimeter/submillimeter Array 

observ ations of se ven wide debris discs. We use both parametric and non-parametric modelling to test if their inner edges are 
shallow and consistent with collisional evolution. We find that four out of seven have inner edges consistent with collisional 
evolution. Three of these would require small maximum planetesimal sizes below 10 km, with HR 8799’s disc potentially lacking 

solids larger than a few centimetres. The remaining systems have inner edges that are much sharper, which requires maximum 

planetesimal sizes � 10 km. Their sharp inner edges suggest they could have been truncated by planets, which JWST could 

detect. In the context of our model, we find that the seven discs require surface densities below a Minimum Mass Solar Nebula, 
a v oiding the so-called disc mass problem. Finally, during the modelling of HD 107146 we disco v er that its wide gap is split into 

two narrower ones, which could be due to two low-mass planets formed within the disc. 

Key words: planetary systems – circumstellar matter – submillimetre: planetary systems. 
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 I N T RO D U C T I O N  

ebris discs, extrasolar analogues of the asteroid and Kuiper belt, are
 ubiquitous component of planetary systems (Wyatt 2008 ; Hughes,
uch ̂ ene & Matthews 2018 ; Marino 2022 ). These discs are made of

olids whose sizes span ten orders of magnitude—from km-sized or
arger down to micrometre-sized. These grind down into a collisional
ascade, producing dust that is readily detected as infrared excesses
round 20–30 per cent of nearby AFGK-type stars (Su et al. 2006 ;
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ibthorpe et al. 2018 ). Dozens of discs have been imaged in the
ptical and NIR tracing micrometre-sized grains scattering stellar
ight (e.g. Mouillet et al. 1997 ; Feldt et al. 2017 ; Milli et al. 2017b ;
sposito et al. 2020 ) and at millimetre wavelengths tracing the

hermal emission of larger mm-sized grains (e.g. MacGregor et al.
013 ; Marino et al. 2016 ). The latter are unperturbed by radiation
nd gas-drag forces, and thus mm-sized grains tend to trace better
he distribution of planetesimals (Thebault, Kral & Ertel 2012 ). 

Imaging debris discs has pro v en to be a powerful tool for
onstraining the dynamics and architectures of planetary systems.
isc images reveal their morphology, which can be linked with

he presence or absence of shepherding planets. For example, the
resence of a warp in β Pic’s disc hinted at the presence of a massive
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lanet that was later disco v ered (Mouillet et al. 1997 ; Lagrange
t al. 2009 ). Other discs show evidence of gaps that could have
een cleared by planets (e.g. Marino et al. 2020 ; Nederlander et al.
021 ), eccentric rings possibly forced by eccentric planets (Kalas, 
raham & Clampin 2005 ; Faramaz et al. 2019 ), clumps that could
e due to resonant trapping (Wyatt 2006 ; Dent et al. 2014 ; Han,
yatt & Dent 2023 ), comple x v ertical structures that hint at multiple

ynamical populations of planetesimals (Matr ̀a et al. 2019 ), and 
hallow outer edges that suggest high degrees of dynamical excitation 
Marino 2021 ). Most of the time, these morphologies could be 
roduced by planets smaller than a few Jupiter masses at tens of
u that pre-JWST instrumentation was unable to detect (Pearce et al. 
022 ); β Pic b is an exception in that regard. Therefore, in addition to
onstraining planetary systems’ dynamics, the discs’ morphologies 
erve as an indirect way to infer the presence of planets. 

One feature that is of particular interest is the inner edge of a
ebris disc. If the outer Solar system architecture was the norm, we
ould expect debris disc inner edges to be truncated by planets. The

nner edge location has been e xtensiv ely used to infer the location
nd mass of such planets (e.g. Quillen 2006 ; Chiang et al. 2009 ;
esvold & Kuchner 2015 ; Pearce et al. 2022 ). Ho we ver, only for
 few systems has the inner edge shape been directly compared to
ynamical models to truly assess this scenario (e.g. Chiang et al. 
009 ; Read et al. 2018 ). Such comparisons require high-resolution 
nd sensiti vity observ ations that have only become available in the
ast few years with the Atacama Large Millimeter/submillimeter 
rray (ALMA). 
The observed inner edge of discs could, on the other hand, be a

esult of collisional evolution. As the collisional lifetime of solids 
ecreases with decreasing radius, the inner regions of a wide disc 
ill collisionally deplete faster and become fainter than at larger radii 

Ken yon & Bromle y 2002 ; Krivo v, L ̈ohne & Srem ̌cevi ́c 2006 ; Wyatt
t al. 2007 ; Kobayashi et al. 2010 ). This will lead to a surface density
hat rises with radius up to a critical radius, at which the collisional
ifetime of the largest planetesimals and the age of the system (or
he time since it was stirred) are the same. Disc observations that
re limited by their low resolution or sensitivity might easily miss
he lo w-le vel parts of the inner regions, and thus misinterpret this
ritical radius as the disc inner edge. In this scenario, the inner edge
ould be shallow with a surface density approximately proportional 

o r 7/3 (Kennedy & Wyatt 2010 ). So far, this behaviour of the surface
ensity has been characterized using very simple analytical models 
hat assume either size independent disruption threshold (Kennedy & 

yatt 2010 ) or very narrow debris rings (L ̈ohne, Krivov & Rodmann
008 ; Geiler & Krivov 2017 ). More complex numerical models 
f wide debris discs that account for how the strength of solids
aries with size have shown this behaviour (Sch ̈uppler et al. 2016 ;
arino et al. 2017b ), but they did not provide simple equations that

haracterize the surface density of dust and that could be applied to
bservations. 
In this paper, we present a three-phase analytical model to char- 

cterize the surface density of mm-sized dust undergoing collisional 
volution in a wide debris disc and investigate whether such evolution 
s consistent with the inner edge sharpness that we measure in seven
ide debris discs: HD 107146, HD 92945, HD 206893, q 1 Eri, 49
eti, AU Mic, and HR 8799. These seven discs have been well

esolved with ALMA, with observations that resolve their radial 
xtent with > 5 resolution elements and signal-to-noise ratios larger 
han 10, and thus ideal for investigating their inner edges. This paper
s structured as follows. In Section 2 , we briefly summarize previous
ollisional models and present our analytical model and rele v ant 
quations that can be applied to observations. In Section 3 , we fit the
LMA data of seven discs to determine if they have sharp inner edges
r are rather consistent with having a smooth rising surface density
ue to collisional evolution. In Section 4 , we use our collisional model
o interpret the results from fitting the ALMA data and discuss our
esults. Finally, in Section 5 , we summarize our conclusions. 

 A  COLLI SI ONA LLY  E RO D E D  DISC  I N N E R  

D G E  

he collisional evolution of debris discs is a topic that has been
tudied at great length to interpret observations of debris discs. 
ollisional models tend to split into a few different kinds. First,

here are simple analytical models that assume a pre-stirred disc 
ith a wide size distribution up to planetesimal sizes and described
y a single power law with an exponent of −3.5 (e.g. Dohnanyi
969 ; Dominik & Decin 2003 ; Wyatt et al. 2007 ). These models
ere later updated to consider that (i) the internal strength of a

olid, affecting its collisional lifetime, is a function of the solid’s
ize (O’Brien & Greenberg 2003 ) and (ii) not all solids have collided
y the age of the system, with solids abo v e a certain size retaining
 primordial size distribution (e.g. L ̈ohne et al. 2008 ; Shannon &
u 2011 ; Geiler & Krivov 2017 ). Including these effects in these

nalytical models modifies the single power law to a set of up to
hree power laws, which we will explore in this paper. 

A second type of model has still assumed a pre-stirred disc but they
umerically solve the size distribution evolution due to collisions and 
onsidering additional effects such as radiation pressure and PR-drag 
e.g. Krivov et al. 2006 ; Th ́ebault & Augereau 2007 ; Wyatt, Clarke &
ooth 2011 ; G ́asp ́ar et al. 2012 ). These models tend to have a fixed
aximum planetesimal size as there is no growth. Marino et al.

 2017b ) explored this kind of model, for example, to explain how
ollisional evolution alone may explain the 61 Vir disc’s observed 
at surface density distribution and inner edge location. 
A third type of model has modelled debris discs being born with

olids up to ∼1 km in size and with very small eccentricities and
nclinations (dynamically cold). In these models, solids grow through 
ollisions at low relative velocities until the formation of Pluto-sized 
bjects that ef fecti vely stir the disc triggering a collisional cascade
e.g. Ken yon & Bromle y 2004 , 2008 , 2010 ; Kobayashi et al. 2010 ;
obayashi & L ̈ohne 2014 ). More recent updates to these models
ave considered alternative initial conditions where debris discs are 
orn as a mix of cm-sized pebbles and 100 km-sized planetesimals,
loser to what could be expected if planetesimals are formed via
he streaming instability (Najita, Kenyon & Bromley 2022 ). This 
ighlights the uncertain initial conditions of debris discs as we do not
no w ho w debris discs transition from protoplanetary discs (Wyatt
t al. 2015 ). Finally, a fourth type of model has combined N -body
imulations and collisional evolution to study the dust production in 
lanet–disc interaction scenarios (e.g. Jackson & Wyatt 2012 ; Kral, 
h ́ebault & Charnoz 2013 ; Nesvold & Kuchner 2015 ). 
All these models have shown in one way or another how as a

ebris disc collisionally evolves, its inner regions will deplete faster. 
n Fig. 1 we show this effect using the second type of model as
mplemented in Marino et al. ( 2017b ) assuming a pre-stirred disc
ith planetesimals up to 100 km sizes. As the disc evolves, the

urface density in the inner regions becomes a simple power law
oughly proportional to r 2 up to a critical radius r c . This critical
adius may be interpreted as the disc’s inner edge if observations
re unable to resolve and detect the lower densities at smaller radii.
ne way to assess whether the observed inner edge corresponds to

his critical radius is to measure the slope of the surface brightness
r density just interior to the ‘observed’ inner edge and compare it
MNRAS 522, 6150–6169 (2023) 
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M

Figure 1. Collisional evolution of the surface density of solids (left) and dust smaller than 1 cm (right) as a function of radius. The curves are computed using 
the numerical model in Marino et al. ( 2017b ) for a 1 M � star surrounded by a debris disc with an initial surface density of ( r /1 au) −3/2 M ⊕ au −2 , a maximum 

planetesimal diameter of 100 km, and the solid strength for ice as in Section 2 . The arrows point at the critical radius, which shifts in time towards large radii. 
The region interior to the critical radius has a surface density of solids and dust roughly proportional to r 2 . 
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ith collisional models. If consistent, then the location of the critical
adius or observed inner edge together with the dust density at that
istance can be used to constrain the maximum planetesimal size
eeding the collisional cascade and the initial surface density of solid
aterial (Marino et al. 2017b ). 
In the following sections, we will present an analytical model

nspired by L ̈ohne et al. ( 2008 ), to describe the collisional evolution
f an axisymmetric, radially wide, and vertically thin debris disc
with a vertical aspect ratio h � 1) as a function of radius ( r
n cylindrical coordinates). The key difference compared to pre-
ious analytical models is that we will focus on the joint radial
nd temporal dependence of the disc evolution. In particular, we
ill: 

(i) define an analytical, general 3-phase collisional cascade, as-
uming no solid growth and motivated by the behaviour of the solids’
isruption threshold strength as a function of size (Section 2.1 ); 
(ii) derive an expression for the largest bodies participating in the

ascade and their collision time-scale, showing how their dependence
n radius naturally gives rise to the critical radius and a multiphase
adial distribution of solids (Section 2.2 ); 

(iii) derive a full expression for the critical radius, and the
xpected dust mass surface density at this critical radius, as
ey observables to infer the maximum planetesimal size and the
otal surface density (mass) of solids in the planetesimal belt
Section 2.3 ); 

(iv) show that interior to this critical radius, the surface density
f a collisionally evolving planetesimal belt should al w ays follow a
r 2 dependence rising up to the critical radius (Section 2.4 ). 

.1 An analytical, three-phase size distribution approach 

e start by approximating the size distribution of solids with an
nalytical three-phase distribution between minimum grain diameter
 min and maximum planetesimal diameter D max as explored e.g. by
 ̈ohne et al. ( 2008 ). This takes the form 

 ( D) = n D max 

(
D 

D max 

)2 −3 q p 

for D c < D < D max (1) 
NRAS 522, 6150–6169 (2023) 
 ( D) = n D max 

(
D c 

D max 

)2 −3 q p ( D 

D c 

)2 −3 q g 

for D b < D < D c (2) 

 ( D) = n D max 

(
D c 

D max 

)2 −3 q p (D b 

D c 

)2 −3 q g ( D 

D b 

)2 −3 q s 

for D min < D < D b , (3) 

here n ( D ) dD is the number of objects with diameters in the range
 to D + dD . At the top of the size distribution [equation ( 1 )],
bjects whose collision time-scale ( τ col ) is longer than the system age
 t age ) have not collided yet, and follow a primordial size distribution
ssumed to be a power law with slope 2 − 3 q p down to objects
f size D c = D ( τ col = t age ), whose collision time-scale is equal to
he age of the system. Smaller objects are part of the collisional
ascade, and the slope of their size distribution [equations ( 2 ) and
 3 )] arises from catastrophic collisions having disruption threshold
trengths Q 

� 
D 

, closely following a double power law with slopes
 g = (11 − 6 q g )/( q g − 1) and b s = (11 − 6 q s )/( q s − 1) (O’Brien &
reenberg 2003 ), where q g and q s are the resulting size distribution

lopes in the strength and gravity re gimes, respectiv ely. The boundary
etween the two slopes takes place at size D b with threshold Q 

� 
D b 

,
here we therefore expect a break from q g to q s in the slope of

he size distribution. We use the strength law adopted by Marino
t al. ( 2017b , their equation 2) which has a dependence on the
elativ e v elocity of collisions v rel , inspired by the results of Benz &
sphaug ( 1999 ) and Leinhardt & Stewart ( 2012 ). This takes the

orm 

 

� 
D = 

[ 

Q D , s 

(
D 

1m 

)b s 

+ Q D , g 

(
D 

1m 

)b g 
] (

v rel 

v 0 

) 1 
2 

, (4) 

hich we approximate as 

 

� 
D = Q 

� 
D b 

(
v rel 

v 0 

) 1 
2 
(

D 

D b 

)b g 

for D > D b (5) 

 

� 
D = Q 

� 
D b 

(
v rel 

v 0 

) 1 
2 
(

D 

D b 

)b s 

for D < D b , (6) 

here D b = 420 m, Q 

� 
D b 

= 33 J kg −1 , b s = −0.39 (implying q s =
.89), b g = 1.26 (implying q g = 1.69), and v 0 = 3000 m s −1 

consistent with icy solids in simulations by Benz & Asphaug 1999 ).
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ig. 2 (left) shows the dependence of our adopted Q 

� 
D law on the

adius r and inclination rms i of the belt, assuming a 1 M � star and
n eccentricity rms ( e ) that is twice the inclination rms ( i ). Table 1
ummarizes the adopted collisional parameters. 

.2 The collision rate of the largest bodies in the cascade 

e now proceed to derive simple analytical equations for the 
atastrophic collision rate of solids. For an object of size D , collisions
ith impactors of size D im 

are only catastrophic if the impactors’ 
pecific energy is abo v e Q 

� 
D . That minimum specific energy can

e translated to a minimum size X c D (with X c ≡ (2 Q 

� 
D / ( v 

2 
rel )) 

1 / 3 )
ince the relative velocities are independent of size here. Therefore, 
he catastrophic collision rate of material of size D in the absence of
ravitational focusing, can be expressed as (e.g. Wyatt & Dent 2002 ) 

 col = 

v rel 

V 

∫ D max 

X c D 

n ( D im 

) σD im 

(
1 + 

D 

D im 

)2 

d D im 

, (7) 

here V is the volume available for collisions, n ( D im 

) is the size

istribution, and σD im = 

πD 

2 
im 

4 is the geometric cross-section of a 
iven impactor. Fig. 2 (right) shows how the minimum impactor 
ize for a catastrophic collision ( X c , as a fraction of the target size)
aries as a function of size D assuming a 2 M � star (note that X c is
roportional to 1 / 

√ 

v rel , hence X c has a weak dependence on M � ). For
he chosen composition, and all sizes considered here ( D ≤ 100 km),
e are in the regime where X c < 1, i.e. the smallest impactors able

o destroy a target are smaller than the target itself. This is important
ince the collisional rate of bodies of size D is typically dominated by
he smallest sizes able to disrupt it, i.e. those with a size close to X c D .

A fundamental parameter that sets the evolution, size distribution, 
otal mass, and radial distribution of material in a collisional cascade 
s D c , the size whose collisional lifetime is equal to the age of the
ystem (i.e. the time-scale at which it experiences a catastrophic 
ollision). Using only equation ( 7 ), we can deduce that the collision
ate increases with decreasing disc radius. This is because higher 
eplerian velocities and smaller volumes produce more collisions 

n the inner regions ( v rel ∝ v k ∝ r −0.5 , and V = 4 πr 3 dr 
r 
I ∝ r 3 ).

herefore, the maximum size D c to have suffered at least one 
ollision within the age of the system is larger at smaller radii,
nd decreases at larger radii. But if D c changes with radius, the
ize distribution changes with radius, because D c sets the boundary 
etween primordial planetesimals and the smaller solids in collisional 
quilibrium [equations ( 1 ) and ( 2 )]. Therefore, at a given system age,
e can expect to observe 4 radial regimes within a belt’s surface
ensity distribution, arising from this critical size D c decreasing with 
adius. In the innermost regions within the critical radius ( r < r c ),
e expect the largest planetesimals to have collided and therefore all 

izes to be in collisional equilibrium ( D c > D max ). Moving outwards,
e then expect a region ( r c < r < r b ) where bodies of size D b 

ave collided but the largest bodies have not yet ( D b < D c < D max ).
his region corresponds to the flat lines in the right-hand panel of
ig. 1 . This region is followed by one where grains of sizes probed
y our observations ( r b < r < r D obs ) have collided but bodies of size
 b have not yet ( D obs < D c < D b ). Finally, the outermost region

 r > r D obs ) where observable grains themselves are yet to collide 
 D c < D obs ). 

Here, we focus on the expected mass surface density distribu- 
ion of observable grains in the innermost region ( r ≤ r c , where
 c ≥ D max ), where the ALMA data can provide the strongest

onstraints. Therefore, of particular interest is the first transition 
n the radial dependence of the size distribution around the critical 
adius r c , which is defined as the location where D c = D max . At this
ocation, if D max > D b , the size distribution from equations ( 1 ), ( 2 ),
nd ( 3 ) reduces to 

 ( D) = n D max 

(
D 

D max 

)2 −3 q g 

for D b < D < D max (8) 

nd 

 ( D) = n D max 

(
D b 

D max 

)2 −3 q g ( D 

D b 

)2 −3 q s 

for D min < D < D b . 

(9)

e can then relate the number of grains in the largest size bin, n D max ,
o the total mass M tot of solids in the distribution. For D c = D max ,
ssuming D min � D b < D max and q g < 2, we have 

 tot = 

πρ

6 

∫ D max 

D min 

n ( D ) D 

3 d D ∼ πρ

6(6 − 3 q g ) 
n D max D 

4 
max ε

where ε = 1 + 

(
6 − 3 q g 
6 − 3 q s 

− 1 

)(
D b 

D max 

)6 −3 q g 

. (10) 

his allows us to express the collision rate of the largest bodies in
he cascade as a function of the total mass in the size distribution,
sing equation ( 7 ) and ( 10 ), finding 

 col ( D max ) = 

v rel 

V 

3(6 − 3 q g ) 

2 ρ
M tot ε

−1 D 

3 q g −6 
max 

∫ D max 

X c D max 

D 

4 −3 q g 
im 

(
1 + 

D max 

D im 

)2 

d D im 

, (11) 

here we have adopted equation ( 8 ) for the size distribution in the
ssumption that X c > D b / D max , i.e. the smallest impactors able to
estroy an object of size D max are larger than D b . Solving the integral
eads to 

R col ( D max ) = 

v rel 

V 

3(6 − 3 q g ) 

2 ρ
M tot ε

−1 D 

3 q g −6 
max [ 

D 

5 −3 q g 
im 

5 − 3 q g 

(
1 + 

10 − 6 q g 
4 − 3 q g 

D max 

D im 

+ 

5 − 3 q g 
3 − 3 q g 

D 

2 
max 

D 

2 
im 

)] D max 

X c D max 

, (12) 

hich can be significantly simplified under the assumption X c � 1 
nd q g > 5/3, leading to 

 col ( D max ) ∼ v rel 

V 

3(2 − q g ) 

2 ρ( q g − 1) 
M tot ε

−1 D 

−1 
max X 

3 −3 q g 
c . (13) 

e note that the X c � 1 assumption may not be a good approximation
t the top of the cascade for the Q 

� 
D law and relative velocities we

onsidered [Fig. 2 , from equation ( 4 ) to ( 6 )]. 

Fig. 3 shows that this approximation can underestimate the colli- 
ion rates by a factor 2.4 for X c values around 0.5, and o v erestimate
hem by a factor up to ∼3 for X c � 0.85. These factors have a weak
ependence on q g , and for the strength law adopted, mostly affect
aximum sizes D max � 10 km. 
In the next step, we (1) substitute in the definition of X c , (2)

ssume the volume to be that of a ring with constant vertical aspect
atio V = 4 πr 3 ( dr / r ) i (where we approximate the vertical aspect
atio encompassing the volume to be the average particle inclina- 

ion h ∼ i ≡
√ 〈

i 2 
〉
), (3) use the definition of Q 

� 
D 

from equation

 5 ), (4) express v rel = v k 

√ 

1 . 25 
〈
e 2 
〉 + 

〈
i 2 
〉 = ( GM � ) 0 . 5 r −0 . 5 

√ 

6 i 

where we assumed 
√ 〈

e 2 
〉 = 2 

√ 〈
i 2 
〉
, e.g. Ida & Makino 1992 ),

nd (5) express the total mass M tot as a surface density 	 assuming a
ower law profile ( M tot = 2 πr 2 ( dr / r ) 	 tot where 	 tot = 	 0 ( r / r 0 ) −α).
MNRAS 522, 6150–6169 (2023) 
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M

Figure 2. Left: Catastrophic disruption threshold strength Q 

� 
D as a function of size D adopted in our calculations, with different line styles representing different 

orbital radii and different colours representing different rms inclinations. The curve is well approximated by two power laws shortward (strength regime, with 
slope b s ) and longward (gravity regime, with slope b g ) of size D b ∼ 420 m. Right: Minimum impactor size to cause a catastrophic collision, as a fraction ( X c ) of 
the size of a given target ( D ). Line styles and colours have the same meaning as in the left-hand panels. Targets that have X c = 1 (grey line) or higher can only 
be destroyed by impactors of the same size or larger. 

Table 1. Collisional parameters that determine the size distribution. These 
are consistent with ice in simulations by Benz & Asphaug ( 1999 ). 

Parameter Value Description 

D b 420 m Boundary size between strength and gravity 
regimes. 

Q 

� 
D b 

33 J kg −1 Disruption threshold at size D b . 
b g 1.26 Q 

� 
D 

slope in the gravity regime. 
b s −0.39 Q 

� 
D 

slope in the strength regime. 
q g 1.69 n ( D > D b ) ∝ D 

2 −3 q g ∝ M 

−q g . 
q s 1.89 n ( D < D b ) ∝ D 

2 −3 q s ∝ M 

−q s . 
v 0 3.0 km s −1 Reference relative velocity. 
ρ 1000 kg m 

−3 Bulk density of solids. 
i 0.025 Inclination dispersion (rms). 
e 0.05 Eccentricity dispersion (rms). 
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Figure 3. Factor by which collision rates are over/underestimated in the 
assumption X c � 1, as a function of X c . The grey line represents a factor 
of 1, for which our approximation of the collision rate would be e xact. F or 
our adopted strength law, and sizes � 10 km, X c can approach 1 and the 
collision rates therefore under/o v erestimated by a factor of a few. The small 
dependence on q g is shown by the different line styles. 
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his allows us to write an expression for the collision time-scale of
he largest planetesimals at r c , 

τcol ( D max ) ∼ 2 q g −1 4 ρ( q g − 1) ε

3(2 − q g ) 	 0 r 
α
0 

D 

12 −6 q g 
max 

(
Q 

� 
D b 

)q g −1 
D 

6 q g −11 
b 

v 
− 1 

2 q g + 

1 
2 

0 

(√ 

6 i 
)− 3 

2 q g + 

1 
2 
i( GM � ) 

− 3 
4 q g + 

1 
4 r 

(
3 
4 q g + 

3 
4 + α

)

c , (14) 

hich, in summary, applies under the assumptions 
 b / D max < X c � 1, 5/3 < q g < 2, and D min � D b � D max .
his expression indicates that the collision time-scale of the largest
lanetesimals depends on their size and bulk density ( D max and ρ),
n the Q 

� 
D law in the gravity regime (setting D b , Q 

� 
D b 

, q g and v 0 ),
n the dynamical excitation of the planetesimals ( i ), on the stellar
ass M � and on the distance of the planetesimals from the star r , as

hown in previous work (e.g. L ̈ohne et al. 2008 ). 
NRAS 522, 6150–6169 (2023) 
.3 The critical radius and surface density for an undisturbed, 
ollisionally evolving belt 

ince the condition D c = D max at r c implies τ col ( D max ) = t age , we can
ewrite equation ( 14 ) to find r c , obtaining 

r c ∼
[

3(2 − q g ) 	 0 r 
α
0 

2 q g −1 4 ρ( q g − 1) ε
D 

6 q g −12 
max 

(
Q 

� 
D b 

)1 −q g 
D 

11 −6 q g 
b v 

1 
2 q g − 1 

2 
0 

(√ 

6 i 
) 3 

2 q g − 1 
2 
i −1 ( GM � ) 

3 
4 q g − 1 

4 t age 

] 1 
3 
4 q g + 

3 
4 + α

. (15) 
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e can now evaluate this equation using: Q 

� 
D law with parameters 

n Table 1 ; bulk density of planetesimals of ρ = 1000 kg m 

−3 

appropriate for ice); rms inclination i = 0.025; and taking the 
nitial planetesimal surface density distribution to be the same as 
he standard Minimum Mass Solar Nebula (MMSN, Weidenschilling 
977 ; Hayashi 1981 ) with values of 	 MMSN = 270 kg m 

−2 , r 0 = 1
u, and α = 1.5 (Kenyon & Bromley 2008 ) but scaled by a factor
 MMSN ( 	 0 = x MMSN 	 MMSN ). With these parameters we obtain 

 c = 55 M 

0 . 29 
� D 

−0 . 53 
max ( ε−1 x MMSN t age ) 

0 . 28 , (16) 

ith t age in Myr, D max in km, M � in M �, and r c in au. 
This allows us to make an analytical estimation of the radius at

hich the maximum size of the collisional cascade is equal to the
argest body within the belt. Interior to this radius, bodies of all sizes
rom D min to D max are colliding and participating in the cascade, 
hereas exterior to this radius, not all sizes will have collided by

he system age, with D c lower than D max and moving towards D min 

t increasing radii. This creates a knee in the radial surface density
istribution, which for planetesimals typically goes from rapidly 
ncreasing with radius interior to r c , to decreasing with a slope
qual to that of the initial MMSN-like planetesimal distribution (e.g. 
ennedy & Wyatt 2010 ). 1 

As well as the critical radius r c , we can estimate the surface density
f observable grains ( 	 dust ,r= r c ) at r c . The observable grains are those
ith a size smaller than ∼10 times the wavelength of interest; larger
rains do not contribute significantly. For grains sizes up to this
aximum observable size ( D obs ), we are typically in the lowest size

egime of the size distribution, so equations ( 3 ) and ( 9 ) apply, and
 D max can be once again linked to M tot through equation ( 10 ). In the
ssumption that q s < 2 and D min � D obs , the total surface density
n grains of size up to D obs can be derived by solving the integral in
quation ( 10 ) but with upper limit D obs rather than D max and using
 = 2 πrdr 	, leading to 

 dust ( D ≤ D obs , r = r c ) = 

6 − 3 q g 
6 − 3 q s 

	 tot ε
−1 D 

3 q g −6 
max D 

3 q s −3 q g 
b D 

6 −3 q s 
obs . 

(17)

xpressing 	 tot in terms of the surface density at r 0 we obtain 

 dust ( D ≤ D obs , r = r c ) = 

6 − 3 q g 
6 − 3 q s 

r α0 	 0 ε
−1 r −αD 

3 q g −6 
max D 

3 q s −3 q g 
b D 

6 −3 q s 
obs , (18) 

hich, when inserting the same values of q g , q s , D b , 	 0 , α, r 0 , and
sing the same units as equation ( 16 ), becomes 

 dust ( D ≤ D obs , r = r c ) = 0 . 019 ε−1 x MMSN r 
−1 . 5 
c D 

−0 . 93 
max D 

0 . 33 
obs , (19) 

ith 	 dust ,D≤D obs ,r= r c in M ⊕ au −2 for D obs in mm. Replacing r c in
quation ( 19 ) by the right-hand side of equation ( 16 ), we find 

 dust ( D ≤ D obs , r = r c ) = 4 . 6 × 10 −5 ε−0 . 57 x 0 . 57 
MMSN D 

−0 . 14 
max D 

0 . 33 
obs 

( t age M � ) 
−0 . 43 . (20) 

his expression for 	 dust resembles equation (7) in Marino et al. 
 2017b ), having the same dependencies on x MMSN , D max , and t . The
ain difference is that equation ( 20 ) gives a dust surface density

0 times larger [after the correction provided by Marino et al. ( 2019 )].
his difference is due to a discontinuity in the size distribution
btained using the numerical method proposed by Wyatt et al. ( 2011 )
 Though note that only the total surface density distribution follows the 
nitial planetesimal distribution outside of r c ; for observable grains, the slope 
ecomes much flatter (e.g. Sch ̈uppler et al. 2016 ; Geiler & Krivov 2017 ; 
arino et al. 2017a ). 

i
d
a

2

nd used in Marino et al. ( 2017b ). Such a discontinuity is not expected
n reality and also not seen in other simulations that evolve the size
istribution (L ̈ohne et al. 2008 ; G ́asp ́ar et al. 2012 ). The numerical
ethod tends to underpredict the dust levels by a factor 2–3 compared

o the most advanced simulations of L ̈ohne et al. ( 2008 ). Therefore,
he true surface density of dust is likely a factor of ∼3 smaller than
quations ( 19 ) and ( 20 ) predict. 

Note that while equation ( 20 ) is valid only at r = r c , it has been
hown that the surface density of dust at r > r c is expected to be
at for a primordial surface density exponent ( −α) of -3/2, or more
enerally proportional to r −0.6 α + 0.9 (Sch ̈uppler et al. 2016 ; Geiler &
rivov 2017 ; Marino et al. 2017b ). The flat surface density is due

o two effects that balance each other out. On one hand, the surface
ensity of solids decreases with radius. On the other hand, the size
istribution at smaller radius is more collisionally eroded. 2 These 
wo effects combined result in a dust surface density that is close to
at for an MMSN-like initial surface density. This also means that
e can extrapolate 	 dust ,D≤D obs ,r= r c to larger radii assuming a certain 
. 
Together with equation ( 16 ), equation ( 19 ) implies that if we know

he age of a system and can accurately measure both the critical radius
nd the surface density of grains at that radius, rearranging equations
 16 ) and ( 19 ) and keeping the same units, we can explicitly derive
 max and x MMSN from observables r c and 	 c ≡ 	 dust ,D<D obs ,r= r c , 
btaining 

 max = 2 . 6 × 10 8 M 

1 . 09 
� ( t age 	 c ) 

1 . 07 r −2 . 16 
c D 

−0 . 35 
obs (21) 

 MMSN = 3 . 8 × 10 9 εM 

1 . 02 
� t age 	 

2 
c r 

−0 . 52 
c D 

−0 . 65 
obs . (22) 

he abo v e assumes we are in the re gime where D max > D b and
 c D max > D b . If instead the entire size distribution is in the strength

egime of the Q 

� 
D 

law (i.e. D max < D b ), we have 

 c = 81 M 

0 . 32 
� D 

−0 . 18 
max ( x MMSN t age ) 

0 . 27 , (23) 

 c = 1 . 5 × 10 −5 M 

−0 . 48 
� t −0 . 41 

age x 0 . 59 
MMSN D 

0 . 33 
obs D 

−0 . 06 
max . (24) 

 max = 2 . 7 × 10 27 M 

3 . 58 
� ( t age 	 c ) 

3 . 07 r −6 . 65 
c D 

−1 
obs (25) 

 MMSN = 8 . 0 × 10 10 M 

1 . 17 
� t age 	 

2 
c r 

−0 . 67 
c D 

−0 . 65 
obs . (26) 

hen comparing equation ( 24 ) with the numerical model from
arino et al. ( 2017b ), we find a better match than for D max > D b 

ith a difference of a factor of ∼3. 
Fig. 4 visualizes the dependence of r c and 	 c for grains up to

 cm on D max and x MMSN for a 100 Myr-old system around a Sun-like
.0 M � star. While r c has a clear dependence on D max , x MMSN and t age ,
 c only has weak dependence on D max , and so is mostly sensitive to

he scaling of the total initial planetesimal mass, x MMSN and t age . As
oted by Marino et al. ( 2017a ), this is due to a balance between (i)
igher D max values producing lower dust masses for the same total
ass M tot in the size distribution and (ii) higher D max values leading

o longer collision time-scales at the top of the cascade and therefore
lower collisional evolution and higher dust masses for a given system
ge. As a belt evolves collisionally (larger t age ), r c (i.e. the D c = D max 

oint) mo v es outwards and 	 c decreases as a result, due to the lower
nitial surface densities at larger radii (for a MMSN-like planetesimal 
isc). More massive host stars M � produce larger collision velocities 
nd faster collisional processing; therefore, within a given age and 
MNRAS 522, 6150–6169 (2023) 

 For more details see section 5 in Marino et al. ( 2017b ). 
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M

Figure 4. The colour scale shows the dependence of the critical radius r c (left-hand panel) and the surface density of observable grains 	 c, D ≤ 1cm 

at that radius 
(right-hand panel) on the maximum size of planetesimals in the size distribution ( D max ) and on the initial planetesimal disc mass ( x MMSN , as a multiple of the 
MMSN). The vertical line represents the size boundary D b between the strength and gravity regime of our Q 

� 
D law, at which there is a discontinuity in the colour 

scale due to our analytical approximation (see the text for details). 
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nitial surface density, r c will have moved further out and the dust
urface densities 	 c will be lower around more massive stars. 

Finally, note that using the expressions above cause a discontinuity
t D max = D b (black vertical line in Fig. 4 ). This is because
ust abo v e D b we hav e X c D max < D b < D max , so it is not pos-
ible to simplify the collision rate integral in equation ( 11 ) as
one abo v e. This unfortunately implies that we cannot extract the
 dependence from the collision rate R col (and later time-scale
col ) analytically, but only establish a limit to D max in the range
 D b , D b / X c ( D max )]. 

.4 The radial slope of the surface density interior to the 
ritical radius 

oing one step further, we can establish the expected slope interior
o the critical radius ( r � r c ) of a collisionally evolving, undisturbed
lanetesimal belt. The procedure is the same, starting from equation
 9 ), but this time substituting n D max with the collisionally evolved
ensity n D max τcol ( D max ) /t age in equation ( 10 ). This is because at
adii smaller than r c , all sizes participate in the cascade just like
t r = r c , but because the largest bodies are colliding, the o v erall
ass of the cascade is decreasing and scaled down by a factor

1 + t age / τ col ( D max )) −1 at t = t age compared to the initial mass. Since
e are interested in r � r c , we take the approximation t age � τ col to
btain 

 tot ,t age ,r�r c = 	 tot ,t 0 ,r= r c τcol ( D max ) t 
−1 
age . (27) 

nserting τ col ( D max ) from equation ( 14 ), we derive 

	 dust ( D ≤ D obs , r � r c ) = 

2 q g + 1 ( q g − 1) 

3(2 − q s ) 
ρD 

6 −3 q g 
max D 

6 −3 q s 
obs ( Q 

� 
D b 

) q g −

D 

3 q g + 3 q s −11 
b v 

− 1 
2 q g + 

1 
2 

0 

(√ 

6 i 
)− 3 

2 q g + 

1 
2 
i( GM � ) 

− 3 
4 q g + 

1 
4 r 

3 
4 q g + 

3 
4 t −1 

age , (28
NRAS 522, 6150–6169 (2023) 
hich is independent of the initial planetesimal surface density
istribution 	 tot and its parameters 	 0 , α, and r 0 . We can simplify
his equation using the same values of q g , q s , D b , ρ, Q 

� 
D b 

, i , and v 0 
nd units used so far and summarized in Table 1 , finding 

 dust ( D ≤ D obs , r � r c ) = 5 . 4 × 10 −7 D 

0 . 93 
max D 

0 . 33 
obs M 

−1 . 02 
� r 2 . 02 t −1 

age , 

(29) 

here 	 dust is in units of M ⊕ au −2 , D max in km, D obs in mm, M � in
 �, r in au, and t age in Myr. 
We find that the slope γ of the surface density of grains in this

egime, i.e. interior to the belt’s critical radius, should be positive
surface density increasing with radius) and equal to γ = 0.75 q g 
 0.75 = 2.02. Therefore, the inner surface density slope for

n undisturbed, collisionally evolving planetesimal belt is solely
etermined by the slope of the size distribution at the distribution’s
pper end. This comes from the slope of the Q 

� 
D law in the gravity

egime if D max > D b , or in the strength regime if D max < D b . Note
hat the slope γ is slightly different from the value of 7/3 obtained in

ore simple analytical models due to considering a Q 

� 
D independent

f size and velocity (Kennedy & Wyatt 2010 ). Nevertheless, for
ypical values of q g (e.g. 1.9, Benz & Asphaug 1999 ), they differ by
ess than 10 per cent. 

 I N N E R  E D G E  C O N S T R A I N T S  F RO M  T H E  

ATA  

n this section, we aim to constrain the inner surface density slope of
everal wide debris discs that have been well resolved with ALMA.
etermining the slope will allow us to assess whether the inner edge

s consistent with being set by collisional evolution alone, or instead,
he disc was truncated at the inner edge, for example, by a planet. The
nner slope is retrieved by fitting a parametric model directly to the
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Table 2. General information on the seven systems studied: HD 92945, HD 107146, HR 8799, q 1 Eri, AU Mic, 49 Ceti, and HD 206893. The sixth, seventh, 
and eighth columns show the discs’ fractional luminosities (this work), inclinations, and position angles. Sources: (1) Marino ( 2021 ), (2) Lo v ell et al. ( 2021 ), 
(3) Hughes et al. ( 2017 ), (4) Torres et al. ( 2006 ), (5) Harlan & Taylor ( 1970 ), (6) Gray & Kaye ( 1999 ), (7) Williams et al. ( 2004 ), (8) Plavchan et al. ( 2009 ), (9) 
Bell, Mamajek & Naylor ( 2015 ), (10) Marmier et al. ( 2013 ), (11) Roberge et al. ( 2013 ), (12) Zuckerman & Song ( 2012 ), (13) Gray et al. ( 2006 ), (14) Watson 
et al. ( 2011 ), (15) Sepulveda & Bowler ( 2022 ), (16) Mamajek & Bell ( 2014 ), (17) Plavchan et al. ( 2020 ), (18) Hinkley et al. ( 2022 ), (19) Gaia Collaboration 
et al. ( 2021 ), (20) Marois et al. ( 2010 ), (21) Zurlo et al. ( 2022 ), (22) Wittrock et al. ( 2022 ). 

System Distance 
Spectral 

type Age Stellar mass f dust Inclination PA Planet mass 
Planet semimajor 

axis 
[pc] [Myr] [ M �] [deg] [deg] [ M Jup ] [au] 

HD 92 945 21.5 (19) K1V (4) 294 ± 23 (17) 0.86 ± 0.01 (8) 7 × 10 −4 65.4(1) 100(1) 
HD 107 146 27.5 (19) G2V (5) 80 − 200 (7) 1.09 (14) 10 −3 19.9 (1) 153(1) 

HR 8799 41.3 (19) A5 (6) 42 + 6 −4 (9) 1 . 43 + 0 . 06 
−0 . 07 (15) 3 × 10 −4 31.2 (1) 52.0 (1) 16, 27, 41, 71 (1,2) 8, 9, 8, 6 (1,2) 

q 1 Eri 17.4 (19) F9V (10) (1.4 ± 0.9) × 10 3 

(10) 
1.11 ± 0.02 (10) 3 × 10 −4 78.6 (2) 57.0 (2) 2 (10) 1 (10) 

AU Mic 9.7 (19) M1V (4) 22 ± 3 (16) 0.50 ± 0.03 (17) 4 × 10 −4 88.2 (1) 128.5 (1) 0.065, 0.11 (22) 0.05, 0.007–0.079 
(22) 

49 Ceti 57.2 (19) A1V (11) 40 (12) 2.1 (3) 7 × 10 −4 79.1 (3) 107.4 (3) 
HD 206 893 40.8 (19) F5V (13) 170 (18) 1 . 32 + 0 . 07 

−0 . 06 (17) 3 × 10 −4 40.0 (1) 61.7 (1) 3.5, 9.7 (18) 12, 27 (18) 
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LMA visibilities. In order to choose the right parametric model, we 
rst use the FRANKENSTEIN PYTHON package (hereinafter referred to 
s FRANK ; Jennings et al. 2020 ) that reconstructs the intensity radial
rofiles in a non-parametric manner and achieves higher resolutions 
han typical clean images. The FRANK reco v ered profiles allow us
o have a clearer idea of the different features in each system that
eed to be fit and thus we can make a more informed decision in
hoosing a parametric model to best fit each target. Furthermore, 
hey also allow for a more consistent approach in how radial profiles
re determined. Below we describe the chosen targets, the FRANK 

rofiles, and the results after fitting the parametric models. 

.1 Targets 

e focus on systems with wide e xoK uiper belts that have been
bserved with ALMA at a sufficient resolution (those with a radial 
pan that has been resolved with � 5 beams across) and sensitivity
o characterize their inner slope (signal-to-noise ratios larger than 
0 near the inner edge in the azimuthally averaged radial profiles),
nd that are not very asymmetric or too large as to require multiple
ointings with ALMA (e.g. β Pic Matr ̀a et al. 2019 ). We identify HD
2945, HD 107146, HD 206893, HR 8799, q 1 Eri, AU Mic, and 49
eti as the best systems to do this, all located at distances ranging

rom 10 to 60 pc, having wide discs, and observed with ALMA at
ufficient resolution and sensitivity to constrain the inner edge shape. 

We use both 0.88mm (band 7) and 1.33mm (band 6) published 
ata of HD 107146. 3 , HD 206 893 and q 1 Eri (Marino et al. 2018 ,
019 , 2020 ; Lo v ell et al. 2021 ; Nederlander et al. 2021 ), 49 Ceti’s
.61 mm (band 8) data (Higuchi et al. 2019 ) 4 , and the band 7 data of
R 8799 5 , HD 92 945, and AU Mic 6 (Daley et al. 2019 ; Marino et al.
019 ; Faramaz et al. 2021 ). In addition to the published data on HD
 We do not include data from Ricci et al. ( 2015 ) in our analysis due to its 
ower resolution and sensitivity. 
 We do not use the published band 6 data that has a much poorer resolution 
Hughes et al. 2017 ). 
 We do not use the published band 6 data that has a much poorer resolution 
Booth et al. 2016 ). 
 New 0.45 mm (band 9) data were published while writing this paper, but 
nvolved multiple pointings and thus were omitted them from our analysis 
hich cannot account for that. 

t  

r  

t  

(  

w
i

v

w  

r  
07 146 (Marino et al. 2018 ; Marino 2021 ), we include a new data
et with a higher resolution (0.2 arcsec = 5 au) from an unfinished
ycle 7 program (2019.1.00189.S). This new data set is described in
ppendix A . 
Finally, for HR 8799 and HD 107 146 we subtract emission from

 background galaxy prior to any analysis using the best parameters
ound in Marino ( 2021 ). Basic information of the targets in this
nvestigation can be found in Table 2 . 

.2 Deconv olv ed profiles 

rior to fitting a parametric model of the intensity radial profiles
o the data, we fit them in a non-parametric way using FRANK

o a v oid introducing biases from the start. FRANK has one great
dvantage o v er standard imaging (e.g. with TCLEAN in CASA ,
cMullin et al. 2007 ), which is that it provides a significantly better

esolution than clean images. Ho we ver, there are some assumptions
hat it makes and some parameters that must be adjusted for it to
rovide appropriate radial profiles. The first assumption that FRANK 

akes is that the discs are axisymmetric as it only fits the real
omponent of the deprojected visibilities. This is mostly a valid 
ssumption for these targets; ho we v er, Lo v ell et al. ( 2021 ) and
arino et al. ( 2019 ) find that the discs around q 1 Eri and HD 92 945

how some minor asymmetries that could bias our results for those
argets. 

The second assumption made by FRANK is that the discs are
ertically flat, which has been shown to not be the case for debris
iscs (Daley et al. 2019 ; Matr ̀a et al. 2019 ). In particular, previous
nalysis of q 1 Eri and HD 92 945 found both discs to be marginally
esolv ed with v ertical aspect ratios of ∼0.05 (Marino et al. 2019 ;
o v ell et al. 2021 ). In order to account for this, data from uv points

hat could be heavily affected by the vertical thickness of the disc are
emo v ed from the analysis. These points can be roughly identified as
hose where the uv coordinate parallel to the minor axis of the disc
 v 

′ 
) is large enough to resolve the projected vertical thickness or full

idth half-maximum (FWHM) of the disc. This maximum baseline 
s estimated as 

 

′ = 

(
2 . 355 

r belt h 

d 
sin ( i) c 

)−1 

, (30) 

here r belt is the central radius of the disc, h is the vertical aspect
atio (a quantity that was assumed to be 0.05 in agreement with the
MNRAS 522, 6150–6169 (2023) 
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Figure 5. UV coordinates of q 1 Eri band 7 observations. The points in orange 
represent the baselines that are most affected by the vertical thickness of the 
disc and thus are remo v ed from our analysis. 
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ypical values derived for these and other systems), d is the distance
o the disc from Earth, i is the inclination of the disc with respect to
eing face-on. The term inside the brackets is the projected vertical
WHM at the disc central radius. The factor 2.355 is to convert from

he vertical standard deviation to an FWHM. The value for v 
′ 

was
hen used to filter the data before using FRANK , removing the data
hat would be most affected by the vertical thickness of the disc. 

Fig. 5 shows as an example the baselines that get removed through
his method (orange) for q 1 Eri’s band 7 observations, representing
 per cent of all visibilities. Only 0.7 per cent of the complementary
and 6 data was remo v ed. F or HD 92945, only 0.05 per cent of the
2m array data got remo v ed and none of the ACA data. HD 206 893
ad 1.52 per cent of band 7 and 0 per cent of band 6 data remo v ed. AU
ic, which is edge-on, had 2.24 per cent of its 12 m data remo v ed.

inally, none of the 12m and ACA data of HD 107146, HR 8799 and
9 Ceti was remo v ed. These percentages vary greatly from system to
ystem as they have different sizes, distances, inclinations, and each
as observed at different resolutions. Whilst these may not seem

ike high percentages of remo val, the y could significantly distort the
RANK results and thus their removal was important, particularly
or the more edge-on discs. Note that there might still be some
inor vertical information in the remaining visibilities (e.g. if the

ignal-to-noise is high or h is higher than assumed), but its effect
n the deprojected visibilities and reco v ered profile should be minor
Terrill et al. submitted). After this process of removing data affected
y vertical thickness, the flux of each of the stars was remo v ed in the
isibility space 7 prior to running FRANK so that it would not bias the
etrieved radial profiles (Jennings et al. 2022 ). 

Before applying FRANK to the discs, some parameters must be
etermined for the fits to work properly. These are known in FRANK

s α and w smooth . α is a parameter that roughly defines the maximum
aseline to which FRANK will try to fit the data, acting as a signal-
o-noise threshold, a higher value imposing a stricter signal-to-noise
NRAS 522, 6150–6169 (2023) 

 The stars and discs were well centred at the phase centre of these observations 
nd thus we subtract the stellar flux simply as a constant from the real 
omponent of the visibilities. 

i
b  

t  

T  

u

hreshold. w smooth is a spectral smoothness parameter, with a higher
alue more strongly smoothing the power spectrum. For more details
n these parameters refer to Jennings et al. ( 2020 ), and the FRANK

ocumentation. In order to determine an appropriate value for these
wo parameters, we run FRANK for each system several times whilst
 arying the v alues of the parameters. The most appropriate ones
ere determined by visually inspecting the reco v ered profiles and
inimising the number of oscillatory artefacts, whilst still trying to

eco v er sharp features along the entire radius of the discs. The values
ested for α were: [1.001, 1.01, 1.1], and for w smooth the values tested
ere [10 −4 , 10 −3 , 10 −2 , 10 −1 ]. The final values for these parameters
ecided for each disc and band had mostly α = 1.01, with one
xception of HD 107 146 band 6 having an α = 1.1. The w smooth 

hosen parameter ranged from 10 −2 to 10 −4 depending on the disc.
he main features found in each of the profiles using FRANK were
ot particularly sensitive to the chosen parameters and were visible
n most tested parameters and thus they can be considered robust. 

The radial profiles using FRANK for the seven targets can be seen
n Fig. 6 . The differences between bands/wavelengths for q 1 Eri, HD
07146, and HD 206 893 are due to the differing resolutions for the
ata sets, making features appear smoother in one band compared to
he other. For q 1 Eri, the profile was found to be a narrow peak at

90 au with a long extension out to 200 au. The profiles found by
RANK for q 1 Eri are consistent with previous analysis using clean
mages and parametric modelling by Lo v ell et al. ( 2021 ). The profile
esolved for HD 92 945 shows a gap centred at approximately 75au,
onsistent with Marino et al. ( 2019 ). The profile resolved for HR
799 shows a broad peak at ∼200 au with smooth inner and outer
dges, which is consistent with Faramaz et al. ( 2021 ). For AU Mic,
RANK finds a broad peak at ∼35 au and a tentative gap in the disc at
15 au, also found in parametric fits to the data (Daley et al. 2019 ;
arino 2021 ). For 49 Ceti, we find a wide peak at ∼100 au and

 slowly decreasing outer edge, which agrees with previous studies
ughes et al. ( 2017 ); P a wellek et al. ( 2019 ). Finally, for HD 206 893

RANK , finds a steep inner edge with two peaks at ∼40 au and ∼120
u and a deep gap in between centred at ∼75 au (consistent with
arino et al. 2020 ; Nederlander et al. 2021 ). 
The main disc for which there is a significant difference between

his analysis and previous findings is HD 107 146 (Ricci et al. 2015 ;
arino et al. 2018 ; Marino 2021 ). Marino et al.Marino et al. found

ne wide and shallow gap in the radial profile. However, using FRANK

e find that this wide gap is split into two narrow ones which previous
lean images did not resolve due to their poorer resolution. This
ouble gap structure is found in both the band 6 and 7 data of HD
07 146 shown in Fig. 6 (with a higher significance in the band 7 data
ue to its higher resolution). Therefore, we consider this to be a true
eature rather than an artefact produced by FRANK . Moreo v er, this
eature is also revealed in the radial profile extracted from new higher
esolution clean images in band 7 presented in Appendix A . These
arrower gaps could be consistent with the scenario proposed by
arino et al. ( 2018 ) where two 10 M ⊕ planets at separations between

0 − 90 au could carve two independent gaps, which at low resolution
ppeared as one half-empty wide gap. Note that previous work that fit
arametric models to the data did not try fitting a double-gap model,
eaving this feature undisco v ered. This highlights the importance of
sing FRANK first to visualize the radial features of the disc. This
ystem will be observed by JWST in 2023 with MIRI at 15 μm
n coronagraphic mode to search for companions abo v e a 0.2 M Jup 

eyond 20 au (Marino et al. 2021 ). Such observations, combined with
he double gap structure, will allow for a much clearer interpretation.
herefore, we defer the interpretation and discussion of this feature
ntil the JWST data becomes available. 



Inner edges of planetesimal belts 6159 

Figure 6. Radial profiles of the systems investigated, fitted using FRANK . The shaded regions represent the 1 σ uncertainties derived from FRANK . All surface 
brightness profiles are normalized to the peak intensity. The black lines represent the resolution of the FRANK profiles, obtained by identifying the baselines 
beyond which the power spectrum obtained by FRANK is damped. 
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The main disadvantage of FRANK for this investigation is that 
t does not directly provide estimates for the slope of the inner
dge, which is the aim of this investigation. Whilst this could be
easured from the reco v ered radial profiles, such measurements 
ould be affected by non-trivial systematic effects such as FRANK ’s 
on-Gaussian PSF that are hard to account for and thus could bias
ur results. Instead, the profiles achieved with FRANK can be used 
o decide which parametric models are most appropriate in order to 
onstrain the steepness of the inner edge. 

.3 Parametric fits to the data/visibilities 

s we are only interested in the radial profiles of these discs, we can
zimuthally average the visibilities and deproject them assuming 
nclinations and position angles derived in previous studies, found in 
able 2 . As in Section 3.2 , before fitting the data we remo v ed the data
oints that could be affected by the vertical thickness of the disc. In
rder to speed up the fitting process of millions of u − v points, we
inned the visibilities as a function of their deprojected uv distance. 
he visibilities were binned with a bin width set to be 5 per cent of the
mallest uv data point in each individual data set. We find this width
s small enough to not lose the details in the visibility profile, and
arge enough to reduce significantly the number of data points being
t. Within each bin, we determined the uncertainty as the standard
e viation di vided by the square root of the number of data points.
ote that we only consider the real component of the visibilities as

t is assumed the discs are axisymmetric and thus their imaginary
omponent is zero. Previous analysis by Marino et al. ( 2019 ) and
o v ell et al. ( 2021 ) showed some significant, but minor asymmetries

n the discs around HD 92 945 and q 1 Eri. Those asymmetries are
ostly located beyond the disc inner edge, and thus we consider they

hould not affect our results and conclusions significantly. Moreo v er,
symmetries will tend to smooth the azimuthally averaged profile, 
nd thus the true radial profile and inner edge could be sharper
han estimated belo w. Ne vertheless, e ven with asymmetries we find
harp inner edges for those two systems that are inconsistent with
ollisional evolution (see below). 

Having a better idea of the underlying intensity profiles, we 
dentified the simplest parametric model that could reproduce the 
rofiles derived by FRANK shown in Fig. 6 . To decide which
arametric model was most appropriate, we initially tested a series of
ifferent parametrizations and fitted them to the FRANK profiles. The 
nal models are the ones that could reproduce the main significant
eatures (local minima or maxima and inner and outer edge steepness)
MNRAS 522, 6150–6169 (2023) 
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ith the least number of free parameters, and these models are 
escribed in Sections 3.3.1 –3.3.6 . 
All models have an inner section in the their surface brightness

rofiles that is parametrized as a power law with an exponent αi .
ince debris discs are optically thin and their mm emission in

he Rayleigh–Jeans regime, the surface density slope in this inner
ection is simply αi + 1/2 (a deri v ation for this can be found in
ppendix C ). Therefore, whilst we fit the surface brightness inner

lopes (found in table B1), all values referred to as the inner slope
nd discussed hereafter are γ values (including those extracted
rom the literature). This inner section ends at a transition radius
efined as the radial distance where the slope of the disc changes
onsiderably (plateau’s or starts decreasing). Beyond this transition
adius, the disc follows a second power law (whether that is a middle
r outer power law depends on the disc). As shown in Fig. 1 , if
he surface density profile is set by collisional evolution alone the
ransition from these two regimes should be smooth, and thus we
ntroduce a smoothing exponent η, with higher values of η making
he transition abrupter (see description below). The smooth transition
n the collisional model presented in Fig. 1 is best fit with η ≈ 2.
he parametric models were then Fourier transformed and sampled
t the same u − v points as the binned visibilities. Finally, the stellar
ux was also included in our models as a free parameter—a point
ource at the origin becomes simply a real constant in the visibility
pace. 

The model visibilities were then compared directly to the binned
isibilities by calculating the corresponding χ2 . We find the best
t parameters and associated uncertainties by using the PYTHON

ackage EMCEE (Goodman & Weare 2010 ; F oreman-Macke y et al.
013 ), which implements an Affine Invariant MCMC Ensemble
ampler to reco v er the posterior distribution of parameters. We
ssume uniform priors for each parameter and limited their range
n a few cases to allow only physical solutions. We run the MCMC
ith 200 w alk ers and 2000 iterations, which we found was enough

o ensure convergence (visually determined) and that the parameter
pace was well sampled. Fig. 7 shows the reco v ered profiles of
he 7 studied systems using our parametric models along the
rofile reco v ered by FRANK . Below we describe the model and
esults for each system. In Fig. 8 and Table 3 , we summarize the
 alues deri ved for the inner surface density slope as well as the
stimated dust surface density and collisional lifetime of cm-sized
rains. 

.3.1 q 1 Eri 

or this system FRANK found a profile with no visible gap in both
ands 6 and 7. To reproduce a similar morphology we decided to use
 parametric model for the surface brightness I ( r ) composed of two
ower laws joined at the disc peak or transition radius ( r t ) 

 ( r) = I 0 

( (
r 

r t 

)−ηαi 

+ 

(
r 

r t 

)−ηαo 
) − 1 

η

, (31) 

here αi and αo are the power-la w e xponents interior and exterior
o r t , η determines how smooth or sharp the transition is, and I 0 is a
ormalization factor. This was the best parametric model found for
he visibilities and that could reproduce well the profile extracted by
RANK . In Fig. 7 we present the best-fitting parametric model for
 

1 Eri. We find an inner surface density slope γ = 4 . 7 + 0 . 5 
−0 . 4 . This is

omewhat less steep, but still consistent within the errors to what
as found by Lo v ell et al. ( 2021 ) that found a value of > 5.1. The

adial profiles from the parametric model and FRANK are consistent
NRAS 522, 6150–6169 (2023) 
ith each other, and the residuals are consistent with pure noise. In
articular, the inner sections are very similar. The main differences
re due to the non-significant wiggles caused by noise. We tested
everal parametric models and found that the derived values of the
nner surface density slope were consistent across them. 

.3.2 HR 8799 

imilar to q 1 Eri, the best parametric model for HR 8799 was found
o be a model made of two power laws that join at the disc peak or
ransition radius as described by equation ( 31 ). The FRANK profile
nd the best fit in Fig. 7 coincide well and the residuals for this fit were
lso consistent with pure noise, thus this is a good fit for this disc.
he inner surface density slope of HR 8799 was found to be 2 . 2 + 0 . 3 

−0 . 2 ,
hich is consistent with the value found by Faramaz et al. ( 2021 )
f 3 . 0 + 0 . 9 

−0 . 5 . More importantly, this result confirms their findings that
his disc does not have a well-defined inner edge as expected if it
as simply truncated by the HR 8799 b at its current location near
0 au (Read et al. 2018 ), but a surface density profile that smoothly
ises with radius as expected in a collisional evolution scenario. Note
hat the uncertainties of our measured slope are a factor ∼3 smaller
han the ones from Faramaz et al. ( 2021 ). This difference is due
o the model used by Faramaz et al., which consisted of a triple
ower law. That model has many degeneracies that increase the
ncertainty of the inner slope (see their Fig. 9 ). Finally, the derived
adial profile peaks at approximately 200 au rather than at r t = 240
u. This difference is due to the lo w v alue of ν ( < 1.6) making the
rofile smoother and the outer slope that is steeper than the inner one
1.7 versus -4.4). 

.3.3 49 Ceti 

or 49 Ceti the best parametric model was also found to be two
ower laws joining at the disc peak or transition radius, in the same
anner as for q 1 Eri and HR 8799 and as described by equation ( 31 ).
he FRANK profile and the best fit in Fig. 7 coincide well and the

esiduals for this fit were also consistent with pure noise, thus this
s an appropriate model for this disc. The value for the inner surface
ensity slope of 49 Ceti was found to be 1 . 3 + 0 . 3 

−0 . 3 through this fitting.
his is a very low value and consistent with collisional evolution
nd the fact that no massive planets have been found around 49 Ceti
hat could truncate or stir the disc. Hughes et al. ( 2017 ) found an
nner slope of 2 . 5 + 0 . 8 

−2 . 2 , which is consistent with our finding and with
ollisional evolution. Similar to HR 8799, the disc peaks at a radius
lightly smaller than r t due to the lo w v alue of ν and the outer slope
eing steeper than the inner one. 

.3.4 HD 92945 

or this system, FRANK found a wide disc with a single gap, and thus
e chose a parametric model that could mimic this gap and adjust to

he inner and outer edge sharpness. This model consists of a power
aw inner section, a middle power law, a Gaussian gap, and an outer
dge parametrized as an hyperbolic tangent following Marino ( 2021 )

( r) = I 0 G ( r) 

( (
r 

r t 

)−ηαi 

+ 

(
r 

r t 

)−ηαm 
) − 1 

η (
1 + tanh 

(
r out − r 

l out 

))
, (32) 

 ( r) = 1 − δg exp 

( 

( r − r g ) 2 

2 σ 2 
g 

) 

. (33) 

here αm is the slope of the middle section of the disc (if there was
o gap), r out is the location of the outer edge, l out determines how
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Figure 7. Reco v ered surface brightness profiles from our parametric model fitting procedure. The solid black lines represent the best fit that minimizes the χ2 . 
The dashed lines represent the FRANK profiles, for comparison with the fit found. The presented profiles correspond to band 6 (1.3 mm) for AU Mic; band 7 
(0.9 mm) for q 1 Eri, HD 92945, HR 8799, HD 107146, and HD 206893; and band 8 (0.6 mm) for 49 Ceti. Note that for systems where we use multiple bands, 
we fit both simultaneously allowing for a different f disc and f � for each band. The coloured lines represent the intensity profile of a random sample of 50 points 
from the posterior distribution of each system. 
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Figure 8. Values of the inner surface density slope ( γ ) against the location 
of the transition radius ( r t ) for the seven systems studied. The grey horizontal 
line shows the expected slope value of 2 if the inner slope is set by collisional 
evolution alone. 
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8 The difference in the BIC value of the two models was 15, with the model 
with the gap having the lower BIC, supporting the usage of this model. 
9 The difference in their BIC values was 37, with the two-gap model having a 
lower BIC, and thus supporting the use of this model. 
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mooth or sharp the outer edge is, and G ( r ) represents a Gaussian
ap centred at r g , with a standard deviation σ g and a fractional depth
g . In Fig. 7 we present the best-fitting parametric model for HD
2945. Again, the residuals were consistent with pure noise, which
eans that the chosen model is enough to explain the main features

resent in the data. The inner surface density slope was constrained
o 7 . 5 + 2 

−2 , which is consistent with the lower limit of 5.7 derived by
arino et al. ( 2019 ). 

.3.5 HD 206893 

or this system, FRANK found a wide disc with a single gap, and thus
e chose the same parametric model as for HD 92 945 (described
y equation ( 32 )). In Fig. 7 we present the best-fitting parametric
odel for HD 206893. Again, the residuals were consistent with

ure noise, which means that the chosen model is enough to explain
he main features present in the data. The reco v ered profile is
ery uncertain around the inner section, with it only managing to
eco v er a lower limit for the slope. The best-fitting model is in
ood agreement with the FRANK profile. Furthermore, it reco v ered
he gap in the disc. The value of the inner slope found for HD
06 893 is > 1.05. Due to this being only a lower limit, the inner
lope is both consistent with being shallow (i.e. consistent with
ollisional evolution) and sharp (consistent with being truncated
y planets), something that Marino ( 2021 ) also found. This system
s known to host two massive companions interior to the disc at
emimajor axes of 3.5 and 9.7 au (Delorme et al. 2017 ; Milli
t al. 2017a ; Hinkley et al. 2022 ). The disc inner edge or transition
adius and slopes are, ho we v er, v ery uncertain and thus it is hard
o assess if the outer companion is what set the inner extent of the
isc. 

.3.6 AU Mic 

or AU Mic, the best parametric model was found to be two power
aws joining at the disc peak or transition radius and an additional
aussian gap following 

 ( r) = I 0 G ( r) 

( (
r 

r t 

)−ηαi 

+ 

(
r 

r t 

)−ηαo 
) − 1 

η

, (34) 
NRAS 522, 6150–6169 (2023) 
 ( r) = 1 − δg exp 

( 

( r − r g ) 2 

2 σ 2 
g 

) 

. (35) 

he FRANK profile and the best fit in Fig. 7 coincide well and the
esiduals for this fit were also consistent with pure noise, thus this
s an appropriate fit for this disc. At a radius smaller than 10 au the
hape is very uncertain (which is in agreement with what FRANK

nds), ho we ver, all tested models required a local minimum around
0 au and significant emission at 10 au, thus making a gap in the
isc a likely feature. The single-gap model was compared to the
o-gap model, and considering the added number of parameters of
he single-gap model, the Bayesian Information Criterium (BIC,
chwarz 1978 ) value difference between the models is still > 10
nd thus statistically significant 8 The inner surface density slope of
U Mic was found to be 0 . 9 + 0 . 4 

−0 . 4 . This result implies that the inner
ection is shallow and consistent with collisional e volution. Pre vious
nalyses by Daley et al. ( 2019 ); Marino ( 2021 ); Vizgan et al. ( 2022 )
lso found a surface density profile that gently rises with radius, with
ale y et al.Dale y et al. finding an inner slope of 0 . 9 + 0 . 5 

−0 . 4 which is in
ood agreement with our findings. 

.3.7 HD 107146 

or HD 107 146 we tested out various different models due to its
omplexity as FRANK revealed 2 gaps in the disc as opposed to the
ingle shallow and wide gap found in previous analysis. The chosen
arametric model for HD 107 146 after e xtensiv e testing was a power
aw inner section, a middle section power law, a hyperbolic tangent
uter edge, and two Gaussian gaps 

 ( r) = I 0 G 1 ( r) G 2 ( r) 

( (
r 

r t 

)−ηαi 

+ 

(
r 

r t 

)−ηαm 
) − 1 

η

(
1 + tanh 

(
r out − r 

l out 

))
, (36) 

 1 ( r) = 1 − δg1 exp 

( 

( r − r g1 ) 2 

2 σ 2 
g1 

) 

, (37) 

 2 ( r) = 1 − δg2 exp 

( 

( r − r g2 ) 2 

2 σ 2 
g2 

) 

. (38) 

his was decided by comparing the BIC values for the single-gap
odel against the double gap, and when considering the increased

omplexity of the two-gap model the BIC value was still better for
his model. 9 The fit can be seen in Fig. 7 . The fit is slightly different
o the FRANK profile, as the first gap is deeper and narrower than in
he FRANK profile. Ho we ver, v arious models were tested and they
ll had a consistent inner section. Furthermore, whilst the shapes of
he two gaps in the disc are uncertain, the fact that both FRANK and
he parametric fit both converge to a two gap disc strongly supports
he presence of substructures within the broad gap. Moreo v er, the
ouble gap is also reco v ered from Clean images from the newest and
ighest resolution data, although at a lower significance partly due
o the lower resolution of Clean images compared to deconvolved
odels (Appendix A ). The inner surface density slope was found to

e 7 . 2 + 0 . 9 
−0 . 7 . Marino et al. ( 2018 ) finds an inner slope of 11 . 6 + 3 . 0 

−2 . 7 , which



Inner edges of planetesimal belts 6163 

Table 3. Inner surface density slope ( γ = αi + 1/2), transition radius ( r t ), dust surface density at r t , estimated collisional lifetime of cm-sized dust using 
equation ( 14 ), and the ratio between their collisional lifetime and age of the system. HD 206 893 the posterior distribution of γ reached our upper bound of 10, 
and thus we report a 3 σ lower limit instead. 

System Inner surface density slope γ Transition radius r t [au] Dust surface density at r t [ M ⊕ au −2 ] t col (1 cm) [Myr] t col (1 cm)/ t age 

HR 8799 2 . 2 + 0 . 3 −0 . 2 240 + 10 
−10 5.2 × 10 −7 9 0.2 

q 1 Eri 4 . 7 + 0 . 5 −0 . 4 84 + 1 −1 7.9 × 10 −7 0.8 6 × 10 −4 

HD 92 945 7 . 5 + 1 . 7 −1 . 6 54 + 2 −2 1.9 × 10 −6 0.2 7 × 10 −4 

HD 107 146 7 . 2 + 0 . 9 −0 . 7 44 + 1 −1 4.3 × 10 −6 0.04 2 − 5 × 10 −4 

HD 206 893 > 1.05 35 + 7 −10 9.5 × 10 −7 0.06 4 × 10 −4 

49 Ceti 1 . 3 + 0 . 3 −0 . 3 130 + 10 
−10 1.9 × 10 −6 0.4 0.01 

AU Mic 1 . 4 + 0 . 4 −0 . 4 36 . 5 + 0 . 7 −0 . 7 5.3 × 10 −6 0.05 2 × 10 −3 

Figure 9. Constraints on x MMSN and D max for four discs with inner edge 
slopes consistent with collisional evolution. The filled contours show the 
most likely values when considering the systematic uncertainties in the system 

parameters. The faintest contours represent the 95 per cent confidence limit. 
The vertical grey dashed line represents D b where there is a discontinuity in 
the model. 
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ppears to be much higher than the value found in this investigation,
o we ver still consistent within 3 σ . Both deri ved v alues are much
igher than the value of 2 expected in a pure collisional evolution
cenario, which is what we aimed to determine. Regarding the two 
aps, we found that these are centred at 56 ± 1 au and 79 ± 1 au;
hese results will be examined in more detail in a future work using
WST data from cycle 1. 

 DISCUSSION  

.1 Surface density 

ased on the derived values for the inner surface density slope γ and
he transition radius r t presented in Table 3 , we can now assess if these
ould be consistent with a disc evolving through collisions without 
he need for it being truncated. We expect that the surface density
lopes in the inner regions with unimpeded collisional evolution to be 
qual to γ = 0.75 q g + 0.75 ≈ 2 ( q g = 1.69, Section 2.4 ). This value
f 2 is consistent with the ones derived for HR 8799, HD 206893,
9 Ceti, and AU Mic. For the rest, we can rule out a smooth inner
ection as it would be produced by pure collisional evolution. In the
ollowing subsection we will use this information to constrain x MMSN 

nd D max in these systems. A caveat to keep in mind when comparing
he values of γ derived from observations with our model, is that it
ssumes that the time-scale it took solids to be stirred and initiate the
ollisional cascade (at all radii) is much shorter than the collisional
ime-scale of the larger bodies and the age of the system. If the
tirring time-scale was longer than the collisional time-scale, pure 
ollisional models could produce a sharp inner edge (Kennedy & 

yatt 2010 ). 
Based on the surface brightness at the transition radius, we can

stimate the collisional lifetime of the observed mm-sized grains 
nd compare this to the age of these systems to assess whether the
ust is being replenished by collisions of larger solids. To do this,
e convert the dust surface brightness into a dust surface density

ssuming a dust temperature equal to the equilibrium temperature at 
he transition radius and a dust opacity κD < 1 cm 

= 1.6( λ/1 mm) −0.9 

m 

2 g −1 calculated using Mie Theory for a grain size distribution up
o 1 cm (Marino et al. 2018 , and references therein). We then use
quation ( 14 ) to compute the lifetime of 1 cm-sized grains (replacing
 g by q s and setting ε = 1 to be valid for D max = 1 cm < D b ).
able 3 presents the estimated dust surface densities (4th column) 
nd the collisional lifetime of cm-sized grains in Myr (5th column)
nd relative to the age of the systems (6th column). We find that the
ifetime of grains at the transition radius is much shorter than their
ges for all the discs, except for HR 8799 (9 Myr) where their lifetime
s shorter but still comparable to the age of the system (especially
onsidering the multiple uncertainties when transforming the disc 
urface brightness into a density). This indicates that, apart from 

R 8799, the dust in these systems is collisionally processed and its
eplenishment requires the presence of larger solids. 

.2 Constraints on x MMSN and D max 

ased on the inner slopes and transition radii derived above, we now
roceed to use this information to constrain x MMSN and D max . We
tart by focusing on HR 8799, HD 206893, 49 Ceti and AU Mic,
hich have inner sections that are consistent with being shallow and

haped by collisional evolution as discussed abo v e. Using equations
 21 ) and ( 22 ) (or ( 25 ) and ( 26 ) if D max < D b ), the systems’ parameters
n Table 2 , the transition radius as a proxy for the critical radius r c 
found in Table 3 ), and the estimated dust surface density, we derive
 MMSN and D max for these four systems. In order to account for
he different systematic uncertainties in the system parameters and 
mitting properties of dust, we perform a Monte Carlo simulation 
njecting noise with a log-Normal distribution to the dust surface 
rightness (0.3 dex), r c (0.1 dex), t age (0.2 dex), M � (0.05 dex). The
esulting distributions of 10 4 points are presented in Fig. 9 , with the
aintest filled contours representing the 95 per cent confidence limit. 
ote that there is a discontinuity at D max = D b , where none of the

quations used are strictly valid. 
MNRAS 522, 6150–6169 (2023) 
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Figure 10. Constraints on x MMSN and D max for five discs for which D max 

≥ D c > D b , three of which have inner slopes inconsistent with collisional 
evolution (HD 107146, HD 92 945, and q 1 Eri). The coloured lines show the 
required x MMSN as a function of D max . The solid lines mark the range where 
the surface density and size of the largest planetesimals would be enough to 
stir the disc (self-stirring). Note that the lines are restricted to the range in 
which x MMSN is below the maximum value such that r c < r t . 
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Overall we find that the values for the transition radii and dust
urface densities can be explained by sub-km planetesimals for three
ystems. AU Mic, 49 Ceti and HR 8799 require D max in the range
 × 10 2 − 10 4 , 10 − 10 3 and 10 −3 − 10 2 m, respectively. These values
or D max are much lower than the typical values assumed for debris
iscs (10-1000 km). The large size and short age of these systems
eans that they do not require large planetesimals to sustain their

ust levels. HD 206 893 with a likely older age compared to the rest
equires larger planetesimals with a size between 1 and 100 km. If we
ook at x MMSN we find that the three systems require values below 1
i.e. surface densities of solids that are lower than the MMSN). This
eans that the total mass in solids is not in an obvious contradiction
ith the available solid mass in protoplanetary discs, a v oiding the
isc mass problem (Krivov et al. 2018 ; Krivov & Wyatt 2021 ). 
It is interesting to note that HR 8799 does not require large solids

o sustain the observed dust levels. In other words, the circumstellar
ust is consistent with being simply a lefto v er from the protoplanetary
isc phase. This conclusion is consistent with the long lifetime of cm-
ized grains that we estimated in §4.1 . The derived dust mass below
 cm is just ∼0.1 M ⊕, which would have been � 0 . 1 per cent of the
ust mass present in its primordial protoplanetary disc (assuming a
isc mass of 0.05 M � and a gas-to-dust ratio of 100). This lefto v er
ust could have been the small fraction that did not grow to pebble
izes fast enough to radially drift towards the star or a pressure
aximum near HR 8799 b’s orbit. 
These conclusions on x MMSN and D max , ho we ver, rely on the

ssumption that the disc inner edge was shaped by collisional
volution and not by other processes such as planet–disc interaction.
uch interactions could be the ones responsible for shaping HR
799 and HD 206 893 inner edges (Faramaz et al. 2021 ; Marino
021 ). Therefore, these results are only valid under a pure collisional
volution scenario. Note that as discussed in Section 2.3 our analytic
odel is likely o v erpredicting the dust levels by a factor ∼3. If
e take this into account, the required D max values to explain
bservations would be a factor ∼3 larger for D max > D b and a
actor ∼30 larger D max for D max < D b . Similarly, x MMSN would be
 factor ∼10 larger in both regimes. Therefore, the derived values
ust be taken with caution. 
We can now focus on the opposite scenario: the size distribution

s not yet in collisional equilibrium throughout the disc as the largest
odies have not collided yet. In this scenario the inner sections could
e much steeper than our collisional evolution model predicts (thus
as a γ > 2.0 as HD 107146, HD 92945, and q 1 Eri) or be smooth
ue to something other than collisional evolution (e.g. very high
ccentricities, Marino 2021 ). There are two conditions that we can
se to constrain x MMSN and D max assuming this scenario is true.
irst, r c must be smaller than r t . Otherwise, we would see a slowly

ncreasing surface density from r t to r c . This condition can be
mplemented using equation ( 16 ) to derive the maximum x MMSN as
 function of D max such that r c < r t . The second condition is that the
ombination of x MMSN and D max must reproduce the estimated dust
urface density. To implement this second condition we use equation
 20 ) to constrain x MMSN as a function of D max such that it matches
he observed dust surface density. This assumes α = 3/2 and that
he largest body in collisional equilibrium is larger than D b (Marino
t al. 2017b ). This is not valid for HR 8799 and 49 Ceti given their
arge size and young age, which are consistent with D max < D b . 10 

herefore, these two systems are excluded from this analysis. 
Fig. 10 shows the required x MMSN to explain the observed amount
NRAS 522, 6150–6169 (2023) 

0 This was confirmed using numerical simulations from Marino et al. ( 2017b ). 

i  

l  

c

f dust as a function of D max (second condition). We only plot D max 

or which r c < r t (first condition). All systems are consistent with
 MMSN � 1 (a v oiding the disc mass problem), and all except HR
799 and 49 Ceti require D max > D b (i.e. in the gravity regime). We
an add as a third condition that the surface density and maximum
lanetesimal sizes are large enough to have self-stirred the disc within
he age of the system (Krivov & Booth 2018 ). This third condition
s met along the solid section of the lines in Fig. 10 . We find that the
iscs could be self-stirred in HD 107146, HD 92945, HD 206893,
nd q 1 Eri if D max � 100 km. Note, ho we ver, that the equations used
o derive these lines might be invalid for D max > 100 km since X c 

ould be larger than 1 (Section 2.2 ). HD 107 146 stands out in this
gure for requiring the largest value of x MMSN between 0.3 − 1,
hich given its radial span from 44 to 144 au, is equivalent to a total
ass ∼20 − 60 M ⊕. As noted before, our model o v erpredicts the

ust surface density level, and thus the required x MMSN values could
e a factor ∼10 larger. Even with this correction, we find that all
hese discs can a v oid the disc mass problem. 

Note that when deriving x MMSN and D max using the equations in
ection 2.3 we have assumed a particular solid strength law Q 

� 
D 

orresponding to ice (Benz & Asphaug 1999 ) as the solids at tens of
u in these systems would probably be similar to Solar System comets
n composition. Ice has one of the weakest strengths, and thus if we
ad assumed stronger solids the derived values of D max and x MMSN 

ould be lower. For example, assuming the strength values of basalt
Benz & Asphaug 1999 ) that yield a similar D b and a Q 

� 
D b 

value a
actor 2 higher, we find that the D max and x MMSN values derived from
ig. 9 are a factor 400 and 5 smaller, respectively, in the strength
ominated regime ( D max < 500 m). In the gravity dominated regime
 D max > 500 m), we find D max and x MMSN values a factor 10 and
 smaller, respectively. In addition, the values of x MMSN derived for
ig. 10 would be a factor 3 smaller. Therefore, stronger solids would

mply an even smaller maximum size in the collisional cascade and
ower solid surface densities and thus it does not alter our general
onclusions of small planetesimals. 
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Table 4. Values for the minimum planet mass for single planet truncation to occur ( M p ), maximum semimajor axis of the planet 
for truncation to occur ( a p ), minimum multi-planet mass for truncation to occur ( M p, n ), and minimum planet mass for stirring to 
occur ( M p, stir ) for all of the systems. All of the minimum masses are calculated using the inner and outer edges derived from our 
modelling, where the inner edge is the radius at which the intensity (reco v ered by our parametric model fits) gets to half of the 
value at top of the first peak and the outer edge is the radius at which the intensity is half of the value of the outermost peak. 

System Inner edge value [au] Outer edge value [au] M p [ M Jup ] a p [au] M p, n [ M ⊕] M p , stir [ M ⊕] 

HR 8799 109 300 1.7 80 65 650 

q 1 eri 70 106 0.20 59 0.88 0.60 

HD 92 945 48 124 0.26 39 2.1 16 

HD 107 146 40 143 0.39 32 3.8 120 

HD 206 893 31 138 0.34 26 2.3 200 

49 Ceti 35 175 1.0 28 15 2200 

AU Mic 25 39 0.36 19 8.0 6.3 
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.3 Truncation by planets 

ere we investigate the masses and locations of putative planets that 
ould have truncated the discs in order to result in the shapes found.
ollowing Pearce et al. ( 2022 ), we find the minimum planet mass
sing their publicly available code 11 , which accounts for the inner 
dge location and the scattering time being shorter than the age of
he system. We define the inner edge location as the radius at which
he intensity (reco v ered by our parametric model fits) reaches half
f the value at the top of the first peak in the radial profile. Note
hat Pearce et al. ( 2022 ) had estimated these masses using slightly
ifferent inner edge values collected from the literature at that time. 
herefore, here and in the following section we repeat this e x ercise
sing our derived inner edge locations. We assume an eccentricity of
ero as the discs are all approximately axisymmetric, and thus set the
pocentre and pericentre of the discs inner edge to be equal. Using
his code and these assumptions, we find the minimum planet masses
nd maximum semimajor axis of the planets found in Table 4 . 

The estimated minimum planet masses for each of the systems can 
e found in Table 4 . The masses of the single planet truncation found
anged from 0 . 2 M Jup for q 1 Eri to 1 . 7 M Jup for HR 8799. Most of
hese values are well below the existing constraints for these systems
nd beyond the current capabilities of ground-based direct imaging 
nstruments which can only detect planets more massive than few 

upiter masses (e.g. Nielsen et al. 2019 ; Langlois et al. 2021 ). Only
or HR 8799 and 49 Ceti, the minimum planet masses are very close
o the detection limits. For 49 Ceti, SPHERE observations could 
ave detected a 2 M Jup planet near 95 au (Choquet et al. 2017 ), but
ot if that planet was near the minor axis of the disc and at a much
maller apparent separation. For HR 8799, SPHERE observations 
ave ruled out the presence of a 0.6 M Jup or more massive planet
eyond 100 au (Zurlo et al. 2022 ) and thus a fifth planet responsible
or truncating the disc by itself would have been detected. Ho we ver,
t has been suggested that the known four planets in the HR 8799
ystem (the outermost at 70 au) migrated inwards into its close to
esonant configuration and thus could have truncated the disc without 
he need of an additional planet (e.g. Go ́zdziewski & Migaszewski 
018 ). 
It is also possible that the inner edge is truncated by a multi-

lanet system (Shannon, Wu & Lithwick 2016 ). Using Equation 15 
rom Pearce et al. ( 2022 ), we calculate the minimum mass of planets
equired to clear their orbits in a multi-planet system within the age
f the system assuming the outermost planet is at the disc inner
1 https:// github.com/ TimDPearce/ SculptingPlanet

o  

c  

t
w  
dge. We have calculated these masses for all of the systems, even
hose that have been found to have a shallow inner edge consistent
ith collisional evolution, since even in those systems planets may 
ave been responsible for truncating the disc. The range of multi-
lanet masses found is between 1M ⊕ and 65M ⊕, all below the range
f detection for ground-based direct imaging instruments. JWST 

ill allow for detection of planets � 0 . 1 M Jup (Carter et al. 2021 ),
herefore some of these putative planets could be directly imaged in
he near future. In fact, the 7 systems studied here will be directly
maged during JWST’s cycle 1. Finally, 4 of these systems (HR
799, HD 92945, HD 107 146 and HD 206893) have significant
aia eDR3proper motion anomalies (Kervella, Arenou & Th ́evenin 
022 ). For the case of HR 8799 and HD 206 893 this is caused by one
f the known planets in these systems (Brandt et al. 2021 ; Hinkley
t al. 2022 ), whereas for HD 92 945 and HD 107 146 such companion
as not been detected yet. 

.4 Stirring by planets 

iven the location of the disc inner edge and the extent of these
iscs, we can also estimate the minimum mass of a planet just
nterior to the disc inner edge for it to stir the orbits of solids
cross the whole extent of the disc. For this, we use Equation 23
n (Pearce et al. 2022 ), assuming a planet eccentricity of 0.1. This is
 necessary assumption to make as stirring requires e p > 0, but
he systems are approximately axisymmetric and thus we use a 
ow e p . We define the outer edge radius as the location at which
he disc intensity gets to half of the outermost peak. The results
or the values of M p, stir can be found in Table 4 . The minimum
lanet mass for stirring range from 0.6 M ⊕ for q 1 eri to 2200 M ⊕
or 49 Ceti. The masses for HR 8799, HD 107146, HD 206893,
nd 49 Ceti are abo v e the e xpected JWST detection limit, and these
our systems have observing time allocated during cycle 1. This 
ould serve to test models of planet stirring and disc truncation by
lanets. 

.5 Limitations 

n addition to the limitations of our model described throughout 
he paper due to the approximations that we used, here we briefly
escribe a few additional caveats. First, our model assumes that the
ynamic excitation or relative velocities of solids is not a function
f grain size. This might not be true across the size distribution if
ollisional damping is important (e.g. Pan & Schlichting 2012 ) and
hus could slightly affect the surface density slope. Our assumption 
ould also not be valid near the bottom of the collisional cascade
MNRAS 522, 6150–6169 (2023) 
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here radiation pressure (or the effect of stellar winds) is not
egligible. Near the blow-out size, the dynamical excitation will
e set by radiation pressure (or stellar winds) and the smallest grains
ill be released onto very eccentric orbits. The effects of radiation
ressure were considered by Sch ̈uppler et al. ( 2016 ) and they found
 surface density of solids in the inner regions rising as r 2 (see their
ig. 1 ). Note that the optical depth (shown in the same figure) has a
ifferent radial profile that rises more slowly, but this is dominated by
he smallest grains that are affected by radiation pressure. Since in this
aper we focus on the mm-sized grains we conclude that neglecting
he effect of radiation pressure should not affect our conclusions. 

A second limitation in our models is that we do not consider
he effects of radial mixing when eccentricities are high or any
adial transport. Our model treats the collisional evolution at each
adii independently, which would not be valid for high orbital
ccentricities as those orbits would span a wide range of orbital
adii. Our model also neglects the effect of P-R drag (the main radial
ransport mechanism in the absence of planets as assumed in our
odel). P-R drag causes small grains to migrate inwards producing
 flat radial distribution of small grains interior to the planetesimal
isc (e.g. Wyatt 2005 ; Kennedy & Piette 2015 ; Rigley & Wyatt 2020 ).
o we ver, the bulk of the distribution of large mm-sized grains will

emain co-spatial with the parent planetesimals and thus P-R drag
ould not affect the r 2 surface density scaling of grains traced at mm
avelengths. 
Finally, our model assumes a pre-stirred disc or at least that the

ollisional time-scale of the largest planetesimals is much longer
han the stirring time-scale throughout the disc. This may not be
he true in the planet- or self-stirring scenarios depending on the
ystem parameters (Kenyon & Bromley 2008 ; Mustill & Wyatt 2009 ;
rivov & Booth 2018 ). If the stirring time-scale was much longer,

hen the surface density just interior to the critical radius would have a
uch steeper profile (Kennedy & Wyatt 2010 ). Marino et al. ( 2017a )
tted a similar radial profile model (allowing for a long stirring time-
cale) to ALMA observations of η Corvi assuming the disc is being
elf-stirred, finding a that in order to reproduce the sharp inner edge
he collisional time-scale had to be shorter than the stirring time-
cale. Ho we ver, self-stirring was found to be unlikely to explain the
est-fit values as they required very small planetesimals that would be
nlikely to have stirred the disc. Future work could e v aluate this type
f self-stirred models in a systematic way to a larger sample of sys-
ems and use more up-to-date self-stirring time-scales (e.g. Krivov &
ooth 2018 ), which could change the conclusions of Marino et al. 
 2017a ). 

 C O N C L U S I O N S  

n this paper, we have presented an analytical model for the collisional
volution of debris discs considering a three-phase size distribution
nd we showed how it can be applied to interpret the morphology of
ebris discs at mm wavelengths. In contrast to previous and similar
nalytic models, here we particularly focused on how collisional evo-
ution is expected to shape the inner edge of a disc forcing the surface
ensity to increase with radius to the power of 2 out to a critical radius.
e use this model to derive simple analytical equations to constrain

he total surface density of solids and maximum planetesimal size
ased on quantities that can be derived from observations, such as
he dust surface density and the disc critical radius where the slope
f the surface density flattens. 
We tested if this simple collisional model is consistent with ALMA

bservations of seven wide debris discs: HD 107146, q 1 eri, HR 8799,
U Mic, 49 Ceti, HD 206893, and HD 92945. We do this in a two-
NRAS 522, 6150–6169 (2023) 
tep process using both parametric and non-parametric models to
onstrain the location and sharpness of the disc inner edge. We first
sed FRANK to fit the visibility data of each disc and derive a non-
arametric model to determine an approximate shape of the disc
t a higher resolution than conventional imaging techniques. We
hen used an MCMC to fit a parametric model to the visibilities
nd estimate the inner surface density slope. Based on those values,
e determined if they are consistent with collisional evolution or if

runcation by planets was more likely. 
For four out of the seven discs (HR 8799, HD 206893, 49 Ceti,

nd AU Mic), we found that the inner edges are consistent with a
ower-la w inde x of 2, i.e. consistent with the models for collisional
volution. For those, we found that the inner edge location could
e explained by low disc masses relative to a minimum mass solar
ebula and small planetesimals. In fact, we found for HR 8799, 49
eti, and AU Mic that the largest planetesimals could be sub-km in

ize. This is because these discs are large and young, and therefore
o not require large planetesimals to sustain their dust levels. While
he presence of large planetesimals is not strictly required to explain
he dust levels in these systems, their presence cannot be excluded. 

For the remaining three discs, we found that the inner edges were
harper than predicted by collisional evolution, and thus they must
ave been set by something else. We explored the possibility that the
nner edges were set by the interaction with planets (even for those
ith shallow edges), and we derived minimum planet masses to carve

he inner edges within the age of the systems. For single planets
arving the inner edge, we found values of between 0.2 and 2 M Jup .
or multiplanet systems carving the inner edge, we found masses
etween 1 and 70 M ⊕. We also derived the minimum planet mass for
tirring the disc through secular interactions, and we found masses
anging between 0.6 and 2000 M ⊕. All of these values are much
ower or at least consistent with detection limit of direct imaging
bservations from ground-based instruments, except for HR 8799.
o we ver, JWST could detect some of these; all of these systems will
e observed during cycle 1. Such observations will be able to test
ome of our predictions and provide further insights about how the
nner edge of these discs was shaped. 

Finally, during the non-parametric modelling of HD 107146,
e disco v ered that there was an e xtra gap in the disc. This was
resent in archi v al data, but impossible to see in clean images. New
igher resolution images and our parametric modelling confirmed
his finding. The double-gap morphology was reco v ered from all
ata sets with FRANK and was also what the parametric model fits
onverged towards. This highlights the importance of non-parametric
ts like FRANK to extract detailed radial information prior to fitting
 parametric model. Cycle 1 JWST observations of this disc will
earch for low mass planets interior and in between the disc and thus
rovide strong constraints on the origin of these gaps. 
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weights and robust = 0.3 (blue) versus the intensity profile reconstructed from 
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h  

a  

b  

3  

1  

t  

o  

(
 

b  

M  

t  

h  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/522/4/6150/7143114 by guest on 20 February 2024
icci L. , Carpenter J. M., Fu B., Hughes A. M., Corder S., Isella A., 2015,
ApJ , 798, 124 

ead M. J. , Wyatt M. C., Marino S., Kennedy G. M., 2018, MNRAS , 475,
4953 

igley J. K. , Wyatt M. C., 2020, MNRAS , 497, 1143 
oberge A. et al., 2013, ApJ , 771, 69 
ch ̈uppler C. , Krivov A. V., L ̈ohne T., Booth M., Kirchschlager F ., W olf S.,

2016, MNRAS , 461, 2146 
chwarz G. , 1978, Ann. Stat. , 6, 461 
epulveda A. G. , Bowler B. P., 2022, AJ , 163, 52 
hannon A. , Wu Y., 2011, ApJ , 739, 36 
hannon A. , Wu Y., Lithwick Y., 2016, ApJ , 818, 175 
ibthorpe B. , Kennedy G. M., Wyatt M. C., Lestrade J.-F., Greaves J. S.,

Matthews B. C., Duch ̂ ene G., 2018, MNRAS , 475, 3046 
u K. Y. L. et al., 2006, ApJ , 653, 675 
h ́ebault P. , Augereau J. C., 2007, A&A , 472, 169 
orres C. A. O. , Quast G. R., da Silva L., de La Reza R., Melo C. H. F.,

Sterzik M., 2006, A&A , 460, 695 
hebault P. , Kral Q., Ertel S., 2012, A&A , 547, A92 
izgan D. et al., 2022, ApJ , 935, 131 
eidenschilling S. J. , 1977, Ap&SS , 51, 153 
illiams J. P. , Najita J., Liu M. C., Bottinelli S., Carpenter J. M., Hillenbrand

L. A., Meyer M. R., Soderblom D. R., 2004, ApJ , 604, 414 
yatt M. C. , Smith R., Greaves J. S., Beichman C. A., Bryden G., Lisse C.

M., 2007, ApJ , 658, 569 
atson C. A. , Littlefair S. P., Diamond C., Collier Cameron A., Fitzsim-

mons A., Simpson E., Moulds V., Pollacco D., 2011, MNRAS , 413,
L71 

ittrock J. M. et al., 2022, AJ , 164, 27 
yatt M. C. , 2005, A&A , 433, 1007 
yatt M. C. , 2006, ApJ , 639, 1153 
yatt M. C. , 2008, ARA&A , 46, 339 
yatt M. C. , Dent W. R. F., 2002, MNRAS , 334, 589 
yatt M. C. , Clarke C. J., Booth M., 2011, Celest. Mech. Dyn. Astron. , 111,

1 
yatt M. C. , Pani ́c O., Kennedy G. M., Matr ̀a L., 2015, Ap&SS , 357,

103 
uckerman B. , Song I., 2012, ApJ , 758, 77 
urlo A. et al., 2022, A&A , 666, A133 

PPENDIX  A :  N E W  H D  1 0 7 1 4 6  DATA  

ew ALMA data were acquired as part of cycle 7 for the project
019.1.00189.S (PI: S. Marino). The new observations were in band
 (0.87 mm) and aimed to image the continuum at a much higher
esolution ( ∼ 0 . ′′ 2) than pre vious observ ations to resolve the known
ap in this system (Marino et al. 2018 ). The cycle 7 observations
ncluded observations at a more compact configuration to be able
o reco v er the large structure as this disc is ∼10 arcsec in diameter.
he compact configuration observations were obtained in December
019 in two e x ecution blocks, and this data subset was used in the
nalysis performed by Marino ( 2021 ). Due to the shutdown of ALMA
n 2020 during the COVID-19 pandemic, only ∼ 20 per cent of the
xtended configuration observations were carried out in May 2021.
e vertheless, these ne w observ ations pro v ed useful in our analysis

nd thus we included them. 
The spectral setup for both sets of observations was set in time

ivision mode, with four spectral windows with a low spectral
esolution to image the continuum emission. Their central frequen-
ies were 336.5, 338.4, 348.5, and 350.5 GHz, with 128 channels
ach and a bandwidth of 2 GHz. Calibration of the raw data was
one using the ALMA pipeline with CASA version 5.6.1-8 for
he compact configuration data and with 6.2.1.7 for the extended
onfiguration data, which included the flagging of two antennas.
n addition, we flagged antenna DV08 after consultation with the
NRAS 522, 6150–6169 (2023) 
elpdesk to reduce imaging artefacts. After flagging, there was
 total of 41 antennas available with minimum and maximum
aselines of 15 and 312 m in the compact configuration, and
9 antennas with minimum and maximum baselines of 15 and
400 m in the extended configuration. When imaged separately,
he compact and extended configuration clean images have rms
f 17 and 26 μJy beam 

−1 , respectively, with Briggs weights
robust = 0.5). 

The previous analysis of the compact configuration data done
y Marino ( 2021 ) revealed that the inner emission discovered in
arino et al. ( 2018 ) was a background submillimetre galaxy. Due

o HD 107146’s proper motion, the relative position of this galaxy
as changed o v er time. Therefore, prior to combining the data of
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oth configurations, we subtract this source using a 2D Gaussian 
ccording to the best fit from Marino ( 2021 ) at its corresponding
ositions in December 2019 and May 2021. In addition, we use the
ASA task fixplanets to change the coordinates of the phase centre 
f the compact configuration observations (without changing the uv 
oordinates or visibilities). Finally, we combine the two data sets and 
mage the visibilities with tclean. The resulting image with Briggs 
eights (robust = 1.0) is presented in the top panel of Fig. A1 . This

mage reconstruction is dominated by the compact configuration 
ata. The bottom panel shows the deprojected and azimuthally 
veraged emission of the disc (obtained from a clean image with 
 robust parameter of 0.3) together with the intensity profile derived 
y FRANK using all available band 7 data. The new data confirm
he finding of the double gap structure found by FRANK in the old
and 6 and 7 data, although the two dips are not reco v ered with
he same amplitude due to the poorer resolution of the Clean image
 ∼ 0 . ′′ 3 = 8 au ). Moreo v er, the clean image seems to be missing some
ux likely due to the low weights given to the short baselines through
 robust parameter value of 0.3. This flux is well reco v ered with our
arametric model in Section 3.3 . 

PPENDIX  B:  PARAMETRIC  M O D E L S  
able B1 presents the best-fitting values of all the parameters 
escribed in Section 3.3 that we fit to the binned visibilities. 

Table B1. Best-fitting parameters for each of the models based on
are based on the 16th, 50th, and 84th percentiles of the marginalize
our prior boundaries, we instead report a 5 per cent lower or a 95 per
used for a particular system, this cell is left blank and if a parameter

Parameter HR 8799 q 1 eri HD 92945 

f disc6 [mJy] ... 6 . 1 + 0 . 3 −0 . 3 ... 

f disc7 [mJy] 7 . 2 + 0 . 6 −0 . 5 13 . 2 + 0 . 5 −0 . 4 9 . 8 + 0 . 4 −0 . 4 

f disc8 [mJy] ... ... ... 

f � 6 [mJy] ... 0 . 058 + 0 . 014 
−0 . 014 ... 

f � 7 [mJy] 0 . 070 + 0 . 012 
−0 . 012 0 . 161 + 0 . 015 

−0 . 015 0 . 04 + 0 . 02 
−0 . 02 

f � 8 [mJy] ... ... ... 

r t [au] 237 + 11 
−11 84 + 1 −1 54 + 2 −2 

η <1.6 > 2.8 U 

αi 1 . 7 + 0 . 3 −0 . 3 4 . 2 + 0 . 5 −0 . 4 7 + 2 −2 

αm 

... ... −1 . 3 + 0 . 4 −0 . 6 

αo −4 . 4 + 0 . 4 −0 . 5 −3 . 14 + 0 . 09 
−0 . 10 ... 

r out [au] ... ... 133 + 5 −7 

l out [au] ... ... 23 + 7 −5 

δ1 ... ... 0 . 66 + 0 . 11 
0 . 09 

r 1 [au] ... ... 72 . 0 + 1 . 5 −1 . 5 

σ 1 [au] ... ... 8 + 4 −4 

δ2 ... ... ... 

r 2 [au] ... ... ... 

σ 2 [au] ... ... ... 
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PPENDI X  C :  I N N E R  E D G E  SLOPE  

E R I VAT I O N  F O R  INTENSITY  PROFILES  

he deri v ation begins with equation ( C1 ) where B ( T ) is the blackbody
quation, T is the temperature, and τ is the optical depth: 

 = B( T ) × (1 − exp ( −τ ) ) . (C1) 

n the Rayleigh–Jean regime, which Debris discs observed at mil- 
imeter wavelengths are typically in the Rayleigh-Jean regime, where 
he blackbody equation is proportional to temperature as in equation 
 C2 ): 

( T , λ � λc ) ∝ T . (C2) 

The optical depth, τ , is equal to the surface density of solids ( 	)
imes the opacity ( κ), which together with the assumption that τ �
 (which is the case for debris discs) leads to 

 ∝ T ( r) τ = T ( r ) κ	( r ) . (C3) 

ssuming the dust temperature is equal to the equilibrium tempera- 
ure we have T ( r ) ∝ r −1/2 . Within the disc, critical radius we expect
 ∝ r γ . Therefore, we find 

⇒ I ∝ r −
1 
2 κ	( r ) ⇒ I ∝ r −1 / 2 + γ . (C4) 

his means that αi (the intensity power law index) is γ − 1/2. 
MNRAS 522, 6150–6169 (2023) 

 the MCMC results. The best-fitting value and uncertainties 
d probability distribution. If a parameter distribution reached 
 cent upper limit (i.e. 2 σ ). Where a certain parameter was not 
 was unconstrained this is labelled by a U. 

HD 107146 HD 206893 49 Ceti AU Mic 

15 . 35 + 0 . 14 
−0 . 13 0 . 88 + 0 . 05 

0 . 05 ... 4 . 88 + 0 . 07 
−0 . 07 

29 . 1 + 0 . 3 −0 . 3 2 . 5 + 0 . 2 −0 . 2 ... ... 

... ... 36 + 3 −3 ... 

0 . 022 + 0 . 006 
−0 . 006 0 . 013 + 0 . 005 

−0 . 006 ... 0 . 23 + 0 . 02 
−0 . 02 

0 . 04 + 0 . 01 
−0 . 01 0 . 041 + 0 . 010 

−0 . 010 ... ... 

... ... <0.42 ... 

44 + 2 −2 34 . 8 + 6 . 5 −9 . 6 131 + 13 
−12 36 . 4 + 0 . 7 −0 . 7 

2 . 8 + 1 . 2 −0 . 7 U <6.7 U 

6 . 7 + 0 . 9 −0 . 7 > 0.55 0 . 8 + 0 . 4 −0 . 3 0 . 9 + 0 . 4 −0 . 4 

−0 . 7 + 0 . 1 −0 . 2 0 . 4 + 0 . 6 −0 . 8 ... ... 

... ... −3 . 5 + 0 . 4 −0 . 5 −9 . 9 + 1 . 0 1 . 4 

144 . 3 + 0 . 9 −1 . 1 120 + 20 
−20 ... ... 

19 + 1 −1 44 + 7 −6 ... ... 

0 . 69 + 0 . 10 
−0 . 09 0 . 92 + 0 . 05 

−0 . 08 ... 0 . 94 + 0 . 04 
−0 . 08 

56 . 0 + 0 . 7 −0 . 6 69 + 3 −3 ... 17 . 1 + 1 . 2 −1 . 4 

3 . 3 + 0 . 7 −0 . 5 17 + 4 −4 ... 5 + 2 −1 

0 . 60 + 0 . 05 
−0 . 03 ... ... ... 

78 . 3 + 1 . 1 −1 . 2 ... ... ... 

18 + 3 −2 ... ... ... 
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